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anvil compliance with custom, rather than from 

h?7w Author begins 

or y defining the Science he means to treat of A de- 
nition IS not easily laid down It is not difficult, indeed, to 
efine a branch of science in general terms , but such are seldom 
mtel igible to the Student. If we enumerate what is too sum- 
man y expressed, and explain a general statement by detailing 
certain cases comprehended under it, we, probably, forestall 
what belongs to the body of the Work We attempt to do im- 
maturely what, it is almost certain, will be done imperfectly, 

w”e alludrm°“‘ advantage , for, a definition such as 

we allude to, entailing no consequences, is not required in the 

eginning of a Work at the end it is unnecessary 

nf *^1 ^ does not require, as essential to the perusal 

Tn definition of its drift and nature, an Author 

will gladly be absolved from giving one He cannot but wish to 
avoid such slippery ground For, should he restrict himself, as 
>t IS usual, to few terms, he is in danger of defimng too largely, 
or too partially, or too vaguely. If ,t be said, the object of 
Physical Astronomy ,s the explanation of heavenly phenomena, 
the definition is too wide if merely of the laws of the motions 
oi the Stars, too restricted if of those laws on mechanical prin- 
ciples, too vague and indistinct, if of their causes, too presump- 
tuous and illusive. ^ ^ 

Even Newton’s Theory, perfect and excellent as it is, and on 
which 1 hysical Astronomy is founded, does not pretend to ex- 

b 
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plain the causes of tlie phenomena of the heavenly bodies. It 
rather explains why they may he reduced to the same class , 
which IS an object more simple and distinct The two points on 
which the theory rests, are, first, that every particle of matter 
attracts, and, consequently, that two particles mutually attract 
each other , the second point is, that, if the distance between 
the particles vary, the attraction will vary proportionally to the 
inverse square of the distance The first of these is called the 
Principle^ the second the La^ of Gravity 

But the terms Jittraction and Gravity y although they seem 
borrowed from the language of Causation, are not meant to 
signify any agency or mode of operation They stand rather for 
a certain class of like effects, and are convenient modes of de- 
signating them* One of these effects is the space fallen through 
by a heavy body at the Earth’s surface : another is the deflection 
of the Moon from the tangent of her orbit towards the Earth , and, 
m every case, gravity^ or attraction is expounded by a like space or 
deflection If, on analysing a phenomenon of a revolving planet, 
we can detect such space or deflection taking place towards the 
attracting body, we have found out all that is meant by attrac- 
tion. If, for instance, we can so resolve an arc of the Moon’s orbit 
into the elements producing it, that two of them being the Moon’s 
velocity and direction, the other two shall be spaces or deflections 
towards the Earth and Sun respectively the former distance 
proportional to the Earth’s mass and the inverse square of the dis- 
tance of the Earth and Moon, the second proportional to the Sun’s 
mass and the inverse square of the distance of the Sun and Moon, 
we have found out all that is necessary to be understood by the 
Earth % attracting the Moon, and the Sun’s attracting the Moon or, 
in other words, by the Moon’s gravitating to the Earth, and gravi-^ 
tating to the Sun ‘ althqugh the latter part of this expression, so 
applied, IS contrary to the technical and conventional language, 

which, for the sake of distinction, it is found convenient to 
employ 

It IS thus, by resolving a phenomenon, that we may form 
a notion of gravity and attraction and we may obtain an 
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equally distinct notion by the reverse process Draw, for 
instance, from the Moon towards the Earth and Sun, two lines 
representing, respectively, according to the prescribed conditions’ 
(seep 10) the attractions of the Earth and Sun then com- 
bining these with the lines lepresentmg the Moon’s velocity, &c 
according to the principles of Dynamics (thqse principles by 
which we estimate a body’s motion in a parabolic curve, and the 
oscillation of a pendulum) the result will be the described arc of 
the Moon’s orbit 

According to Newton’s Theory, like results take place 
throughout the planetary system ; each planet is attracted by all 
the rest, and their attractions are to be expounded similarly to 
the attractions that have just been spoken of 

This IS a general statement which is easily made , but the actual 
finding of the results, must, it is plain, be a most difficult research. 
The attracted, and attracting bodies, both with regard to their 
relative situation and the intensities of their mutual attractions, 
are m a state of perpetual change Their ConjiguraUon, as it 
technically is called, is for ever varying • and whether we in- 
vestigate the arc of an orbit, or a change in its dimensions, the 
result must be the modified effect of many forces, that, during 
unequal* times and with varying intensities and diiections, have 

been sometimes conspiring, and at other times counteracting each 
other. 

This may give us some idea of the difficulties of Physical 
Astronomy, they are indeed so gieat, that, if met in their full 
extent, they cannot be completely overcome 

But there are various means for lessening and avoiding them . 
some ^ devised, others naturally presenting themselves The 
Moon s motion, for instance, we have considered to depend ofl 
her velocity and direction, and on the forces of the Sun and 
Earth But, according to Newton’s Principle of Univeisal Gra- 
vitation, every planet m the system must, like the Sun, attract 
the Moon Each planet, however, attracts so much less forcibly. 
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may be neglected and the research of 
t e oan s motion facilitated by being freed from their computa- 
tion As the merely analytical investigation of the inequalities 
caused jr the smallest body of the system, is the same as that of 
t ose caused by the largest, it is a point of no very easy con- 
sideration to knou what ought to be retained for computation, 
an what may be cast aside. There is no process so complete, 
when the object of research is the motion of the Moon or of a 
planet, in which all conditions are retained and made account of : 
some at least are rejected or made more simple : not solely from 
the will of the mathematician, or for mere convenience ; but 
from the absolute insufEciency of the art of Calculation, 

We may at this point discern the seveial sorts of explanation 
^at may be admitted into a Treatise on Physical jAstronomy- 
For, as in the case of the Moon, the attractions both of the Sun 
and planets are much less .than the attraction of the Earth round 
w ichj as a central body, the Moon revolves, so in every other 
case, the attraction of the exiernat on the revolving body, is very 
much less than the attraction of the central body The orbit, 
therefore, and the laws of motion of the revolving body must be 
^arly the same as if the external body or bodies were abstracted 
^ e may, therefore, as a first step, and as an approximate result, 
investigate the orbit in this latter case or, we may mak(. a step 
in advance towards a better explanation, by considering the 
actions of the external bodies to be extremely small . or, by taking 
account of some and by neglecting others or, for the sake of 
facility, by changing and simplifying the conditions under which 
they act : so that great variety of explanations (as far as dilFerence 
of degree constitutes variety) present themselves to an Author 
tor hie adoption. 

The first m tkis senes of explanations might be easily obtained, 
but -vninld be most imperfect If we so curtail Newton’s Theory 
of Gravitation as to abstract, frotn Mars revoWng round the Sun, 
Ae attractions of the other planets, we may, indeed, still establish 
yit, the greatest of Kepler’s discoveries, (the elliptical orbit of 
Mars) and his Laws respecting Areas and Periods 
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But other phenomena must, on such partial principles, remain 
une^iplained not solely those which have been detected bjr the 
nicety of modern research, but such as the principal Lunar in- 
equalities, which, previously to Newton, had been discovered by 
Tycho Brah6 and others. 

Of explanations towards the other part of the series there is no 
termination W hatever be the labour of research, we can never 
arrive at a complete explanation of the motions of the heavenly 
bodies ; the reason is, their natural complication, or (for we may 
use either statement) the imperfection of the art of calculation 
The solutions in Physical Astronomy are approximate ones, but, 
since approximate, capable of being conducted, by continuation of 
process, to any point 'short of absolute exactness We may, 
instead of the twenty-five equations which of late times have been 
added to the five by which Tycho Brahe determined the Moon’s 
place, deduce five hundred ; and compute coefficients so minute, 
that observations made for centuries, with instruments more 
perfect than what are now used, will not be able to verify. 

Computations so conducted would contain a great deal of 
useless accuracy and would add nothing to speculative truth 
Yet no rules can be laid down for limiting them In order to 
know how far it is useful to extend our calculations, we must 
refer to observation, If its errors should exceed one or two 
seconds, it would be useless to compute coefficients that cannot 
exceed the tenth of a second 

But the question is as doubtful as the former one, if it 
be enquired at what gradation an Author ought to stop be- 
tween inordinate calculation, and a too artificial and assumed 
simplicity of explanation It may be said, either the state of 
Science, or the wants of the Student ought to determine him ; 
but the rule is altogether ambiguous And even if we suppose a 
Work planned and begun under such considerations, it will not 
be so continued and terminated. When it is once begim, we cease 
(such IS the fact) to conduct it by looking at its drift and scope. 
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Of the present Work it would be a fruitless attempt to 
describe its precise character it is very far from being, accord- 
ing to the common acceptation of terms, elementary On the other 
hand. Its processes, being in many instances, stopped short of 
that exactness which they admit of, will not immediately serve 
the construction of Lunar and Planetary Tables, 

If simplicity of demonstration consist m the ease with which 
we are enabled to pass over its steps without regard to their 
number, then, perhaps, it is the Author’s fault if all demonstra- 
tions are not equally simple There should then be no difFeience, 
in that respect, between Kepler’s Law of the Equable Descrip- 
tion of Areas, the Acceleration of Areas, and the Progression of 
the Lunar Apogee But if, as it is commpnly thought, we depart 
from the simplicity of proof, by increasing the4iumber of its steps, 
then, whether a demonstration can he simple or not, must depend 
on the nature of the thing to be demonstrated. Tender this 
point of view very few of the demonstrations in Physical Astro- 
nomy can be simple Its objects of research are abstruse. 
They do not often he near the surface and, what is recondite we 
must be at the labour of searching for We cannot go from the 
principle to the result by a shorter route than the direct series 
of consecutive steps Much less m Physical Astronomy, than m 
pure Geometry, is there any privileged access to Science 

Physical Astronomy, then, is in this predicament Its solu- 
tions can neither be simple nor complete They are prevented 
from being simple by the intricacy of the object of research, and 
from being complete by the imperfection of the Art of calcu- 
lation; 

The solutions in Physical Astronomy are now longer than they 
were at the time of its rise and, therefore, under a certain point 
of view, it would seem as if there were wanting, with regard to 
them, that usual effect of time by which conciseness is conferred 
on scientific processes. iBut, the fact is, although the research be 
now more^tncafe, the things sought for, the orbit of a planet, 
and the laws of its motions, are more accurately traced out than 
they were heretofore. 
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It became necessary to trace thena out more accurately by an 
improved analysis, when they were more minutely noted as phe- 
nomena by improved observations The necessity created the 
means 4 

A refined art of observing phenomena would not suit with a 
rude science of computing them from theory , they would then 
admit of no strict explanation, for that must consist in the agree- 
ment of the results of theory and observation But an explanation 
and agreement might seem to take place, and at several stages, 
whilst theory and observation progressed, at nearly an equal rate, 
towards improvement For instance, when by the examination of 
observations, the orbit of Mars was judged to be elliptical, the 
phenomenon seemed to be explained by Theory, when the latter 
demonstrated the necessary description of an ellipse by a projected 
body attracted to a centre by a foice varying inversely as the 
square of the distance But m this case, neither theory nor 
observation were strictly correct The phenomenon was inac- 
curately noted, and its explanation was given on partial principles 
The orbit of Mars is not strictly elliptical, nor is the case of a 
revolving body attracted to a centre by a force varying inversely as 
the square of the distance, exactly exemplified by Mars revolving 
round the Sun The orbit, however, is nearly elliptical, and the 
Sun’s is the paramount attraction acting on Mars. But the slight 
deviations from an elliptical orbit, detected by nicer observations, 
would require, for their explanation, a new or a modified theory,' 
The former theory excluded deviations altogether The sole source 
of attraction being supposed to be the central body, the orbit of the 
revolving body, is not approximately, but exactly^ an ellipse but 
other heavenly bodies, besides the Sun, attract Mars The former 
theory, therefore, was partial because it excluded their agency.^ 
In order, however, to produce an agreement, at this second 
stage, between theory and observation, it becomes necessary 
to compute the deviations or inequalities caused by planetary 
attraction This is a far more difEcult problem than that of 
the description of an ellipse, and requires a more refined art of 
calculation. 
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This therefore is the criterion: of a true theory, and hy which 
Newton s will stand . that, by legitimate inferences from its pnn- 
ciples, it should constantly supply those new demands of ex- 
planation which the inyiroFed ohseiFation of phenomena, that are 
Its objects, renders necessary 

But although the theory itself may remain as simple as ever, 
Its processes become thus, by the advancement of science, more 
and more intricate The demonstration of Kepler’s Laws on the 
restricted condition of the sole agency of a centripetal force, is 
more simple than that of their derangement according to the real 
circumstances that take place in nature If we feign the Sun 
and Jupiter to be the only two attracting bodies, it is easy to 
shew that the latter must perpetually revolve round the former in a 
perfectly elliptical orbit But if we restore the system to its truer 
state, and introduce Saturn, then it is very difficult to shew that 
this latter planet will so cause Jupiter to deviate from the elliptical 
orbit, as, after a certain period, again, to enter it at the pomt of 
previous deviation, and to reiterate his irregular course. 

The more curious the phenomena the more intricate their 
theoretical investigation . and, as the fact is, the art of observing 
phenomena, and the science of computing them, have nearly kept 
pace ^ith each other and, were this the occasion, we might hence 
derive some arguments for the propriety of arranging and ex- 
pounding the resources of Physical Astronomy according to the 
lustorical order of their production and accumulation 

But such an history, could it be obtained, would be chiefly one 
of Newton’s mind : of its successive discoveries and inventions - for 
what IS unexampled m the annals of Science, he not only founded! 
hut without help estabLshed, almost completely, his System of 

1 .wrQ VI fo firin' • 


He made in Physical Astronomy what an acute writer * 


* ^Et que ne content point les 
de les faire dispeiiiie de celui 
Dzscom^ jPrehm 


premierb pas en tout genie ? ie hhu ite 
d’en faire de grands ' Balembert, 
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considers the test of a rare excellence, not only the first but great 
steps. 

It cannot, therefore, be asserted that Newton ever supposed, 
even in his first conjectures, the orbit of Mars to be perfectly 
elliptical, or that the equable description of areas would exactly 
take place These might be, indeed, results which his mind at 
first acquiesced in or, he might consider them merely as first 
steps in his theory , as the most simple and intelligible of the 
arguments by which the Principle and Law of Gravitation were 
to be established It was natural he would b^gin with such Yet 
simple as they may now appear to be, the proofs, on mechanical 
principles, of the equable description of areas, of the elliptical 
orbit of a planet, of the squares of the periods of planets varying 
as the cubes of their mean distances, must have appeared won- 
derful discoveries to Newton’s contemporaries Less simple 
results of his theory, would not, perhaps, have excited an equal 
interest and attention 

But Newton passed on to farther results His Theory of 
Universal Gravitation would not suffer him to stop at the ellip- 
tical form of a planet’s orbit. If Mars’s orbit were an ellipse, the 
Sun’s being the sole attracting force, the Moon’s orbit, by the 
same proof, would be an ellipse, were the Moon attracted solely 
by the Earth But the Sun’s force so paramount in the case of 
Mars, could not but act on the Earth and Moon, and might act on 
them unequally , and if so, the inequality of attraction towards 
the Sun, would become, m investigating the Moon’s orbit, a con- 
dition additional to that of the Earth’s centripetal force The 
orbit and the laws of motion could not be the same as if that con- 
dition were abstracted they, therefore, could not be elliptical 
and this theoretical inference, was, m some degree, confirmed by 
observation . for the Moon’s Variation, Evection, and A nnual 
Equation, are merely so many terms for deviations ffom elliptical 
motion Whether these Inequalities could be exactly accounted 
for from the above inequality of attraction (which technically is 
the Sun’s disturbing force) was a matter of calculation. 


c 
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On the agreement then of the results of such calculation with 
the phenomena which Tycho Brahe and others had detected m 
the Moon s motion, the second set of arguments for the truth of 
Newton’s System would depend The Lunar inequalities were 
to be used in proving what Mars’s elliptical orbit had, in part, 
proved , but the proofs would be of a higher scale, and founded, 
y more refined processes of calculation, on less partial principles, 
for, on the exact principles by which Mars’s oibit is shewn to be 
an ellipse, the Moon’s apogee must be quiescent. 


The series of proofs, of which we have spoken, deserves a 
more minute consideration Their order and combination con- 
stitutes the system of Physical Astronomy. 

That system, as it has been already mentioned, has no remote 
origin : it is to be dated from Newton The writings of former 
philosophers neither describe nor suggest such a system We 
may find, indeed, here and there, a scattered hint of some such 
principle as Gravity . but nothing (which is the mam point) 
said of Its universality and law In this respect it had escaped 
even the glances of random conjecture No theory ever had 
fewer anticipations than Newton’s It was, to use a phrase of 
my Loxd Bacon, completely ex partu ingenit 


_ But although the theory was novel, yet science, at the time of 
Its invention, abounded with results and methods. The celestial 
phenomena had previously been diligently and accurately observed 
Plane Astronomy was rich not merely in registered elongations, 
right ascensions declinations, &c. but in several curious results 
deduced from them . such, for instance, were the equable de- 
scription of areas, the elliptical orbits of planets, the progres- 
sions of the aphelia, the regression of the nodes of the Moon’s 
oibit, the change of the inclination of its plane, and, above all, the 

Ejection and Annual Equation, 
with the law| of their increase and decrease These phenomena 
(for so they may be called, although, they are not the immediate 

discovered by Ptolemy, Tycho 
rahe and Kepler, but not classed together as like effects, nqr 
explicated on mechanical principles 
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Ot|ier phenomena, however, not astronomical, had, pre- 
viously to Newton, been so explained Galileo, on the hy- 
pothesis of a constant source of acceleration, had deduced the 
laws of falling bodies, and (what had a closer connexion with 
Newton’s pursuits) had explained the mode of describing a 
paiabola by compounding the projectile force with that of gravity 
Huygens had gone farther. He had invented theorems relating 
to the centripetal forces of bodies describing circles, and to the 
involutes of curves These led the way to Newton’s first re- 
searches There was only one step between them and that 
theorem which assigns the law of force whatever be the curve 
described 

The explanations of the laws of falling bodies, and of the 
descriptions of a parabola and circle by two forces, were, taking 
an extended signification of the term, explanations on mechanical 
pfinciples. On like principles, Newton proceeded to explain the 
planetary phenomena. Of these one of the most simple and re- 
markable IS a planet’s elliptical orbit Such an orbit might be 
conceived to be described as Galileo and Huygens had con- 
ceived a parabola to be But, in order to go beyond the mere 
conception of the mode of description, it was necessary to 
possess a theorem for determining the law of force tending to a 
point or centre within the ellipse No such theorem existed : 
but Nevton invented one by a most dextrous combination of 
those two that related to the circle of curvature and the centri- 
petal force of a body revolving in a circle 


The theorem, however, which Newton invented, on this 
occasion, was not restricted to an ellipse, but applied generally to 
any curve, whatever were the law of its description From its 
application to an ellipse, it resulted that the law of force, tending 
to Its focus, was inversely as the square of the distance . and it 
easily followed, by a converse process, that a body projected 
obliquely to a line joining it and the centre of force (the force 
varying inversely as the square of the distance) would describe an 
ellipse round that centre 
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This may be considered as the first instance of that law 
which IS frequently called, for distinction, the Xato of Siature^ 
Jt was, m the above instance, the means of shewing that to be a 
necessary truth which Kepler, by observation, had ascertaimed to 
be a fact 

The fact, however, appeared to Kepler so curious and im- 
portant that he viewed it as a Law of Nature A second law he 
detected in the equable description of areas , and that Newton 
shewed to be a necessary consequence of the mode by which a 
curve was conceived to be the result or combination of two 
motions . one uniform and in the line of the body’s motion, the 
other constantly directed towards the centre round which the 
areas are described, atid being always, at the same distance from 
the centre, of the same magnitude The demonstrations of these 
two laws are contained in the twelfth Proposition of the third 
Section, and first Proposition of the second Kepler had observed 
the equable ^description ol areas to take place in the apsides of a 
planet’s orbit* Newton’s proof was independent of the body’s 
place, and, also, of the law of the force it required, however, as 
an essential condition, that the force should be centripetal. 

By combining the Propositions on which the proofs of the two 
preceding Laws of Kepler depended, Newton obtained a third 
result, which is, the squares of the periods of bodies describing 
ellipses about a centre of force situated m the focus are propor- 
tional to the cubes of the greater axes of those ellipses And this 
constitutes Kepler’s third Law 

The three Laws of Kepler were thus explained by Newton on 
mechanical principles Their demonstrations were, in the first 
mstance, communicated to the Koyal Society at the request of 
Halley , and afterwards published m the Prtna^ia 

We must carry ourselves back to the time of Newton and 
consult contemporary writings m order to appreciate rightly the 


See the first, eleventh and fifteenth Propositions of the fiist Look, 
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merit of these great discoveries. But, important as they are, they 
contain nothing relative to the doctrine of Universal Gravitation, 
which IS the mam basis of Newton’s fame Indeed the Propositions 
by which Kepler’s Laws are demonstrated, together with others of 
the second and third Sections, may be viewed as so many merely 
mathematical Propositions, and (if we except one passage not 
applied, in the place where they are inserted, to the System of 
the Universe 

But these Propositions were inserted in the second and third 
Sections to be afterwards referred to Now it follows from the 
thirteenth Proposition, that the quantities of centripetal force 
acting on Mars in diiferent points of his orbit, are to each other 
inversely as the squares of the distances of those points from the 
Sun By a like inference, the forces on Jupiter, his orbit also 
being supposed to be elliptical, similarly vary But it does not 
immediately follow from these results, that the centripetal forces 
urging Mars and Jupiter, are to each other inversely as the 
squares of their respective distances from the Sun The absolute 
quantities of those forces (estimating them by their effects at the 
same distance from the Sun), might, for any thing contained in 
the Proposition referred to, be different An intermediate step, 
therefore, is necessary, in order to shew that Mars and Jupiter, 
if placed at equal distances from the Sun, would, in the same 
time, fall through equal spaces , and such an one is found m 
that law which exists between the periods and mean distances 
If the square of Jupiter’s periodic time be to the square of Mars’s, 
as the cube of Jupiter’s mean distance from the Sun to the cube 


* Casus Corollaiii sexti obtinet m corponbus coelestibus (ut seorsuna 
rollegerunt etiam nostiates Wrennus Hookiuset Hallaeiu*?) et propterea 
quae spectant ad vim decrescentem in duphcala ratione distantiarum a 
centns, decrevi fusius m sequenfcibus exponere ’ 

t In hbris prcecedentibus pnncipia pbilosophioa tiadidi, non tamen 
phtlosoplma ^ed mathematica tantmn, cx quibus videlicet in rebus phi- 
losophicis disputaii possit, &c Eadem taifien ne stenlia videantur, 
illustravi schohis quibusdam philosophicis, &c Navtonus de Mundi 
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of Mars’s, then at equal distances from the Sun they would be 
urged towards him by equal forces for such equality of force is an 
essential condition of Newton’s fifteenth Proposition of the third 
Section. 


Now if, at equal distances from the Sun, Mars, Jupiter, Venus, 
&,c. were urged towards him by equal forces, or if they then 
gravitated equally to him, it was no very improbable supposition 
that these forces arose from some attraction in the Sun It, at 
the least, involved no contradiction, to suppose that the matter or 
particles of the Sun caused the gravitation of the planets towards 
him The mode by which this was effected formed no part of 
such supposition, nor was, in any sort, implied by it 


But the supposition that the matter of the Sun caused the 
gravitation of the planets, if it involved no contradiction, would 
naturally give rise to conjecture and enquiry. If the Earth and 
Jupiter gravitated to the Sun by virtue of Ms attracting particles, 
would not Jupiter’s satellites towards Jfipiter, and the Moon 
towards the Earth, gravitate from like particles resident in Jupiter 
and the Earth > and might not these gravitations, at equal distances, 
be in proportion, respectively, to the number of particles, or the 
masses of the central bodies ? At this point of Newton’s research, 
if we were permitted to feign its theoretical history, might be 
supposed to have arisen the momentous question concerning 
Universal Gravitation a question of great extent, and not 
admitting of any summary determination 


Not summarily to be decided on, except its connected theory 
were false . in that case one impugning instance would overthrow 
the Aeory hut if true, a thousand instances would only tend to 
establish it The proof of the truth of Newton’s Theory is 
only the accumulation of individual arguments, derived from 
various instances, and all conspiring and the first in the series of 
arguments, to prove that all bodies gravitated, the one towards 
the other, was derived from the Moon’s Gravitation 

f 

The dnft of this firstargument was to shew that the descent of a 
heavy body near the Earth’s surface, and the defection of the Moon 
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from the tangecit of her orbit, were like effects, or of the same 
class , or, which would make the analogy closer, that the latter 
deflection, and the deflection from the tangent of a parabola de- 
scribed by a heavy body projected near the Earth's surface were 
like effects The criterion of their being like effects consists in 
then obeying the Law of Gravity the two deflections, there- 
fore, ought to bear to each other that numerical relation which 
subsists between the squares of the Earth's radius, and of the 
radius of the Moon’s orbit Now these latter quantities were in- 
accurately known at the beginning of Newton's researches our 
great philosopher, therefore, in the first instance, found that the 
relation between the two deflections, or between the sagitta of 
an arc of the Moon’s orbit and the space described (in the same 
time as the arc) by a body near the Earth’s surface, was not such 
as It ought to be, were the Law of Gravity true The relation 
was nearly, hut not exactly, according to that law. But the dif- 
ference was quite sufficient to make Newton suspend his decision 
on the truth of the law Some years afterwards, however, the di- 
mensions of the Ekrth being determined by Picart more accurately 
than they were before, Newton resumed his investigation, (such 
as we find it in the fourth Proposition of the third Book of the 
Prtnctpia\ and found from them that the Moon gravitated The 
signification of that expression has been already explained . if it 
required farther illustration, we might say, that, a heavy body re- 
moved to the Moon’s orbit and sullered to fall, would, in a second 
of time, fall through a space equal to the sagitta of an arc of the 
Moon's orbit described in the same time , or, that the Moon 
brought down to the vicinity of the Earth, and a body there pro- 
jected and describing a paiabola would (the resistance of the air 
being supposed 'to be abstracted) be ecjually deflected from the 
tangents of their curves , the deflection being about sixteen 
feet 

The Proposition of the Principia to which we have referred is 
an easy instance of the application of the mathematical results, ob- 
tained by Newton in the preceding books, to the system of the 
universe If PQ be an aic of the Moon’s orbit described m P', 
then, 
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RQ = 


(QP)^ 
2CF ’ 


is the value of the sagttta^ or of the deflection of the Moon from 




the tangent of her orbit, or (by the second law of motion) of the 
pace rong which the Moon, or a heavy body at the Moon's 

iroTcT”'? ■" now,LoJ:;«Th: 


•^2 X , or (see Jstron. p. 95 ) 


RQ 

{l)’s hori2ontal parallax)® * 


Hence, since PQ = 3.U159 X ZCPxX" 

2 's period ^ 

responding to RQ, at the Earth’s surface, is equal 

Q > 0^8 radius x (3 14-15 9)=^ 

(T's parallax)-^* (D 's period")^ ' 


the 


space cor-^ 
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which, by computation is nearlxj ^ equal to the space fallen 
through by a heavy body at the Earth's surface 

This result most simply and clearly illustrated Newton's 
Theory. The deflection of the Moon, from the tangent of her 


* JSfeailj/ equal , for^ the piocess needs sevcial corrections 
Fust, the space J2Q, the deflection oftheMoon from the tangentj does 
not expound the whole effect of the Earth^s attraction for, by leason of 
the bun^s disturbing force, the Moon’s gravity is diminished and by 

about its -^thpait, consequently, instead ofjRS, R2x { I A — > 

\ 358J 

expounds the Earth !s attraction, and the corresponding space at the 
Earth’s surface (see p 24 1 9 ) ought to be 

X I V ..I*.! 

S5S (D’s paiallax)^ 

Secondly, the deflection, or the descent of the Moon in a given 
time, towards theEaith (whethei oi not we consider the Sun’s distuib- 
ing force) does not aiise solely from the Earth’s atii action, but fiom the 
joint atti actions of the Eaith and Moon. Foi, according to the Prin- 
ciple of Giavity, every particle of matter attiacts, the particles of 
the Moon, theiefore, as well as those of the Earth The u^pxoach, 
theiefoie, of the Moon to the Earth auses from their mutual action, 
and, consequently, that pait of the appioach which is due solely to the 
Earth is less than the whole in the proportion that the Earth’s mass (0) 
IS less than the sum of the masses of the Eaith and Moon (0 -f 2)) 
and, accordingly, the computed descent at the Earth’s surface arising 
solely fiom the Earth’s attraction, is now 


X 


359 

358 


© 


or, m numbers. 




i 

^ ( 3) ’s pdiallax)"^ ' 


^ « 


359 58 7 


358 557 


I 

(2) 's paidlkx)^ 


This space, in ordei that Newton’s Piinciple may be pioved to he 
true, ought to equal the descent of a heavy bod}?' (ascei tamed by means 
of the pendulum) in one second of time , and it is to be obsei ved, that, 
in strictness of principle, although they are lar loo minute to affect the 
computation, the two last collections apply to the descent of a heavy 
body neai the Earth’s surface, 01 to its deflection fiom the tangent to 
a paiabola for such descent and deflection must be loss (the question 

d u 
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orbit| towards the Earth, and the fall of a body near the Earth’s 
surface were shewn to be like effects. The mode of producing 
those effects formed no part of the enquiry , but, without 
absurdity, or the obtrusion of a theory, they might be^said'to 
proceed from the same cause, namely, the Earth’s attraction. 
^ (says Newton in that remarkable Proposition ^ 

that has been just quoted) ^ in suo orhe retinetiir^ ilia ijpsa est quatn 
nos granoitatem dicer e solemus ' 

This important point of the Moon’s Gravitation being gained, 
there was opened to Newton an immense field for the farther 


IS not about the degree) than it would be were the Sun away , and 
must be^ m pait, attiibutable to the attraction of the heavy body. 

The third correction applies to the Moon’s parallax The parallax 
ought to be that which (see Astronomy^ p 315 ) is called the constant, 
and which is the angle at the Moon subtended by that radius of the 
Eaith which is drawn from the centie to a parallel, the squaie of th« 

sure of which is « Ir\such latitude the centrifugal force ;?= 2 

tnfagal force at the equator = | The descent (s), there- 

fore, of a heavy body in this latitude does not e-^pound the whole 


eflfect of gravity ; but s ■— does consequently, for the purpose of 

verifying Newton^s Theory, or, more correctly, in order to prove that 
the Moon gravitates, this equality ought to subsist. 


fiQx 


359 58 7 
35 8 5 9 7 


X 


I 

(D ’s constant parallax)* 



The corrections aie almost as cuiious and important as the theorv 
Itself ^ 


* "We cannot, even at this distance of time, view without interest 
and anxiety, the momentous trial and test to which Newton thus sub- 
jected his system Had that equality, which is stated at the end of the 
last Kote, been found not to subsist, the System of Giavitation would 
have been as baseless as the Vortices of Descartes. We should have 
had no Celanal Mechanics. The Pnncipia would have been reduced 
to its second Book and Newton must then have gone down to posterity 
as an extraordinary man foi his discoveiies m Optics and pure Mathe- 
matics. 
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toal of his theory Jupiter and his satellites, Saturn and his, im- 
mediately afforded him partial test? He had little difficulty in 
shewing that the law, which connected the descent of a heavy 
body, and the Moon's deflection from the tangent of her orbit, 
connected, also, the deflections of the four satellites of Jupiter 
from the tangents of their respective orbits, and the deflections of 
Saturifs satellites from the tangents of their orbits. If the first 
satellite were said to gravitate to Jupiter, the second, third, and 
fourth gravitated also If the first satellite of Saturn gravitated 
to its primary, the others did. This regards the Law of Gravi- 
tation But it IS not easy to prove, nor is it proved any where in 
the Pnnctpia^ that if the Moon gravitated to the Earth by reason 
of, and in proportion to, the Earth’s attractive particles, that the 
satellites of Jupiter and Saturn would so gravitate to their pri- 
maries. It was highly probable that they did so gravitate, but 
there could, by the ordinary methods, be no proof to that effect , 
since the masses of Jupiter and Saturn are not thereby assigned, 
except on the supposed truth of the Principle of Gravitation, 
The methods, therefore, could not establish the principle 

But this Principle of Gravitation, according to which every 
planet and satellite attracts m proportion to its mass, led to other 
considerations. It bore immediately on the demonstrations of 
Kepler’s Laws, which demonstrations in the second and third 
Books of, the Prtncipia aSre, altogether, independent of attracting 
particles and masses , they relate to mere points Would such 
demonstrations apply when, instead of points, a central Sun and 
a revolving planet were substituted ? According to the Principle 
of Gravitation, if Jupiter gravitates to the Sun by virtue of the 
Sun s attractive matter, the Sun must gravitate to Jupiter by 
virtue of a like matter So with regard to the Sun and Saturn, 
they must be drawn together by the sum of their separate attrac- 
tions These inferences, therefore, made the centripetal force 
greater than if the Sun solely acted, but they did not establish 
any alteration m the direction of the* force , it would still remain 
centripetal The demonstrations, therefore, of the equable de- 
scription of areas, and of the elliptical form of the orbits of planets 
stood as they did before, when physical points represented the 
central and revolving bodies. But it would be otherwise with 
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Kepler’s third Law. If the whole gravitations of Jupiter and 
aturn to the Sun arose, respectively, from the masses of the Sun 
an Jupiter, and the masses of the Sun and Saturn, then the cen- 
tripetal forces urging Jupiter and Saturn, at equal distances from 
t e un, would be different , for, the masses of those two planets 
are unequal. That of Jupiter being the greater, the force by 
which he would seek the Sun’s centre would be greater. In this 
case, therefore, the squares of the periodic times could not be to 
each other as the cubes of the mean distances for, (see p 22 ) 
the equality of the centripetal force, at the same distance from 

t 0 centre, is an essential condition in the demonstration of that 
analogy 

The demonstration, therefore, of Kepler’s third Law requires*, 
on the preceding principles, some slight modification but the 
law, as It appears from observation, is ver^ nearly true the im- 
mediate inference from which is, the minuteness of the mass of 
the revolving body, whether it be Venus or Jupiter, compared 
with the Sun’s. 

But the modification, justalluded to, is altogether insignificant 
when compared with other consequences that flowed m on like 
extensions of the Principle of Gravitation For, if Jupiter and 
Saturn, by reason of their matter, attracted the Sun, they would 
for the same cause, attract each other In conjunction, Saturn 
would draw both the Sun and Jupiter towards him," but the 
ormer less than the latter. Jupiter’s gravity, therefore, to the 
Sun would be diminished , but, the direction of the diminishing 
force conspiring with Jupiter’s gravity, the resulting or com- 


simple consideiations are sufficient to shew that the i elation 
ot the dimensions of the orbit to the time of describing if, cannot be in- 
dependent of the mass of the revolving body Suppose (and this is the 
condition in Newton’s demonstration of the third Section) the revolviim 
body to be a point, and, moreover, the oibit to be circular If instead 
of a point we substitute a mass, then by reason of the increased at- 
traction, an orbit interior to the circle must be described in a shortei 
time, and having the sum of its least and greatest distances less than the 
diameter of the circle. If the mass weie Jupiter’s the orbit would be 
more contracted within the circle than if the mass were Mars’s. 



PREFACE. 


XXIX 


pounded force would be still centripetal, and> consequently, in 
such position of the planets, the equable description of Areas 
might, notwithstanding the alteration of force, still subsist 
But, the moment after conjunction, the two forces, Jupiter’s 
gravity, and Saturn^s diminishing or disturbing force, would not 
conspire m direction, and a perturbation of motion would neces- 
sarily ensue 

The perturbation would principally affect the equable de- 
scription of areas which equable description depends essentially 
(see Prtncipiay Sect II Prop 1 ) on the uniformity of motion in 
the direction of the tangent Now, when Jupiter has either 
quitted or not reached the line of conjunction, part of Saturn’s 
disturbing force must act in the direction of the tangent to 
Jupiter’s orbit and alter the velocity It would add to the 
velocity, if Jupiter were approaching conjunction, and dimmish it, 
after he had left it In the former case, the small line expound- 
ing the linear velocity being made less, ,tlie area described would 
become less, or would be retarded In the latter case, the ex- 
ponent or measure of the velocity being greater, the area would 
be so also, or, technically speaking, he accelerated But, it is plain, 
Kepler’s Law is equally transgressed whether it be by an 
acceleration or by a retai dation of areas 

We have here, then, by the necessary consequence of the 
Principle of Gravitation, a violation of Kepler’s Laws, and an 
inlet, into the elliptical system, afforded to a series of perturba- 
tions for, it is contrary to all probability, that the perturbation, 
which has just been mentioned, would enter singly 

It IS, indeed, easy to see, that other perturbations would enter 
with it. That Law of Kepler’s, which establishes the elliptical 
form of the orbits of planets, would be transgressed for the two 
essential conditions in its demonstration, are (see Principia^ 
Sect III Prop 12, &c ) that the force should be centripetal, and 
should vary according to the inverse square of the distance 

Now, as we have already seen in 1 1 1 , &c , a part of 
baturn’s disturbing force would act in the direction of a tangent 
to Jupiter’s orbit, and it is not likely that such force, whatever 
Its law, would not disturb the description of an ellipse : since 
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that description w^uld take take place were the disturbing 
force away But, besides, the difference of forces, by which 
Saturn draws the Sun and Jupiter towards hinij cannot be en- 
tirely resolved in the direction of a tangent to Jupiter’s orbit. 
Some resolved pait of such difference must act in the direction of 
the radius vector of Jupiter s orbit. It, therefore, conspires with 
Jupiter s gravity, but it does not vary as that gravity does The 
resulting force, therefore, would not so vary and, if it be not 
an undeniable consequence, that an ellipse cannot be described by 
these two forces, the last compounded one, and the former tan- 
gential, yet the demonstration, just referred to, (p. 29 1 SO, k>c ) 

of the description of such a curve, is totally inapplicable to the 
new conditions 


On general grounds, then, if Jupiter, attracted solely by the 
Sun, describes an ellipse, it is, at the least, improbable he should 
describe such a curve when disturbed by Saturn’s attraction 
Ihere IS, indeed, no palpable absurdity in supposing that Jupiter 
should deviate from one ellipse into another by the agency of 
external forces but the circumstance is not to be presumed, and 
IS, in fact, contradicted by calculation. 

m have dready seen (see p 28 ) from one point of view, 
that Kepler s third Law is restricted, and after what manner it is 
restricte None, therefore, of the laws can subsist, with entire 
truth, when more than two bodies compose the system and each 
body attracts the others proportionally to its mass When abstrac- 
tion is made of the masses of the planets and of all attraction 
saving that of the central body, the Laws of Kepler are strictly 
true they are strictly true, therefore, in an ideal system, and 
very nearly true in the system of Nature 

But then comes this dilemma if Kepler’s Laws are only 
nearly true, tbeir demonstration, on restricted or partial con- 
ditions, can be no absolute proof of the truth of the Pnnciple and 
Law of Gravitation The proof, therefore, must be sought 
for elsewhere, or m farther investigation Instead of proving that 
Iupiter _ describes an exact ellipse, it is necessary to find how 
much, in his course, he deviates from one. Instead of proving 
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the theory of gravity from the equality of areas described by the 
Moon, It becomes necessary to attempt that end by means of 
their acceleration 

We may conjecture that, with considerations somewhat like the 
preceding, Newton viewed the wide field of investigation that was 
opened to him, on passing the limits of the Elliptic System Every 
particle of matter attracting, parts of the same system, and of the 
same body, would be Unequally attracted, and, in technical 
language, mutual perturbation would ensue. ‘ Graves sunt (says 
the gieat A'uthor*^ of the Frtnctpia) planetae omnes in se mutuo 
per Cor 1. et 2 Et hinc Jupiter et Saturnus prope conjunc- 
tionem se mvicem attrahendo, sensibihter perturbaut motiis 
mutuos : Sol perturbat motus Lunares, Sol et Luna perturbant 
mare nostrum ^ 

We may still farther conjecture Newton to have been em- 
barrassed by the great variety of objects that presented themselves, 
each of which would serve, m some degree, as a test and touch-r 
stone of his hypothesis. Ought the greatest or the least perturbation 
to be first selected ^ The instance of the Moon or of Mars ? He 
had the option of beginning his research, either with the planet that 
the least transgressed, or with that which most transgressed the 
laws of elliptic motion If he began with Mars, its irregularities 
would require no very operose calculations but, then, to balance 
this, those irregularities, as phenomena of observation, were not 
distinctly made out, were very minute, and, in quantity, not very 
different from the errors of observation Besides tins, the irre- 
gularities, were, probably, a blended effect of the disturbing 
farces of the Earth and Jupiter. But ‘the Moon’s inequalities 
(the greater of them, at least,) were, when Newton began his 
researches, distinctly known, were large in quantity, and, on the 
Principle of Gravity, could only proceed from so great a body as 
the Sun. 

To the selecting, however, of these irregularities as tests of his 
system, there existed an impediment, almost an enormous one in 


^ Lib. Ill, Prop, 
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Newtons time, and which even now subsists namelv, the ex- 
treme difEculty of computing them But, great as it was, Newton 
found means of overcoming it, and from the Lunar Imquahtm 

of Gravuy "" of proofs of the truth of the Theory 

These proofs, as it has been already said, differed, in one 
respect, essentially from the former they were founded on the 
&^Wrom the p,ptical system, the former on the system 
It elf Newton s Theory might be tiue if a planet described an 

ellipse ‘‘ described an exact 

Newton, in his process of proofs, from the exact ellipse went at 
once to the most irregular orbit He did not pass through any 
gradations of slightly disturbed ellipses , such as the orbits of most 

^ ^ r investigations m the 

eleventh Section of the first Book, and in the Ld Book, to 
ccount for the large irregularities of the Moon’s orbit from the 
Suns disturbing force to shew that such irregularities or in- 
quah les are as certain a consequence of that disturbing force, as 
the elliptical orbit of Mars is of the Sun’s centripetal force. 

This accounting for the Lunar inequalities, by the agreement 
of their observed and computed quantities, was then,^s it is 

ThaT n”"? ' ““d^’-taHng , but, it is not to be suimised, 

that Newton designedly passed over the most simple proofs of 

The more probable reason is, as we have already hinted, 

^me tLI aTf consequences of th^ 

same kind, and from like causes, as the Lunar, were judged 

Newton’s contemporamsrLTreflfl^rlyst^^^ 
fondrennhrmmd lr"luS'Sr'"tT"‘’"” " 

adherents. But it was otherwise^ w fh T “"""y 

liToutd kf -e^n'ciTuit^rrnttrch 

by invItVonriey^d 
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by Newton to be too minute either for illustrating or for confirm- 
ing his theory They certainly were not distinctly noted at the 
time of the publication of the PTtncipin and it is not an unfair 
inference^ from what^ has just been quoted (see p xxxi.)i' that 
Its Author supposed the perturbations of Jupiter and Saturn, 
ei(:cejit in conjunction , to be very inconsiderable. 

He knew the case to be quite different with the Lunar in- 
equalities 

The term Inequality implies a departure from something either 
previously equable and regular, or that would be so, were it 
not for the intervention of certain causes. The causes, by a cor- 
responding technical denomination, are Disturting* If the 
M@on described an ellipse there could be no disturbing causes : 
and there would have been no impropriety m calling the elliptical 
motion regular and exempt from inequahty But the usage of 
teims IS somewhat different, and the technical language employed, 
on this occasion, has been accommodated to the views which 
Astronomers have chosen to take of this subject They have 
considered circular motion to be, as undoubtedly it is, more 
simple and regular than the elliptical, and the latter to differ from 
the former, or to be unequal to it, by a certain inequality The origin 
of Inequalities has thus been thrown farther back, and, what is more 
to be observed, been made, in one instance, independent of dis- 
turbing causes , for, the elliptic^ which is sometimes called the 
first Inequality^ is so independent; and, on that account, is 
naturally of a different class from that to which the other Lunar 
inequalities arising from the Sun's disturbing force belong It 
is, however, as it has been mentioned, conventionally included in 
that class 

Kepler, by means of his Problem, found a planet’s ellip- 
tical place Newton had to find the difference between the 
Moon’s true and her elliptical place ; the difference depending 


‘ Et hinc Jupiter et Saturnus prope conjunctionem se invicem 
attiahendo sen-^ibi liter perturbaiit niotus mutuos ^ 

•t The pieceding leferencesto tfie Preface should have been like 
thiSj and m Homan uumeials. 


e 
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on the Sun’s disturbing force The d^erence had been already 
partially assigned and parcelled out by Tycho Brahe, and othei 
Astronomers prior to Newton, into several Inequalities distinguished 
by the names of Variation^ Evection^ and Annual Equation Aa 
this difference of place, vi^hich is an effect, had been divided and 
distinguished into parts, so Newton resolved the cause, which is 
the Suns disturbing force, into several^ or modijications , 

and, more than this, he assigned to some of these modifications, as 
to their special causes, certain of the inequalities : for instance, 
to that part of the disturbing force which acts in the direction of 
the tangent to the Moon’s orbit he attributed the Variation • and 
the Annual Equation to a modification of that pait of tlie disturbing 
force which is resolved in the direction of the radius 

In assigning to different modifications of the disturbing force 
of the Sun the several Lunar inequalities, there are two methods 
pursued by Newton; the one popular, the other strict and 
scientific 

« 

The first method is followed in the eleventh Section of his 
Principle- In that the Author shews the origin of the Sun’s dis- 
turbing force, and expresses its value But he does not thence 
deduce any exact results, such as might be compared with those 
of observation He has rather chosen to usher in his Theory by 
explaining the general nature and character of the effects pro- 
duced by the Sun^s disturbing force , after what manner, for 
instance, the curvature of the Moon’s orbit, the equable descrip- 
tion of areas, the positions of the nodes and apsides are affected 
or disturbed by it 

He expounds the principles for computing the perturbations, 
hut does not there compute them. Indeed, the character given 
by the great Author himself of the composition ^ of part of his 
third Book would not have ill-suited that of the eleventh Section. 
Its explanations are of a general nature They do not, therefore, 
prove, they only render probable the Principle and Law of Gra- 
vitation The proofs, such as the subject admits of were reserved 
for subsequent investigations, and are given m the third Book of 
the Pnncipia 


^Methodo populari, ut a pluiibiis legeretur.’ 
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^he popular explanations were judiciously made to precede the 
st][ict calculations The operose computation of the FanaMn, of 
the mean regression of the nodes, &c on a uew principle, and by 
the aid of a ne^u calculus, would have been ill adapted to an age 
scarcely freed from the school philosophy and the system of 
Descartes 

But the explanations of the Lunar and other inecjuahties in 
the eleventh Section, are, as it has been already remarked, far 
from proving rigidly, either the Principle or the Law of Gravity, 
and it may easily be shewn, they do not prove the latter For, 
admitting the princtphy there would exist a tangential distuibmg 
force, accelerating the Moon in some situations, and retarding her 
in others, and producing an inequality, like, in its general character, 
to the VartattoTiy if the Law of Gravity, instead of the inverse 



square, were the inverse cube, or some intermediate inverse 
power For instance, a body at whatever the law of force, 
would attract L and T unequally, if L and T should be at un- 
equal distances from B if the foice should vary in any inverse 
power of the distance, Z, being nearter to B than T, would be 
more attracted suppose T Ln to expound the gravitations of 
T and L to 5, and resolve Ln (> Tni) into L r parallel to JS", and 
rn parallel to LT Take then, the difference of 

forces, by which T and Z aie drawn towards S in the parallel 
directions TS, L r, would equal Lp(=:Lr-- Tm) 

Again, resolve Z p into Z if, ptypt being parallel to LT 
we have now then the body Z attracted to Tby a centripetal force, 
expounded by QJS, a force rn augmenting it, and therefore 
being itscU centripetal, a force pt diminishing it, and a tan- 
gential force Lt urging Z m the direction LRy or, in other 
words, increasing its velocity Now, as it is plain, this tan- 
gential force Lfy as well as the other forces rn^pt, arise 
solely from the inequality of attractions of T and Z towards 
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Sy and are altogether independent of the law of atti action which 
may 6e either as , or ~ , or ~ , or ^ , JD being the dis- 
tance between S and the attracted body. 

"We have supposed the body L to be moving in the direction 
IjRy Since we have supposed the tangential force Lt to acceleiate 
Its motion a like force would retard L after it had passed the 
line of syzygies In that line the tangential force would be 
nothing, as it would be also in some point between syzygies and 
quadratures 

-A tangential force, therefore, such as we have described, 
would, in a general way, and to a certain extent, explain the acce- 
leration and retardation of the Moon’s areas, or in other words, 
the Moon s Variation But the X»a*w of Gravity, being no con- 
dition or circumstance in such explanation, could not he established 
by it And this kind of consequence or rather of inconsequence is 
necessarily attached to pojiular explanations, as they are called , 
such as are most of those in the eleventh Section. 

The small line Lju depends, according to the preceding ac- 
count on T and L being unequally attracted by S, which on that 
account is called the Disiurhng body disturbing the equality of 
areas and the curve, which, were it abstracted, L would describe 
round T Both these perturbations, as to their general nature, 
would take place, if. the force by which 8 draws L and T, were 
not according to the inverse square of the distance. That, how- 
ever, is the Law which Newton, in his eleventh Section, and m 
the third Book of the Prtnct^ta means to establish . and which, 
indeed, the more minutely and scrupulously the planetary phe- 
nomena are examined, seems sufficient to account for them 

According to that law, then 

niass of aS r miss of S 

( mass of 2\ . ^ 

ana — j drawn parallel to TJL, representing 

the force by which L is drawn by T towards T, the whole cen- 
tripetal force urging X is 
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QR + rn -- pt, 

aftd the tangential force, or, if the orbit be circular, the force 
perpendicular to TX, ib L and such, although somewhat dif- 
ferently deduced and stated, are Newton’s resolutions of force 
in his eleventh Section 

To like resolutions, or, as they may be called, Modifications of 
the Sun’s disturbing force, Newton assigned, as to their special 
causes, certain of the Lunar inequalities Of these the most 
notable is the V ariationy as being the deviation from the most 
simple of Kepler’s Laws, namely, the equable description of 
areas Newton attributed this inequality, principally, to the tan- 
gential force (Z /) But, as we have seen, such a force would 
subsist, and would accelerate and retard the description of areas, 
or (stating the infringement of Kepler’s Law in other terms) 
would make the planet now before and at another time behind its 
mean or its elliptical f place, if the force from which it is derived, 


It IS easy to express these resolutions differently 


r/i = jL w X = 


mass of S 
SL^ ^ 


XT 


thus, 


ptzr. Lp X cos LTS 
= {Lr pr) cos LTS 
ST 


Tm I cos LTS 


= (-■ s- 

= mass of S' X ^ 

the whole centripetal force, therefore, see 1 1 of the text, is 
mass of T 


LT^ 


• mass 


® ^ [Ib - (Ip - 


and the tangential force (Lt) is 
mass of S 

f Elliptical, or found m the ellipse by correcting the mean place, 
on account ol the Jirst, or elliptical inequality, and by means of Kepler^s 
Problem Sec Astronomy, Chap. XVIIL 
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namely, that by which S' draws X and T should not vary accord- 
ing to the inverse square of the distance In order, then, to as- 
certain whether the latter law of the variation of the force, or any 

er aw, ® the true one, a closer examination of results must be 

instituted in fact, the inequality itself must be computed, and 
m lus third Book the Variation itself (see Prop XXVI, XXIX ) is 
computed from those expressions of the force which are given 
in t e ote of the preceding page, and which suppose the law of 
e force to be that of the inverse square of the distance The 
agreement of the computed and observed variation proves the 
aw of the force to have been rightly assumed, and, as far as a 
single instance can go, proves the truth of that law 


Itw so with other popular explanations and strict compu- 
ationsof other Lunar inequalities the former render probable 
the Theory of Gravitation, the latter, if their results agree with 
tnose of obs6rvation^ confirm it. 


The diagram which we have already introduced may serve to 
^plam after what manner another Lunar inequality, may, on 

mSTt* assigned, (as to its special cause/ to a 

modification of a resolved part of the disturbing force 

The part of the disturbing force which acts in the direction 
of the radius vector LT is (see p xxxvi ) 

r n -- 

which sometimes augments, at other times diminishes the cen- 
ripe a force Jig that arises from the central body at T or 
^ch since we are speaking of the Lunar Theory, so^affects the 
Moon s gravity to the Earth The latter, the diminishing effect 

Cr i- * called, a Mean Diminution of the Moon’s 

tim/b J a'»g«’entation of the Moon’s periodic 

time beyond what would have been its value .u ^nodic 

rgfeS/ r ^ -^im^nlTf 

t: rr. f "jrs tr'* - 

g , me result, or mean, of the several diminutions 
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and augmentations that happen during one synodic period, the 
Earths distance being supposed to remain the same If the 
distance be changed, the result, or meauy will be changed^. 


* The computation is easily given 


Let m be the mass of the Sun ' 
r' the radius of his orbit, 

7 the radius of the Lunar orbit, 
y = S'X, and z JLTS, then, see p xxxvii. 


rn pt ^ 


mr ^ /m r' w X 
^3 y -prj 


But y =r — 2rr' cos (S), 

and, r being very lai ge relatively to r. 


COS d 


1_ 


~ + neaily , 


7 n p t — 


7?l 7 
2 


3 ?n r 

in^ 


cos 2 6 


Kow the sum of the disturbing foices m the direction of the radius 
IS the sum of the seveial paits on the right-hand side of the equation 
taken foi eyery point in the circle, fioin 0® to 360° The sum of all the 
mr ^ 7717 

2/3 ’ ^ ^ ciicumference With regard to the second part. 


since cos 2(90‘5-j-d)= — cos 2d, whatever be the value of there must be 

3 771 V y 

as many teims of the form — tjCos 2 0, as of the form cos 2d, 

the corresponding terms b6ing respectively distant fiom each other by 

90“. The sum,therefoie, of all the terms cos 20, 0 being taken of 

2 1 

eveiy value fiom 0 to SdO^, must be nothing, the coiiesponding positive 
and negative teims destioying each other. The sum, therefore, of all 

— 971 T 

the 7 pt IS ' ■ X circumference consequently the mean effect 


will be 


7n r circumference w r 

2r'^ ^ ciicuinleience ^ 2/'^' # 

which may be supposed constant duiing one synodic revolution but 

which will vary when / the Sun^s distance from the Earth vanes. 
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Every month, therefore, it will be changed It will be increased 
by the Eaith s approach to the Sun, and, consequently, will be 
greater in Wintei than in Summer Now these results which 
flow immediately from that modification of the resolved part of 
the disturbing force which acts in the direction of the radius, 
resemble the properties of the annual equation (see Astron. 
pp S28, &c ) and, therefore, to go no farther, that irregularity 
m the Moon s motion, is also probably caused by the Sun’s dis- 
turbing force and if exactly accounted for, that is, by the agree- 
ment of Its computed with its observed quantity, would addi- 
tionally confirm the Theory of Gravity * 


It was thus that Newton shewed that the Sun’s disturbing 
force (a necessary consequence of the Theory of Gravity), if not 
their real cause, would at least account for two of the Lunar in- 
equalities the Varmtion discovered by Tycho Brah(§, and the 
Annual Equation discovered by Kepler from the foimer Astro- 
nomer’s observations 


But there existed, of much older date, and discovered by 
Hipparchus and Ptolemy, another considerable Lunar inequality 
called the Eveciton and this, also, Newton shewed to be ex- 
plicable by the theory of Gravity 


n the explanation of this inequality the eccentricity of the 
Moons orbit IS an essential condition , which is not the case with 
the explanation of the two former inequalities The Eveciton 
arises from the variation of the eccentricity of the orbit and, the 
vanation of the eccentricity from a modification of the general 
eflect of a resolved part of the disturbing force dependent on the 
position of the apsides 


* Hisce motuum Lunanum computationibus ostendere volui, quod 
|er eandem Theoriam inven, praeterea quod ^quatio ann ua niedi, motus 
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The general efFect of that part of the disturbing force which 
acts m the direction of the radius is to augment the Moon's 
Gravity in quadratures, and to diminish it in syzygies Its peculiar 
efFect when the apsides lie m quadratures (which is a modification 
of Its general efFect) is, since it vanes as the distance, to augment 
the Pengean Gravity, which is the greatest, by the least quantity, 
and to augment the 4pogean Gravity, which is the least, by the 
greatest quantity Its peculiar efFect, then, in this position of the 
apsides, is to make the ratio between the Pengean and Apogean 
Giavities less than that of the inverse square of the distances, 
and thereby to render the orbit less eccentric When the apsides 
he m syzygies, the peculiar efFect of the resolved part of the dis-« 
turbing force is to render the orbit more eccentric, by rendering 
the ratio between the Pejigean and Apogean Gravities greater 
than that of the inverse square of the least and greatest distances , 
l^ecause, in this position of the axis major, the Pengean Gravity 
15 dimimshed by the least and the Apogean by the greatest 
quantity Now the eccentricity being, as it is m the first position 
of the apsides, diminished, the Equation of the Centre (see Astron, 
p 9,02 ) will be necessarily diminished , and m the second position 
the eccentricity and the Equation of the Centre will be increased. 
In intermediate positions the efFect will be a blended one 

But, whatever the position, the variations of the Equation of 
the centre as consequences deduced from the disturbing force, 
correspond to the observed and registered properties of the 
Evection The former, therefore, will account for the latter 
The inequality is an efFect of which that modification of the 
Sun's disturbing force just spoken of seems to be the adequate 
cause (see Astron pp S25, &c.) 

It was nearly after the preceding manner that Newton, in his 
eleventh Section, explained the three principal Lunar inequalities, 
by his Theory of Gravity , and, by such explanations, added new 
proofs of the truth of that theory . the proofs being, as it has 
been already mentioned, of a different kind and of a higher scale 
than those which had been derived from the establishment of 
two of Kepler's Laws. 


/ 
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But the proofs, derived from the same sources, are not so 
strict as we find them in other parts of his Work Those of the 
eleventh Section were not even proposed, as their Author himself 
informs us as perfect ones They do not establish (and this is 
a point more than once insisted on) the Law of Gravity to be 
exactly according to the inverse square of the distance Most of 
the reasonings of the eleventh Section hold good, if the Law, as 
Clairaut proposed in a memorable instance (see Mem Acad 1745 ) 
instead of being as it is, should only be nearly so, and should be 
expressed by a formula of two terms 

After explaining for what reasons, founded on the Theory of 
Gravity, the Moon would deviate t from the laws of elliptical 
motion, Newton proceeded to other proofs of that theory or 
rather to the explanations of other phenomena which it afforded. 
The inequalities which he bad traced to the Sun’s disturbing 
force, as their source, were periodical admitting of alternate 
increase and decrease, and, at the completions of their periods, 
returning to those values or magnitudes which they had at the 
beginnings But the Moon was subject to other inequalities , 
such as afiected not her position m the orbit, but the dimensions 
of that orbit and its position in space. To the same source, the 
Sun’s disturbing force (which, as it has been often said, itself 
springs from the principle of gravity) he traced these latter in- 
equalities On j’ust principles, and, completely, he explained the 
motion of the Nodes of the Lunar Orbit, their mean Regression, 
and the change of the orbit s inclination , but imperfectly, since 


^ ^Quas ad motus Lunares spectant (imperfecta cum sint) in Coroh 
Jams Piopositionis ixvi, siiiiul complexus sum, ne singula methodo pro- 
Iixiore quam pio rei dignitate pioponere et sigillatim demonstrare 
tenerer, et senem reliquarum propositionum inter rumpere * Auctoi is 
Fr(Bfatto, 

f It seems remaikable that Newton should have foiborn announcing 
m distinct terms that his Theory afforded an explanation of tho‘?e prin- 
cipal Lunar inequalities which Astronomeis had noted and distinguished 
by technical denominations Such an announcing would have drawn 
the attention of the cunous most forcibly to his Theory. 
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on partial principles^ the Progression of the apogee After having 
explained the Regression of the Nodes he beautifully applies 
the result of such explanation to the precession of the equi- 
noxes and then passes on to shew in what manner the phe- 
nomena of the Tides are, on the Theoiy of Gravity', explicable 
from their causes, which are the attractive, or distuibing forces, 
of the Sun and Moon 

All these phenomena, the tides, the precessicm of the equi- 
noxes, the periodical inequalities of the Moon, the inequalities of 
the elements of its orbit (for the inclination, the eccentricity, the 
positions of the node and apogee, are technically so called) are 
familiarly explained {methodo ^opulart) in the eleventh Section 
The succeeding Section is occupied with dilFeient investigations. 

But, although in kind different, they like those of the Lunar 
inequalities, date their rise from the same source, the principle of 
Gravitation According to that principle not only all the bodies 
of the system, the Sun and planets, separately attract as masses, but 
the component parts or particles of each mass Now in some of 
the Sections previous to the twelfth, which treat of Kepler's Lav s 
and the deviati®ns from those laws caused by disturbing forces, 
the central, revolving and disturbing bodies are considered as 
merely physical points No account is made of their figure. 
But such are not the conditions m nature The Earth, which, as 
the central body, attracts the Moon, and the Sun which as the 
third and external body disturbs the Moon (disturbs it by attract- 
ing It more or less than it does the Earth) are both endowed with 
volume and figure , and then comes this question , if each particle 
of the Earth attracts the Moon, as it must do according to the 
Principle of Gravitation, to what point in the Earth will the 
result of the several attractions be directed ? If it should be the 
centre of the Earth, then what had been demonstrated in the 
preceding Sections relative to Kepler's Laws would still hold good. 
But if not, then the previous results, m order to be adapted to the 
real circumstances of nature, would, at the least, require some 
correction 

To this subject of enquiry Newton directs his attention in the 
twelfth Section. He therein demonstrates that, the law of attrac- 
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tiort being the Inverse square of the distance, spheres attract just 
as if all their matter were condensed into their centres, Accord- 
ingly, if the planets were spherical bodies, the results which had 
been proved to belong to merely central points might be trans- 
ferred to them , and they may be transferred with very little 
inaccuracy, since the planets, although not exactly spherical 
bodies, are nearly so. 

In truth, however, spherical planets, like elliptical orbits, 
belong to an ideal system and have no place in nature Their 
orbits are only nearly elliptical and their figures nearly spherical 
If we assume the former to be ellipses and the latter spheres, it 
Is for the purpose of conveniently commencing our processes of 

making, by such first steps, approximations towards remoter 
results. 


But it must not be supposed, from what has just been said, 
that the inequalities of motion of the revolving body caused by 
the Mateness of figure in the central are at all comparable, either 
for their magnitude or number, to those that are caused by an 
external disturbing body. The Lunar inequality caused by the 
small elhpictty* of the terrestrial spheroid may be corrected by 
one equation, the maximum of which does not exceed seven 
seconds whereas there are nearly thirty equations which it is 
necessary to make account of, in correcting the deviation from 
elliptical motion caused by the Sun’s disturbing force. 


The result, therefore, of the seventy-first Proposition (Sect 12. 
Book I ) IS applicable, with very little error, to the Lunar 
theory The inequality that would, virtually, be neglected by 
such application is less, as we have seen, than seven seconds, a 
quantity less than the error of those observations which were 
made m Newton’s^ time. 


By theory the oblateness of the Earth causes an inequality the 
Moon s motion and consequently, which is ve.y curious, we may from 
the Moon s motion determine theellipticity or the degree of the Lrth’s 
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We have ftow enumerated and slightly described the series of 
explanations which Newton, by means of his Theory of Gravity, 
has given of the planetary phenomena , which explanations, under 
anothet point of view, are so many proofs of the truths of that 
theory They are all to be found m the Fnncipia But their 
matter, although by far its most important constituent, occupies 
less than the half of that extraordinary Work If it were per- 
mitted not to approve of every thing that Newton has done, we 
might regret that the great argument, by which the Principle and 
Law of Gravitation are established, should be so mixed up and 
interrupted, as it is, with foreign matter , more foreign now, 
indeed, than it then seemed to be, when other systems, hardly 
out of vogue, were to be put aside or asunder in order to make 
room for a new one Still the business of refutation and other 
matters interrupted the mam course of argument The progress 
of Physical Astronomy was impeded by the very abundance of the 
riches of the Fnncipia Had its contents not much exceeded or 
not much vaiied from what Newton originally communicated to the 
Royal Society * or if it had contained part of the second Section, 
the third, seventh, ninth, eleventh, twelfth Sections of the first 
Book and the third Book, it would probably have had more 
numerous readers 

But be this as it may. Still the Pnnctpta is the most pro- 
digious Work in mathematical Philosophy that was ever pro- 
duced f To estimate its merit we must view Science as its 
Author found and as he left it He did not merely add to or 
beautify a system, Newton’s merit was more than that of having 
left marble what he found brick. For he laid the very foun- 
dations of Physical Astronomy, and furnished the materials and 
the means of putting them together. 


* ^ Quippe cum demonstratam a me figuiam orbium coelestmm im- 
petraverat, rogaie non destitit ut eandem cum Socictate Regali com*^ 
mnmcarem ' Auctons Prc^atia 

t * And it may be justly said, that so many and so valuable phi- 
losophical tiaths, as a-e heiein discoveied and put past dispute, were 
never yet owing to the capacity and indusliy of any one man ' 
Hallers nonce of the pubhcatzon of the Ptinctpia see Phi Trans^ 
No. 186 
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The Author of the Prmcipta, although he lived in an age 
rich in men of genius, far outstepped his contemporaries and 
from this circumstance, or the abstruse matter of his Work, or its 
manner, it happened that nearly sixty years elapsed from the 
first publication of the Prmcipta before any material researches, on 
Its principles, were made in Physical Astronomy Clairaut began 
to make such about the year 1743- And then so limited seems 
to have been the study of Physical Astronomy, that the Author 
of the Histoire^ prefixed to that volume of the Pans Acts which 
contains Clairaut^s Memoir, thinks it expedient to illustrate its 
subject, and to explain, by instances, the most easy and familiar, 
after what manner Newton conceived a planet to describe an 
elliptical orbit round the Sun. 

The researches of Clairaut, of which we have just spoken, 
were given in the Memoirs of the Academy of Sciences at Paris for 
the year 1743 And the Memoir was entitled ‘ De rOrhite de la 
Lune dans le Systeme Newtomen ^ We may discern in it the 
ground- work of that method which the Author and other foreign 
mathematicians afterwards used in their researches in Physical 
Astronomy. The method is widely different from Newton’s; 
and the object of research is shortly stated to consist m the 
solution of the Problem of the Three Bodies. 

By means of the opposite diagiam we may easily explain the 
conditions and object of that probleih. 

When L revolves round T and is solely acted on by a cen- 
tripetal force, directed from L towards J as a centre, the curve 
described by L and the laws of its motion are the objects of 
solution m the Problem of Two Bodies , and, as we have seen, 
Kepler s Laws are strictly observed in such system. 

A third body placed at 5, but not so distant as to attract T 
)and L equally and in parallel directions, prevents the above laws 
from being observed it disturbs what would take place were it 


* TheHistoire'contains the abstract and brief explanation of the 
subjects treated of in the Memoirs and body of the Work. 
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away The form of the orbit now described by L and the laws 
of Its motion under the change of circumstances, or the deviations 
from the fofmer orbit and laws (for each enquiry is, m fact, the 
same) are the objects of solution in the Problem of the Three 
Bodies* 

The conditions are . a body L moving with a given velocity 



in the direction i JR, and acted on by two forces . one in the 
direction of the radius XT, the other in the direction of the 
tangent Lit the first compounded of the attracting force of T, 
and of the resolved parts of the disturbing force Of Sj and (see 
p xxxvii ) equal to 

QR + rn — pti 

the second consisting solely of a resolved part of the disturbing 
force of Sy and equal to L t 

Such are the objects and conditions of this famous problem, 
which are, m substance, the same as m the investigations that 
relate, in the Prmctptay to the Lunar orbit. But Clairaut uses 
means of solution far different from those of Newton 

The means used by Clairaut are differential equations of 
motion, in which the analytical expressions of the above- 
mentioned forces being substituted, and the equations solved, 
all that related to the Lunar orbit (if that weie the object of 
enquiry) would be known 

We allude, in what has latterly been said, rather to a second 
than to that first Memoir of Clairaut’s with which he began his 
researches in Physical Astronomy This second Memoir was 
for the year 1745, and is incomparably more ingenious and 
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profound than the one of 174 $ It contains that remarkable 
diiFerential equation of the second order and its integration (see 
p 93 of the present Work), to which the labours \)f eminent 
mathematicians during seventy years have added scarcely any 
.thing The original mode is still adopted 

In the same Memoir we also find some of the first subsidiary 
or collateral uses, as they may be called, of the formulae of 
Trigonometry from that time, the science may date its advance- 
ment It augmented its own resources by imparting aid to 
Physical Astronomy 

Great men, it has been said, are frequently produced In 
clusters , and, certain it is that, nearly at the same time, 
Dalembert, Euler, Mayer, and Thomas Simpson, contemporaries 
of Clairaut, began, like him, their researches in Physical Astro- 
nomy and on the same plan In all these researches the first 
common step was a differential equation such as we have just 
referred to , and in all, although there are gradations of diflFerence, 
Its approximate integration was reached by means of the sub- 
sidiary formulae of Trigonometry These latter, in three of the 
Treatises, are made to precede the mam investigation 

It has been already observed that the method of solution used 
by Clairaut and his contemporary mathematicians, was novel and 
altogether different from Newton’s. The only point in which 
they agreed was in the expressions for the disturbing forces, 
which could not well be different The Theory of Gravity, then, 
must needs receive great confirmation, if its results obtained by 
methods so different should agree with one another, and witli 
phenomena • or, if any new results obtained by the new methods 
should be found to coincide with observation Now both these 
things happened Clairaut, by his peculiar method, deduced 
several Lunar inequalities, their coefficients and arguments, and 
found them to agree with Newton’s results and with observation . 
besides this, he computed on Newton’s principles (what Newton 
himself had not done) but b-y his own method, ^the JProgf'esstou of^ 
the Lunar Apogee Now this being a very important circum- 
stance in the History of Physical Astronomy^ deserves some 
farther consideration. 
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The place or longitude of the apogee is (see Astronomy^ 
Chap XXXI ) one of the elements of the Lunar orbit If the 
Moon described an exact ellipse, which it would do but for the 
Sun's attraction, the place of the apogee would be fixed , but, as 
observation shews, it is variable, and according to Newton's 
Theory, by reason of the Sun's force, called under such circum- 
stances of Its action, a disturbing force The mean annual motion 
of the apogee is according to the order of the signs, and the 
phenomenon is, therefore, called the Progression of the Apogee 
Now such a phenomenon being a remarkable deviation from the 
elliptical theory afforded an excellent test of the truth of the Prin- 
ciple and Law of Gravitation But Newton has no where, neither 
m the Principiuy nor in any other of his Works, so proved his 
Theory. 

He has merely proved that one resolved part of the Sun's 
disturbing force, namely, that which acts in the direction of the 
radius, will produce 2. progression of the apogee but he has made 
no account of the tangential disturbing force, nor shewn the 
agreement between the results of his Theory and those of obser- 
vation Towards this important point, therefore, unattained to 
by Newton, Clairaut, as it might naturally be expected, directed 
the efforts of his new method , and its first result was a 
quantity only half that quantity of the progression which obser- 
vations gave And, m this result, Dalembert and Euler who were 
prosecuting like researches, coincided An anomalous result of 
such magnitude occasioned doubts to be entertained of the truth 
of Newton's Law of Gravity 

The argument, drawn from this instance of the Lunar apogee, 
so strong against Newton's Law of Gravity, that 
Clairaut proposed a new one, to be expressed by a formula of 
two terms such as 

a ^ b 
(dist f (dist.)^ ' 

the first of which was to expound the old law, the second a small 
addition to be made to it. 

But this alteration was abandoned almost nearly as soon as it 
was projected For Clairaut, on re-examming his method, found 

g 



hi 


PKEJACE 


of the inverse square of the distance But Clairaut, after dis- 
cussing the Lunar theory, perceiving that the differential equa- 
tions and their solutions, would, with slight alteration, apply to 
the case of the Earth disturbed by Mars, or Jupiter, so applied 
them. Dalembert, in the second volume of his Opuscules did the 
same so that, £ the determination of the exact quantity of the 
progression of the Lunar apogee he reckoned the first great 
addition made to Newton’s system, that of the planetary in- 
equalities was the second. 

The methods (and peculiar ones are required) by which 
Clairaut deduced the planetary inequalities, are to be found m a 
Memoir published by the Academy of Sctences of Farts in the 
volume^ of their Acts for the year 1754 This Memoir of 
Clairaut’s is eminently perspicuous and fertile in invention it 
contains the principle? of the various analytical contrivances (as 
they may be called) by which the difficulties that occur in the 
planetary theories may be overcome and, on that account, it 
serves as an useful introduction, and, indeed, commentary to the 
more elaborate Treatises of his successors 

The two Memoirs of Clairaut, that of 1745 and of 1754, 
contain the Lunar and Planetary Theories But, besides these, 
their Author presented in 1750 the substance of the former, 
under the form of a Memoir, to the Imperial Academy of Russia 
The Academy had proposed a Prize on the subject of the Lunar 
Theory : and Clairaut’s solution of the proposed question * was 
published at St Petersburg in 1752 A second edition of the 
same Work was published at Pans in 1765. 

Nearly about the same time Clairaut’s contemporaries, 
Dalembert, Euler, Thomas Simpson, and Mayer published their 
Researches on the Lunar and Planetary Theories Dalembert m 


The question to be solved was, ‘An omnes Insequahtates quse in 
motu Lun® observantur, Theorim Newtonians suit consentane® et 
quaenam sit vera Tlieona omnium harum Iiiaqualitatum, unde locus 
liunae ad quodvis tempus quam exactissme possit rJefiniri 
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the first and second volumes of his H^echerches ^ and in several 
Memoirs inserted m the volumes of the Academy of Sciences at 
Pans Eulojr in the Petersburg Acts and in two separate Treatises 
on the Lunar Theory Mayer in an elaborate Work entitled 
Theona Luna from which the Lunar Tables, known by the name 
of Mason’s, were constructed and Thomas Simpson in a volume 
of Tracts published in 1754 

The researches of the two latter mathematicians are principally 
confined to the Lunar theory those of Mayer are most abstruse 
well adapted indeed for the construction of Tables, but not at all 
for the convenience of the Student they are presented under a 
most repulsive form But it is not so with Simpson’s Essay 
planned with consummate mathematical skill f, it possesses, 
besides, considerable perspicuity 

The three other mathematicians, Clairaut, Dalembert and 
Euler may be called the Authors, under Newton, of the Planetary 
Theory a theory which assigns not solely the elliptical places of 
planets, but the inequalities of those places caused by mutual per- 
turbation , and which, besides, as an ulterior object assigns the 
changes, caused by that same perturbation, in the positions and 
dimensions of the orbits of planets Newton, as we may collect 


^ Eecherches sur differens points dans le systhne du Monde. 

+ The Tr^tc^5 of Thomas Simpson were published in 1754, and its 
Author, in his own way, without (it would so seem) any help from his 
countrymen, or communication with foreigners, deduced the seveial 
Lunai equations, and, ughtly, (see Chap XIII of this Work) the pro- 
gression of the Luuai apogee. With better opportunities he would have 
been, at the least, not inferior to any of the first set (as we have called 
them) of Newton^s successors But Clairaut and Dalembert had several 
advantages over him they were distinguished members of a learned 
Academy, m continual mtei course with men of Science, ambitious, 
emulous of each other, and patronized, on account of their abilities, by 
the great Theie was veiy little, if we may rely on his biographer, 
to stimulate or aid the efforts of our countryman Erom an obscure 
station he was tiansfeired to a laborious occupation, with little leisure, 
and that melancholic" or made less by the influence of bad habits. 
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from several passages m ks Work, knew that these inequalities of 
Ae places of planets and of the elemenis of their orbits, must, on 
IS t eory, subsist , but, he has no where particularly* considered 
them either judging them to be inconsiderable, or to involve no 
peculiar difficulty Indeed, from a passage in his Prmctpta we 
may presume, with considerable confidence, that he did not 
suppose the theory of Jupiter and Saturn to be under the latter 
predicament The fact, however, is that it does present peculiar 
difficulnes . and so thought the Academy of Sciences at Pans ; 
since, a out twenty years after the death of Newton, it proposed, 
as the subject of its prize, the Theory of Jupiter and Saturn 
u er was a competitor for that prize, but, on investigating the 
subject, experienced such difficulties that he judged them to be 
greater even than those which the Lunar Theory presented, ‘ Car 
pour peu qu’on s’enfonce dans cette recherche on s’appercevra 
bientot qu'elle est beaucoup plus difficile que celle du movement de 
a Lune, qu’on a jugeb pourtant jusqu’ki la plus difficile recherche 
de 1 Astronomic,’ (Pnx de f Academte des Sciences, tom. VI. 1748 ) 

It IS not easy on subjects such as Euler is speaking of, to assign 
their degrees of difficulty Jupiter revolving round the Sun and 
disturbed by Saturn, is a case similar, in its general character, to 
the Moon revolving round the Earth and disturbed by the Sun. 
Each case requires the same differential equations and similar 
methods of approximation.. To a certain extent the conduct of 
oth processes of solution is the same But each, when nearly 
examined, has its peculiar difficulties and, indeed, although by 
the import of terms, z general sohxtion of the Problem of the Three 
odies might suit all cases whether Venus in her orbit were dis- 
turbed by Jupiter or the Earth , yet the fact is otherwise and 
the pnncipal ment, which we have said to belong to Clairaut for 
his Planetary Theory, consists in having so adapted or modified his 
VVm particular case (see Chapters XVII, 


The difficulty which was met with in the theory of Jupiter and 
Saturn was not like any that had occurred either in the Lunar or 
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in any other planetary theory * It was indeed peculiar and of tHs 
kind. The approximate solution of the differential equation (that 
by which Clairaut and his contemporaries had expressed the 
conditions of the Problem of Three Bodies) gave, as m the case 
of the Moon and of the planets, terms expounding certain in- 
equalities but all such terms involved either the sine or the cosine 
of an angle , andj consequently expounded periodical inequalities 
^.sin ntj would, for instance, represent one of those terms 
now such a term would be nothing at the commencement of any 
epoch, when t = 0; but, having passed through successively in- 
creasing values, its maximum, and successively decreasing values, it 
would again become nothing, when n ty by the augmentation of t, 
should equal 180° and, that term being passed, ^ sin ;2 ^ would 
become negative, and so continue till n t should equal 360<^. The 
inequality, therefore, expressed by such a term, and consequently, 
all inequalities affecting Saturn's motion and caused by Jupiter's 
perturbation (since ^ sm nt by representing any inequality 
■represents all) would be periodical Saturn's motion, therefore, 
according to theory was subject to no secular inequality that is, 
to an inequality which, admitting no alteration of increase and 
decrease, would either perpetually accelerate or perpetually retard 
his motion 

But such an inequality it was desirable to find in order to 
reconcile theory and observation for, according to the latter, 
Saturn’s mean motion was retarded which was thus ascertained. 
The mean motion of a planet -f* is determined by dividing the dif- 
ference of two longitudes (at each of which the planet was nearly 
in the same place of its orbit) by the time elapsed Saturn's 
mean motion so determined by comparing two modern obser- 
vations (those made since the revival of Astronomical Science) 
was found not to agree with the mean motion determined by com- 


* The Theoiy of Venus and the Earth means that of then respective 
inequalities arising from then mutual peituibation. The Theories 
of Jupiter and Saturn mutually distuibing each other, of Mars and 
Jupiter, bear like significations 

•f See Astronomy, Chap, XXV 
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paring one of "the modern observations with an antient observa- 
tion The quantity representing the mean motion was greater 
m the latter than in the former instance and like comparisons of 
other observations established the same fact the fact of a retar- 
dation of Saturn’s mean motion 

The term retardation, as it was used at the time when the 
question, we are speaking of, was first agitated, was meant to be 
similar in kind, though opposite m effect, to the term acceleration 
used in Galileo’s Theory of falling bodies In that theory it 
designated the effect produced on a moving body, by the con- 
tinued agency of a constant force It was mathematically ex- 
pounded by a term such as t being the time, and A an 

invariable quantity The retardation of Saturn’s motion bore a 
similar meaning and was similarly expressed and, in the con- 
structions of Saturn’s Tables, it was accounted for, or corrected 
by a secular equation of the form A 

Euler, as we have already stated, was unable to trace the 
cause of such a secular equation There existed then a planetary 
phenomenon (for such we may call Saturn’s retardation) unex- 
plained by Newton s Theory The theory was not therefore 
false, but was, at the least, less firm by wanting the support of 
the explication of so remarkable a phenomenon. 

There is indeed on general views, no absurdity, in supposing a 
secular equation to exist, or that Saturn’s mean motion, con- 
tinuing^ entire in the elliptical system, should be impaired by 
Jupiter s disturbing force Newton himself contemplated the 
existence of such a circumstance for, in one of his Works ^ he 
speaks of the Universe as about to require, at some time or other, 
the* repairing hand of its Author 

But although the retardation of a mean motion involved no 
absurdity, yet, whilst it did not appear as a result from theory, it 
m some degree, however small, impugned that theory A 


Some inconsiderable irregular ities excepted, which may have 
risen from the mutual actions of comets and planets upon one another, 
and which will be apt to increase till this system wants a reformation ^ 
Optics, Query 311 , 
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stronger necessity, however, for explaining the retardation arose 
soon after the unsuccessful termination of Euler’s researches. 
For, certain theorems were deduced from theory which, were that 
true, proved the impossibility of a retaidation of a mean motion 
A secular inequality was therefore not only not made out, but 
was shewn to be incompatible with other results derived from 
the principle and Law of Gravitation Of these results and their 
Authors we must now speak 

The Authors were Lagrange and Laplace, who belong to the 
second set of Newton’s successors but amongst the whole list of 
those successors there are no brighter names whether we 
consider their accurate and extensive researches, or their in- 
ventions and discoveries ♦.The former of these mathematicians 
resumed, at first with imperfect success, the attempt in which 
Euler had been foiled. Then Laplace, having, in his first Essays, 
obtained an expression for the secular equation of the mean 
motions of the planets, applied it to the case of Jupiter and 
Saturn, and found that it became nothing In other words, their 
mean motions, abstracting periodical inequalities, were invariable. 
This IS the result of which we have just spoken, as being at 
complete variance with the fact of a retardation of Saturn’s 
motion Soon after this lesult of Laplace’s, Lagrange resuming 
his investigations, obtained a similar one and under a better form. 
In the Memoirs of Berlin lor the year 1776, he appears as the 
Author of that remarkable formula % from which the invariability 
of the me^n distances of planets may be inferred. 

Lapkce, on the same subject, obtained another result with 
the same bearing as the preceding It was this , the sum of the 
masses of the planets divided respectively by their mean distances, 
IS, when account is made solely of those inequalities that have 
very long periods, nearly a constant quantity If theiefore the 
major axis of Saturn, and, consequently, its period, be increased, 
the major axis of Jupiter, and, consequently, its period would be 
dimioiblied The retardation^ therefore, of Saturn’s motion ought 


^ Sec Chaptei XXI of this Work 
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to be contemporaneous and concomitant with Jupiter’s acce^ 
lerahon And this latter fact (which Halley had noted) was 
established by a comparison of observations like that which had 
been used in proving the former one This theorem, then, of 
Laplace s contracted the enquiry, it proved that something like a 
secular retardation might take place for of such description would 
be an inequality of a long period diminishing the planet’s longitude 
It also directed the enquiiy , since, if explanation were to be had. 
It shewed that it must be sought for amongst inequalities of a long 
period 

Amongst such inequalities, Laplace, after long research, de- 
tected the causes of Saturn’s retardation and of Jupiter’s acceleration. 
It had been usual, in constructing the diflFerential equation which 
expressed the conditions of the disturbed body, to reject the 
terms that mvolved the cubes, the fourth powers, &c of the 
eccentricities, because such terms, the eccentricities being minute, 
became very minute But amongst the terms so rejected, and 
involving the cubes of the eccentricities, there were certain terms 
under peculiar circumstances, which were these j the terms, if 
integrated, would receive very small divisors, and might, for that 
reason, become of retainable magnitude Laplace found that 
these terms when integrated, expounded an inequality of a very 
long period An inequality of that kind, retarding Saturn’s motion 
during certain and long portions of its period, would appear to 
act like a secular inequality and we cannot wonder that Saturn’s 
motion was judged to be subject to such an one, when w.e consider 
that the period of thzt periodical inequality which Laplace detected 
and assigned as the true cause of the retardation exceeded nine 
hundred years 


Laplace assigned a similar, or, rather, the same cause to 
Jupiter s acceleration, and, (which is the only test of a true 
explanation) shewed that the computed period of the quantities 
o the ret^dation acceleration agreed with the observed, (see 
Chap XIX of this Work.) 

The peculiar and characteristical condition of the preceding 
inequality is the great length of its period and in that circum- 
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Stance we find the reason why it became so blended with the mean 
motion as not thence to be disengaged by observation alone Its 
extrication is due entirely to theory 

The inequality is peculiar to the theory of Jupiter and Saturn 
Its special cause is to be sought for in the near commensurabihty 
of the mean motions of Jupiter and Saturn vhich mean motions 
are nearly as 5 to 2 But we are thus referred rather to the mathe^ 
matted cause than to any simple or palpable e!xplanation of the 
phenomena For, certainly, it is not easy to perceive any thing in 
the circumstance of the near commensurabihty of the mean 
motions of two planets which should occasion one, by a slight 
modification of its disturbing force, to accelerate the other during 
four hundred and fifty years, and then to retard it for an equal 
period 

The case is not singular almost all the abstruse results of 
Physical Astronomy, as well as of any other branch of science, 
must be in similar predicaments They are produced by the 
combined operation of several causes, acting for considerable 
periods, and under circumstances continually vaiying The 
argument (could it be stated m common language) which should 
connect the several parts of this series, and so join the principle 
with the result, would needs be tedious and embarrassing. 

On sucli occasions the symbolical language of the mathematics 
comes to our aid and shortens, or makes easier, the processes It 
conducts the steps either along the Geometrical oi the Analytical 
method and it is principally in intricate investigations that the 
superiority of one method above another is shewn ^ 


* Take the methods as we now fiad them, and the supeiioiity of 
the Analytical above the Geooictiical method, for cfiiciency, or foi the 
obtaining of results, is indisputable. One of the results not to be 
obtained by the iattei is the one just mentioned mtho text, namely, the 
retardation of Satuin^s mean motion a second is ti\Q progi c^hion of the 
Lunai apogee a third the acceleration of the Moon^s mean motion . 
a fouith the m\auability of the mean motions of the planets If the 

Geometrical 
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Another of Laplace’s discoveries (and by which his reputation 
has become, and deservedly, so great) is that of the cause of the 
acceleration of the Moon’s motion which, considered as a fact or 
phenomenon, is precisely of the same nature as the acceleration of 
Jupiter’s motion, and was detected by Halley by a similar com- 
parison of observations^ It depends, however, on a cause totally 
dissimilar 

This fact of the Moon’s accele^ ation being, as a result from 
theory, an abstruse one, is, in respect of its explanation, under 
those predicaments which have been just described (see p. lix ) 
But, if we assume, as Cbtablished, certain results, the explanation 
may be made intelligible without the aid of symbolical processes. 
The result to be assumed is the diminution of the eccentricity of the 
Earths orbit by the disturbing forces of the planets On this result 
the explanation may be thus founded 

The Moon’s gravity to the Earth is altered by the Sun’s dis- 
tuibmg force. In one synodical revolution, making account of 
the diminutions and augmentations, and the former prevailing, it 
suffers a mean diminution. But this diminution depends, in 
respect of its quantity, on the Sun’s distance from the Earth. 
The greater the distance the less the diminution The diminu- 
tion then is greatest in the T^inter and least in the Summer 
months. Now an increase of the Moon’s period is a consequence 
of Its diminished gravity There will, therefore, be several 
increased periods during the year, which must all be taken into 
account m determining the mean period, and, thence, the mean 
motion. The mean period so determined would be the same, 
whatever the year, whether the 220th, or the 1 780th of our 
sera, if the mean diminutions of the Moon’s gravity remained the 
same. But the mean diminutions would not be the same if the 

Geometrical method had been adheied to, Newton b system would have 
been deprived of more than half its supports The great Authoi 
himself was obliged to abandon it, and to ha’te recourse to the other 
method witness, amongst many otheis, the demonstrations by winch 
he determines the variation of the Moon and the motion of the Nodes. 

* Seep Jv of this Preface, also Chap XXXII ofAstionomy, 
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relation between the Earth’s distances from the Sun should be 
altered, which it would be by a change in the eccentricity of the 
Earth’s orbit And this change we have assumed to happen from 
the disturbing forces of the planets 

As long, therefore, as the disturbing forces of the planets by 
reason of their configuratton shall continue to dimmish the eccen- 
tricity of the Earth’s orbit, so long will the Moon’s mean motion 
be accelerated but, after a certain period, (a very long one), the 
disturbing forces will have a contrary effect, and will increase 
the eccentricity and then the Moon’s motion will be retarded 
This explanation and the preceding one (see pp. Ivii, &c ) are due 
entirely to Laplace, and are striking instances of the superiority, 
with regard to elEciency, which the Analytical possesses over the 
Geometrical method 

In the preceding explanations the variahility of the eccen- 
tricities and constancy of the mean distances have been spoken of 
and, in fact, it has been assumed that the former will vary from 
the disturbing forces, and tl|at the latter will remain unchanged 
although those same forces act This last result is by far the most 
curious of the two When we perceive, by the agencies of 
the third bodies (as they may be called) almost every part of the 
elliptical system disturbed, the place of the planet m its orbit, the 
node, inclination, and aphelion, we are almost led to believe that 
the major axis would not be suffered to remain exempt from change 
It IS, however, exempt and the proof of this with the formulae 
for the variations of the elements of the orbit of a planet (which 
indeed include that proof) are nearly the last, but not the least 
brilliant of the results in Physical Astronomy, which, under the 
guidance of modern mathematicians, and by the analytical method, 
have been arrived at Of these we will now briefly speak 

The elements of a planet’s orbit are the place of its node, of 
its aphelion, its inclination, eccentricity, and major axis The 
^variations of the first (technically called the Regression of the node) 
and of the third were deduced by Newton , the same great 
Author has tieated slightly of the fourth, imperfectly of the 
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second, and not at all of the fifth ; he has not declared any 
opinion whether or not it were subject to change from dis- 
turbing forces The first set of Newtoifs successors, Clairaut, 
Dalembert, Euler, Mayer and Thomas Simpson, do not seem to 
have interested themselves on this subject The first who led 
the way to that species of investigation which has since been 
so successfully prosecuted, is Lagrange In the Memoirs of 
Berlin for 1776, he deduced a remarkable expression for the 
variation of the axis major, and, from that time, his own 
efforts, and those of Laplace, have, on this subject of enquiry, 
been directed to the finding out of similar ^ expressions for the 
variations of the other elements and not only have similar or 
symmetrical expressions been found out, but expressions very 
simple and easy of application 

These formulae for the variations of the other elements are 
either new or much altered but that which expresses the varia- 
tion of the major axis remains under its original form 

It follows from that formula (as its Author shewed in 1776) 
that the mean distances of the planets, and, consequently, their 
mean motions, although subject to'periodicalf are exempt from 
secular inequalities They receive, if we estimate them by a 
sufficiently long interval of years, neither acceleration nor re- 
tardation ^Motus Planetaium in Coelis dmtissime* conservari 
posse,' IS true, though not in the sense Newton meant it to be If 
we put faith jn the results of the modern analysis, we may even 
predict when Saturn, no longer retarded, shall begin to be com- 
pensated for his loss of motion. 

The planetary system, therefore, if we regard the mean 
motions, will endure m its present state In that respect it will 
be (as It is technically said) stable Were it otherwise, if the mean 
motions were continued to be changed and the same way, the 
system would be tending towards a kind of extinction. If, for 
instance, Saturn shoifld continue to be retarded and Jupiter acce- 

^ See 1776, pp 199, &c 1781, 1782 Mecamque 

Analt/iique, edit. 2 2de Paitie, pp 102, &c Acad des Sciences^ 1784, 
1785 Mec Cel Ime Paitie, Liv II pp. 344, and Supplement au 
IIP Volume 
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leratedj the fornier (from the relation between the mean motions 
and distances) would continually recede from the Sun till it 
almost ceased to acknowledge its influence the latter would con* 
tmually approach the Sun till it fell into it 

But the planetary system is stahle with regard to some of the 
other elements , and the formulae which we have alluded to (see 
p 1 x 11 ) have been made to afford results than which there 
are none more curious in the whole scope of Astronomical 
science 

It is easy to see that some of the elements of a planet s orbit may 
vary without unsettling^ (as we may say) the system, or affecting 
its stability this must be the case with two of those elements on 
which the position of an orbit in fixed space depends The place 
of the apogee and the place of the nodes of the Earth’s orbit, for 
instance, may be changed without affecting the vicissitudes of 
seasons oi the degrees of light and heat which the Sun is sup- 
posed to impart Provided the greatest distance remains the 
same, the Sun’s reaching that distance, whether in the sign of 
Leo or in that of Virgo seems to be a circumstance that entails 
no consequence But it must be otherwise with changes in the 
inclination, and eccentricity If the latter should increase, 
the Earth (making that planet still the instance of illustration) 
would in Its perihelion arrive at a continually less least distance 
from the Sun till it reached that body, and in its aphelion at a 
continually greater greatest distance till that distance became the 
whole major axis And, under such circumstances, the vicissi- 
tudes of heat and light, inasmuch as they depend on distance, 
would be me leased So it might happen with a change m the 
inclination of a planet’s orbit The Earth, for instance, is made 
by the disturbing forces of the planets continually to revolve in a 
different orbit The ecliptic traced out for the yeai 1 750, is dif- 
ferent from the ecliptic of the present year. The consequence of 
which now is, that the inclination of the ecliptic to the equator, or, 
technically, the obliquity of the ecliptic is diminishing were this 
diminution to continue, there would, at length, be no distinction, ra 
as far as it depends on the Sun’s declination, between Summer and 
Winter , there would ensue a kind of perpetual Spring But the 
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facts, if we talce as such the results of theory, are different. The 
plane of a planet’s orhit if inclined, by the perturbation of the other 
planets, towards- an assumed fixed plane, will not he perpetually so 
inclined but, having reached a certain limit of inclination, begins 
to he more inclined from the fixed plane, and to return towards 
Its former state tind another limit Between this last limit and 
the former it will continue to oscillate And thus it must happen 
with the obliquity of the ecliptic The plane of the Earth’s 
orbit like that of the orbit of any other planet, will not be moved 
always the same way, but will oscillate and the obliquity, 
diminished to a certain extent, will begin to he increased and suc- 
cessively to reassume its former positions 

In like manner the eccentricity of the Earth’s orbit, as well as 
that of any other orbit, will suffer neither perpetual augmentation 
nor perpetual diminution, but will vibrate between certain and 
assignable limits 

These results, certainly very curious, depend on these theorems 
the first, in which the stability of the system, relatively to the 
inclinations, consists, is this the sum of the masses of the planets 
ntuhiphed respecttvely hy the squares of thezr tnchnations to a fxed 
plane and the square roots of their mean distances^ is a constant quantity , 

The second theorem of stability^ relative to the eccentiicities 
and similar to the preceding, is this The sum of the masses of the 
planets multiplied^ respectively by the squares of the eccentricities of 
their orbits^ and the square loots of their wean distcuices is a coimtaut 
quantity ^ It is an easy consequence from these theorems, since 
both the eccentricities and inclinations, at any epoch at which 
they were known, were very small, that neither before that epoch 
could they have exceeded certain limits of magnitude, nor can 
they after Take, for instance, the Earth’s eccentricity The term 
which IS formed by multiplying its square, by the mass and 
square root of the mean distance, can, by the above theorem, 
never exceed that value which it will have on making the cccen- 


^ See Chapters XXII, XXIII ofthisWoik. 
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tncities of the orbits of the other planets nothing. From such 
a maximum of the term we may compute the value of the eccen- 
tricity, which, since the mass and mean distance are invariable, 
must also be a maximum and limiting value And similar 
inferences shew that the eccentricities of the other orbits can 
never reach, or, at the most, can never exceed certain limits So 
that, as It has been before observed, the eccentricity of each orbit 
oscillates about a mean state. 

The theorem of the inclinations, exactly resembling that of the 
eccentricities, admits of inferences similar to those which have 
been just deduced The plane of each orbit perpetually oscillates 
about a mean state of inclination. 

The Earth, then, if w# give belief to the above results, will 
for ever revolve, as it does now, m a nearly circular orbit, at the 
same distance from the Sun, and having its axis equally inclined 
to the plane of the ecliptic It will be subject to periodical but 
not to secular inequalities , and the same forces which disturb it 
from its mean state, will, after long periods, repairing what they 
have undone, restore it to the same 

These results are certainly amongst the most interesting of 
Physical Astronomy but (and it may be considered a subject of 
regret) they are not easily arrived at , as it often happens with 
beautiful scenes in nature, the approaches to them are very 
rugged and intricate 

The series of proofs of his Theory begun by Newton is not yet 
concluded Indeed it can have, properly, no termination. W^e 
have, however, already far advanced beyond that term, which, in 
one quarter, Kepler thought to be prescribed to Astronomical re- 
search ^ Better instruments and more numerous observations will, 
probably, continue to present new phenomena for explanation. 
We have seen in the preceding pages what has already been done 
in that way, since the publication of the Principia and, indeed, 
no farther back than the year 1754, whilst some Astronomers 
doubted of the diminution of the obliquity of the ecliptic as a 


^ Nullam planetae rehnqui figuram orbitae prseterquam perfecte 
ellipticam. X>e Stella Martis, p 285. 

t 
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fact of observation, M Monnier denied that it could be a result 
of theory 

The diminution of the obliquity^ however, is now as well esta- 
blished by observation as by theory , but there are other points, 
such as the variations of the inclinations of the planet’s orbits, &c, 
in the shewing of which, theory has gone before observation 
and which, therefore, ought rather to be viewed as results than as 
phenomena. We cannot hope to view them in this latter 
character except after accurate observations made during a long 
interval. Their annual quantities are much too minute to be dis- 
cerned. We must wait till we are able to note their accumulated 
effects. 

Till that happens, these sm^ll inequalities deduced from Theory 
cannot be said either to weaken or confirm it but we may pre- 
sume they will have the latter effect : since, hitherto, like ine- 
qualities, as they have been successively deduced, have invariably 
been found to agree with observation The series of proofs in 
establishing Newton s system has increased and is still increasing , 
so that the system has at least that circumstance f as a test of its 
being founded in truth 

But they are the larger phenomena, the Lunar and planetary 
inequalities, whether of their places in their orbits, or of the 
variations of the elements of those orbits, that ought chiefly to be 
referred to for confirming Newton’s Theory. They furnish a 
long succession of powerful proofs. It is, indeed, easy to assert 
that Descartes’s system has given way to Newton’s, as, hereto- 
fore, one unreal system gave way to another but then he who 
makes such assertion, should point out some notable phenomenon 


* ^ M La Mcmiuer me absolutement, qua Paction des planetes 
pouiroit produire un tel effet sur la terre et ce mdme sentiment paroit- 
asses general, que smvant la Theone de Newton la situation du plan de 

Fecliptique ne sauroit 6tre sensibilement alt6re6/ Mem Berlin 175 ^ 

p 229 > j 

t Q-ua;, enim m natura fundata sunt, crescunt et augenturP 
^ovufii 0)ganu?n 
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(such as the progression of the Lunar apogee) within Newton^s 
system but not obeying its laws. Or he must be content to abide 
the trial of the other test and examine that series of confirmations 
(the agreement of the computed and observed phenomena) which 
have just before been spoken of This second test is, indeed, to 
him who makes it, most formidable . for, the computations of the 
quantities and laws of the phenomena are conducted (as most of 
them must necessarily be) by the most refined and intricate pro- 
cesses of calculation 

There is" one method, indeed, of eluding these difiBculties,^ 
Newton’s Theory may be brought to a test by mean of the Lunar 
Tables, which are partly constructed by it, and which are in- 
tended to serve foi many years to come If from these Tables 
we take the Moon’s place, it is rarely found to differ from the 
observed place by more than fifteen seconds Before Newton’s 
discoveries, the error between the computed and observed places 
amounted to six minutes although the coefficients and arguments 
of several of the principal equations had (from observation alone) 
been determined by the antient Astronomers and by Kepler and 
Tycho Brah4 The modern Tables contain many more equations 
than the antient, and, for that reason, are better These equations 
have been deduced, (the forms of their arguments, at least), from 
the Theory of Gravity and there will necessarily arise a very 
strong presumption for its truth, if the Tables so constructed, 
give year after year, and many years after their construction, 
the Moon’s place to that exactness which has just been 
specified This is a kind of test which may be resorted to by a 
person although he^be not deeply versed in mathematical science ‘ 
and, which, besides, may easily be resorted to by comparing 
Burg’s Lunar Tables, and the Greenwich Observations the former 
computed previously to the latter, and the latter not so made as 
purposely to uphold Newton’s system 

The system of Newton is established on the Theory of Gravity , 
on Its principle and law The parts composing the system are 
phenomena of the same class, like effects, or results produced, on 
mechanical principles, from the same cause , the cause being no 
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occult quality but being always similarly expounded by some line or 
space (as was shewn in pages xxxv, xxxvu) capable either of being 
algebraically expressed or arithmetically valued The mode by 
which gravity causes its effects (such spaces as we have just 
spoken of) is beside the scope of the Physical Astronomer 

It IS nevertheless a circumstance extremely curious that effects^ 
such as are those of gravity, should be produced , that apparently 
so small a body as Mars, for instance, should be able sometimes 
to impede, and at other times to expedite the Earth in its course- 
The more we reflect on this matter the more mysterious it 
appears It is truly wonderful that planetary influence should 
exist, and that the ingenuity of man should have detected it 
Astronomy reveals things scarcely inferior, in interest, to the 
mysteries of Astrology. It does not indeed pretend to shew that 
the planets act on the fortunes of men, but it explains after what 
manner and according to what laws they act on each other 


The Author returns his thanks to the Syndics of the University 
Press for the liberal assistance afforded him in printing the pre- 
sent Volume. r 6 r 
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PHYSICAL ASTRONOMY. 


CHAP. I. 

Accelerating and Centripetal Forces^ their Definitions Differential 
Equations of Motion caused hy tlmr Action Transformation oj 
those Equations into others moie convenient for Astronomical purposes 
Three Equations necessary for determining the Length of the Radim 
Vector , the Latitude and Longitude of the Body 

Ira body be supposed to be projected from the point A in 
the direction ACn or if it be merely supposed moving along the 
line AC with a certain velocity, then, according to the ’'first law 
of motion, the body, if not compelled to change its state hy any 
tmjpressed fme^ will continue to move uniformly in the same 
direction AC. 

If the body do not continue to move uniformly, or if, during 
any interval of time, its velocity suffer either increment or decre- 
ment, then such change in the uniform motion, or such increment 
or decrement of velocity, is said to originate from an accelerating 
or retarding force Again, if the body do not continue to move m 
the same direction, or, if it be deflected or caused to deviate from 
the line LMC, then such deflection is said to arise from some 
force, which is variously denominated ; it may be centripetal, or 

^ A 
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repulsive, or disturljing. A force, in fact, is denominated ac- 
cording to the circumstances under which it acts 

1 if a body moving in the direction LC, be 

solicited besides by a force/ according to that same direction, then, 



such force/produces no deflection from the line LC, but solely an 

acceleration of motion, and accordingly it is called an JcalerLg 
force ; and if we consider the point C to be a centre towards 
which the body tends, it may also be called a Centripetal toice. 

If, however, the body moving in the direction of LC, he 
so rated at Z by a force, acting from L towards T, then such 
force prodn^s at once both deflection and acceleration. As a 
centripetal force, It solicits the body towards T as a centre, and 
deflects it from its right-lined course LC. As an accelerating 
force, It produces an acceleration of motion in the direction of 
, not proportional to its whole quantity, but to that part of it 

which is expounded hy^, or cos. TLC. For, if we draw 
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perpendicular to LOj^ and consider JLT to represent the entire 
force, ZM alone produces acceleration m the direction LC , since 
rifhas no tendency to move the body either from Z towards M, 
or from Z towards a similar point m the ppposite direction 

The measure of an accelerating force is the increment of 
velocity generated by it during a given time If the time be in- 
creased, the increment will be increased, and in the same propor- 
tion Hence, if represent the accelerating force generating the 
increment of the velocity, or, more properly, the differential dv oi 
the velocity, and dt ho the corresponding differential of the time, 
we have, in symbols, 

' dv f, dt. 

If V represent the velocity in the direction iC, and / be the 
corresponding force tending from L to C, and, if V and F be 
the velocity and force in the direction iT, then we have these 
two equations, 

dv /•dt, 

dF== F.dt. 

Let TZ = p, and CZ = y, 

then V = and 

dt' dt " 


consequently, rfv rr — ■ 


and dV =. - 


(since, by the action of the accelerating forces by which dv^df 
are generated, jp, are diminished)* Hence, instead of the two 
former equations, we may use these two : 




df- 


+ / = 0 , 



If the body should be moving m the direction iC, and be 
solicited solely by a centripetal force {F) tending towards T, then 
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of the force F, and must equal Fxj~, the other part of tlie 

resolved force will =: - ^ 

LT ■ 


Let these two parts of the resolved force be denominated Y' 

^ ~ ~ order to determine 

me body s motion, we shall have two equations similar to the 
two preceding, namely, 

d®A;' , 

■^ + X = 0, 

^ + Y' = 0. 


Two hnes as TM, ML, perpendicular to each other and 
serving to determine the place of the body L, are technically 
called, Rectangular Cc^rdmates of the body L. Instead of them, 
weimyusetwo others, such as T£,KL{!c,t/) and obtain two 
equations similar to the precedmg. For, can be resolved mto 
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two other forces m the directions of TK, KL, and Y' also may be 
resolved into two forces in the same directions Hence, if X, 
Y, represent the resulting forces in the directions of x and y, we 
have 


d^x 


+ X = 0, 


dt^ 


+ 


y = 0 


As any force tending from L towards T may be resolved into 
two forces X, F, acting in directions parallel to X, y, so may any 
other force JF', and any number of forces JP", J’"', &c. be re- 
solved entirely into partial forces acting in the same directions. 
Hence, if X, instead of representing the resolved part of a single 
force JP, should represent the result of the several resolved parts 
of the forces, jP, JP', jF", &c m a direction parallel to x, and Y 
the result of the forces parallel to y, the two preceding equa- 
tions 


would still be true 


T? 


+ 0 , 


dd'y 

di 


^ + r = 


0 


We may give to these equations a different form, by substi- 
tuting instead of and JT, their values expressed in terms of the 
entire forces, jF, f', &c For instance, suppose the body to be 
solicited by a single force P, then, if r = + y®), 


X 


F. 




or, since, according to the dilFerential notation, (See Attaint. Calc. 
79 .) 


dr 

dx 


X j dr y 

= - ^ and ~ 

r ay r 




(d«.g.,«m8b,g, 

r = + 'f)i 


the partial differential coeiEcients of 



Consequently, 


J¥ 


-f jF* - = 0, or, 


dt^ 


+ JF 


dr 

dx 




l + ^-?=o. 


or. 


.-p dr 

d?+^-Ty = 


0 . 


_ F, m the above equations, represents the centripetal force tend- 
-rag towards T. The equations, it is plain, cannot he solved except 
we assign to P a specific value j and such value will depend on 
what IS called the Law of the Variation of the force Suppose the 
law to be that of the inverse square of the distance of the body L 
om , then, assuming m to be a determinate quantity, we may 

represent Pby — , and the two precedmg equations will be- 
come • 


dV r^ 


0 , 



Hitherto we have taken account of only one plane, namely, 
toatin which the co-ordinates are situated, and in whi«h the 
forces X, Y, act. And, it is not essentially necessary to consider 
more than one plane, so long as the forces, whatever they he, 
continue to act in it It might, however, even in these circum- 
st^es, be convenient, to consider the body’s position and motion 
m atively to a second plane For instance, the forces that act on 
Mercury Be almost entirely in the plane of the orbit of that 
planet. If they did so exactly, still we should find it convenient 
to introduce, mchned to the orbit’s plane, a plane like that of 
ttie^ ecliptic, to which Astronomers are accustomed to refer the 
positions and motions of heaTenly bodies. 

But if the forces do.not |p all in the same plane, then it 



becomes absolutely necessary to take account of more planes than 
one. 

As two rectangular co-ordinates are sufficient to deter- 
mine the distance of the body L from T in the plane of LK, KT, 
(see Fig* p 4 ) so, three (z being drawn perpendicular 

to the plane of a;, and will determine the distance when the 
body IS either above, or below, the plane in which x and y are. 
And, whatever be their directions, the forces that act on a body, 
or on a system of bodies, may all be resolved into three directions 
respectively parallel to the co-ordinates x, z For, let TK 
be ar, JST/, perpendicular to it, y, and let L I perpendicular, at the 
point /, to the plane passing through y, he then, if the force 



acting on L were represented by any line drawn obliquely to the 
plane of x and it might be resolved into two others, one 
parallel to LI {z\ the other lying m the plane of x and y and 
this may be effected by merely drawing from one extremity of the 
» line representing the force, a line parallel to and, from the 
other extremity, a line parallel to the plane of x and y, and 
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prodliced to the former line. The force represented by the 
second line, lying either in the plane of a? and or in a parallel 
plane, being then, by a second process of resolution, resolved 
into two directions parallel to x and y respectively, the whole 
force would be resolved into three others parallel to Xy y ^nd z. 

In the figure, it is plain that Tl- and TL zz 

s/{pc^ + T /, if TL be called the radius, is said to be 

the projected radius 


In order therefore to determine the body's motion, &c. when 
the forces do not lie in the same plane, we must intioduce a third 
equation similar to the two that have been already introduced. 
The three differential equations of motion will then be 


X 

” 7 ^ 




X = 0, 


[iL 


0 

77 - + ^ ® 

in which, as in the former case (see p 6 ), we may substitute 

for X, F.l F 

, r dx 

for Y, F 1 , or, F.^l, 
r dy 

for Z, F ^ , or, F 


The body’s place has been supposed to be determined by means 
of three rectangular co-ordinates z , and, there is no other 
more simple way of determining it. But, if we look to the 
custom of Astronomers, this is not the usual mode of deter- 
mining It. A body’s place (see Astronomy^ p. 25£.) is made to 
depend on the length of the radius vector (or on that of the curtate 
distance or projected radius) and on its latitude and longitude It 
IS made therefore to depend on, one line and two angles, instead 
of, three lines 


> 
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Suppose the plane of to represent the plane of the 
ecliptic, and the longitudes of bodies to be measured from the 



line T SI i then, drawing LI perpendicular to the plane of the 
ecliptic, the angle Si Tl is the longitude of i, the angle LTl is its 
latitude, TL 18 the radius, and T /, the projected radius, is the curtate 
distance, (see Astron, p ^273 ), 

Let Tl ^ p and the angle Q^Tl == v, and let the tangent of 
latitude (Lr/) be j-, then 

r 

a =s p , cos, V, or, = , cos, v, 

^ + s^) ' 


J = P sin. -y, or. 


v/'d + 


sin V, 


Z =s ps. 

and, accordingly, instead of determining the body’s place by x, y, 
and z, we may determine it, by p, v, and j, or by r, v and s. 


This change in the conditions of the body’s place, will render 
a change necessary in the mode of expressing the forces The 
forces X, Y, acting in the directions of x and y, must be re- 
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solved into others acting m the direction of p, and in a directioa 
perpendicular to p 

The three differential equations of p 8, will also be affected 
y t s change m the mode of determining the body’s place 

ey will lose their similarity, or cease to be symmetrical ^ three 
.,ot er equations will arise, but not symmetrical equations. * 

Since we know the values of a:, y, in terms of />, v, and s, 
the transformation of the differential equations of p. 8, into 
others, is a mere matter of calculation , and of no difficulty, since 
■we are guided in it by this property, namely, that 

-Tcos v 4- Fsin v = force in the direction of T I = P, 
and Fcos n-Xsin. v = force in the perpend, direction = ±T. 

Hence, since — - = jy and ^ v i 

dfi = — 1, we must find 

the values of 


^.cos.«+^sin. 
which is thus effected. 


V, and of, ^ cos. v — — ^ 
df 


sin V, 


— P .cos V, y =: p . sin V, 

. dx = dp . cos.v — dv. p sin ti, 
dy = dp sin. V + dv p. cos. v, 
e^x^P cos v- 2 d„.dp sin. v-p.dv- cos ^-p.^^.sin.®, 
y- p.sm.v+%dv dp.cos.v-p sin cotf ®} 

• • d- X . cos. V + sin. V = ePp — p dv', 

d^y cosv~d^x sin 11 = 2 dn dp+p 

eouSr*’ f ““f '* !>»• 

equation, we have these three new equations, 

d?' p — pdii* + P dp — 0 r^jl f- 

‘ldnidp+ pd^v ±T dP ~0 ...'.’rsl 

{p t) +• S dr* = 0 

in mWh i>, T, and S. repreiene the tejults of m, number of 
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forces that act upon the body L, the first in directions parallel to 
/>» the second m directions perpendicular to the former, and the 
third in directions perpendicular to the plane of the two first 
forces 

These three new equations are not like the equations [1], [2], 
[3], of p. 8, symmetrical, but, with regard to form, are totally 
unconnected, the one with the other , they possess, however, this 
advantage, that, when solved, they would immediately exhibit the 
values of p, v, and s, which are the quantities requisite, in Astro- 
nomical enquiries, to be known. 

But even these last forms of the equations, although they possess 
advantages over the first, require some farther modification ; and 
for the following^ reason. The first equation involves v, and t (P 
being some function of p and v ) , now a curve, in order that it may 
be traced out, or that its properties may he investigated, requires 
an equation expressing the relation either between its rectangular 
co-ordinates x and or between its radius vector, such as p, and 
an angle, such as t?, contained between p and some line given in 
position The first equation then, if integrated and solved, would 
not define the nature of the curve, since /, the time, would be 
involved in it t, therefore, must be eliminated , and its elimi- 
nation will be the object of a succeeding transformation 

But, as we shall hereafter see, the process will not terminate 
with that transformation. There will remain to be made another 
step , a very short one, indeed, consisting merely in substituting, 

instead of p and its functions, i and its corresponding functions 

This substitution, beyond what could be presumed from any 
antecedent reasons, is eminently useful in abridging the process 
of calculation and was, probably, rather happily hit on, than 
found by any scientific clue * 


* In tracing the connection of the successive transfoi mat ions, it will 
be thought, perhaps, that we have rathei made a way than found one. 
It IS, indeed, almost necessary, and certainly it is very commodious, to 
establish, between methods so difficult as those of Physical Astronomy^ 

an 
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If we were immediately to press forward to those most com- 
modious and perfect forms, which the ingenuity and labour of 
Mathematicians have given to the Differential Equations of Motion, 
we should conduct the Student, in the out-set of his career, over 
too extended a field of apparently barren speculation It is better 
to stop for a while and endeavour to collect some useful results. 
And this we shall be enabled to do' by investing the preceding 
equations with the conditions that obtain in nature, that is, by 
substituting, instead of die general symbols P, P, and S, the ex- 
pressions of those forces by which bodies m the Planetary system 
are mutually drawn towards each other. 

The deduction of these results will be the object of the suc- 
ceeding Chapters , but, in the one that immediately follows, the 
result obtained is altogether independent of the Law of Centripetal 
Forces. 


an artificial connection, when no natural one exists. And scarcely any 
natural one exists The approved methods of science are very different, 
in their form, from those which their inventors first exhibited, and still 
more different, probably, from those which were first investigated* 
Their present compactness and neatness is the fruit of numerous trials 
and experiments, of which the traces are not preserved. 


I 



CHAP n. 

Consequences that follon) from the Differential Equations of Motion token 
the Forces acting on a Body in motion are CentnyetaJ, or are directed 
to one Point only Kepler's Law of the Equable Description of Areas 
demonstrated Variation of the Velocity The Equable Descrip^ 
tion of Areas necessarily disturbed, wHen the Body is acted on by 
Forces, some of which are not directed to thi same Point or Centre 

In the equations (4), (5), (6), of p 10, the sole condition 
regulating the forces F, T, S iSj that they should act on the body 
L in directions respectively parallel to Tl, perpendicular to L 
and parallel to LI Let us now suppose the forces which act on 
L to act (previously to any resolution of them) solely in the direc- 
tion of ir. In this case there can be no force to draw the body 



out of the plane in which it once moves. It is not therefore 
essential (see p. 6,) to consider itiy other plane than that of the 
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body’s orbit. We may suppose, then, the latter plane and that in 
which TIi T ^ are to be coincident , nn which supposition, s and 
S = 0, and p = r, and T, also, = 0 ; for, the sole force (P) 
acting in the direction LT admits of no resolution in a direction 
perpendicular to LT The equation (6), then, of p. 10, dis- 
appears, and the equations (4), (5), are reduced to these forms, 

— r.dv* + Pdt^ = 0, 

2dvdr + rdr'v nO. 

The second of these equations may be put under this form^ 
9>rdr dv 4- or, d{r^dv) •=. 0. 

But, if d dv) ?= 0, we have, by integration, 
r^^dv = hdt, 

dt being the differential of the time, which is supposed constant, 
md h being an arbitrary quantity to be determined according to 
the conditions of any specific case 

The result just obtained is a very remarkable one ; it amounts 
to what is usually known by the name of Kepler's Law of the 
Equaile Description of Areas For, if the body be describing the 



curve Lpqy and Tp be suppQ|^ to be indefinitely near to JX 
being perpendicular to LT), the incremental area 



15 


ZiTp = X ir r dv X r j*® . <io 

2 2 “ 2 2 ’ 
and, hence, the difFerential of the area will be proportional to 
h dt and dt, and, accordingly, die integral or the whole area 
{LTq for instance), will be proportional to the time of the body’s 
describing the arc L q 

This law of the equable description of areas, Kepler, by 
observation, ascertained * to be true m the orbits of the planets ; 
and Newton, in the first Proposition of the second Section of the 
Prtnctpia, shewed that it was a necessary consequence of the 
action of a centripetal force on a body moving obliquely to a line 
joining It and the centre of force 

The law, indeed, depends on the condition of the force, or 
forces, being centripetal that is, it requires they should act in a 
line joining the body, and the point which is considered as the 
centre of the body’s motion In other respects 'there is no 
limitation , the force may be of any quantity, and may vary ac- 
cording to any law ‘ 

Since the body, m the case we have supposed, ran never be 
solicited to leave the plane in which it first moves, we have, for 
the sake of simplicity, considered only that plane , and, solely for 
that reason For, if we assume a plane in which p lies and in- 
clined to that of the orbit, we may obtain results the same as 
the preceding. 

In this case, the second equation is 

% dv dp ^ p d^v 0, 
or d(p^ dv) ^ Oi 

in which dv is, as in p. 10, the incremental angle contained be- 
tween two contiguous radii, and /> + dp. Now this equation 
integrated gives, like the former, 

p'^ . dv =: h' dt 

But ^p^d’v, in this case, is the projection of the differential 
qt the area (| r’ dwydio being the incremental angle or the dif- 


^ Anionomy, p- 188 
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ferential angle between two contiguous radii r and r + dr)‘ which 
also IS constant when r? / is, consequently, the area of the projected 
curve varies as the time and from this result the former (see 
P* 1* 12,) might have been deduced, since, by the principles 
of pfojection, the area really described QJr^dnv), is to the pro- 
jection of the area in the ratio of radius to the cOsine 

of the inclination of the two planes which, since the inclination 
of the plane of the orbit can never alter, must be a constant ratio. 

The preceding result may, with little difficulty, be more for- 
mally deduced thus, if ^ denote the inclination of the planes 



LATy tAT^^ that is, if it equal (see ed. 2 p 119) the 
spherical angle we have, by Naper's Rules, (see Trtg p 136.) 

1 X cos jLA ^ = tan At x cot, X J., or, 
tan. V = tan w X cos , 


" In the Figure of the text, the dotted hue A I represents the curve 
AL projected on the plane of Al, IK and At represents pait of a 
great circle lying in the last plane 


* 
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.* (see Trig* p. 98.) 


dv 


X cos 0, 


cos V cos w 
and, since . cos L t {Lt being a circular arc), 

cos ® V 


d V 


X cos ^ Lt X . dw X cos ^ 


cos 

But by Naper’s Rule, see Tng. p 136, 

cos * w = cos.* V . cos * . £ / 5 
* . /9* . V = r* d*w X cos. 0, 
and, since cos. </> is constant, 

if .dv r= cos* X 1/ dw. 

Hence, the relation between the quantities h and 1% is thus 
defined, 

h' rz h * cos. <p 


* Keplei’s Law of the equable description of areas has been proved 
from the equations (4), (5), (6) , but, it may readily be pioved from the 
original equations [1], [2], [3] thus 


J? 


+ z = o 


[li 



0 





•[2], 

[3], 


multiply [2] by x, and subtract from it fl] multiplied by y , multiply 
[3] by X, and subtract from [1] multiplied by z, &g then the follow- 
ing equations will arise 


X d^y —ydP'x 

lie ' 

xd^z — zd'^x 
de 

ydz — 

_ , 


1 

dt 

1 

or - 7 - 
dt 

1 

or 7 ; 
dt 


/xdz — z dx\ V ^ 
— Tt — 

= r. - 


Now, the sole force (F), being that which acts m the direibtion of 
the radius, we have, see p 8, 

Xz:=:~ F=— 2;=~- 

r ' r * ^ r * consequently, 
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If we call V the velocity widi which Lp is described, we 
shall have 

r 



but Lp x ^ _ -4 dt 

^ 2 . & 2 i~’ 


consequently, Xy—Y», Xz—Zx, Yz~Zp, are all=0, 

. > we have d = 0, 

Hence, integiating andf assuming c, c\ e", three arbitrary quan- 
titiesj there result 

Xdp y d^JC cdt^ 
xdz-- zdx = c dt, 
pit — tdy s= d'dt. 


and 
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Hence, V X TM x dt 5= h, dt^ 


nnd 


V = 


k 


and consequently the velocity is inversely as the perpendicular 
let fall from the centre of force on a tangent to the curve at the 
body’s place (i) (See Newton, Pnnctptay ed 3. p 40 ) 

If the force or forces, wl^tever they be, do not act in the di- 
rection of a line drawn from the body’s place to their centre, then 
the force T is not = 0, and the second equation will become 

d{p^ ,d v) ±, p ,Tdt^ Oy 

and, integrating, 

p^dv = A dt ^ dtf p .Tdt y 

consequently, by reason of the last term, the equable description 
of areas is, in this case, no longer preserved, or, m other words, 
IS disturbed, and the force is called a disturbing force, because 
the centripetal force urging L towards T, is imagined to be the 
proper and natural force, by the action of which alone, the 
regular and equable description of areas would take place. 

Hitherto no mention has been made of the law of the force 
In the next Chapter, we will suppose L to be acted on solely by 
a centripetal force, and that force to vary, as it does in nature, ac- 
cording to the law of the inverse square of the distance between the 


» 

and the halves of the left-hand equations represent, respectively, the 
differentials of the areas on the planes of x, y, of x, z, and of y, z or, 
are the projections of the incremental area (|r* d%o) lying in the plane 
of the orbit , and, by the theory of projections, 

A"" = + c* 

This process has been inserted in a note, because it is not essential 
to the result which has been differently deduced in the text, and, it 
has been inserted partly on account of the importance and the celebrity 
of its result, and partly as a kind "of exeicisc to the Student, and as a 
means of shewing how the same conclusions may be obtained either 
from the fundamental equations of p 8, or the tiansfoimed ones of 
p. 10 
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body or point attracted, and the centre of force or attiaction^ 
According to the first condition then, Kepler’s Law must, in this 
case, accurately obtain And the second condition will conduct 
us to results equally curious with those that have been already 
obtained, and to the establishment of two other of Kepler^ s Laws 
relative to the form of the orbit and the variation of the periodic 
time. 
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CHAP, in 

!r/ze CenUipefal force supposed to act inversely as the Squat e of the 
Distance. Consequences that flow from it. The Orhit, or the Curve 
described by the moving Body round the Central, an Ellipse Keplefs 
Law of the Squares of the Periodic Times varying as the Cubes of the 
Major Axes KeplePs Problem for determining the true from the 
mean Anomalq His Law respecting the Periodic Times not exactly 
tfue 


The centripetal force tending towards the point or centre T 
being, by supposition, the sole force that acts on the body, the 
perpendicular force, which has been designated by T, musit, for 
the reasons already assigned in p 14, be equal nothing, and, 
since the body can never deviate from that plane in which it once 
has moved, we may get rid of^ or expunge from the calculation, 
the force 5, by supposing the plane, to which its action is per- 
pendicular, coincident with the plane of the orbit. If, besides 
these conditions, we assume /x to be an invariable quantity, and 

expound the centripetal force by ~ , (which is to suppose the 

law qf its variation to be according to the inveise square of the 
distance), the equatibns (4), (5), of p 10, will become 

d^r ~ r (I ^ d zz 0, 

r 

H (I w dr rd^ w Oy 
p becoming m this case r, and Vy nxj 

Now| as we have seen, the second of these^ equatioiii* gives us 
Kepler's law of the equable description of areas, and the variation 
of the velocity m terms of the perpendicular Tlie first, xi it 
were eliminated, would give r in teims of w and certain constant 
quantities it would then give us, what is the object of enquiry, 
namely, the nature of the curve described. The end to be attained 



then is very obvious By mean« of the two eqiratidns in which it 
(see p 14,) IS constant, we must form another from which d t 
has *been eliminated, and containing w as a constant element. 

The conversion of one equation, in which dt h constant and 
dmi vanable, into another in which dw should be constant and dt 
variable, IS (see Deal try’s p 328 Vince, p 185 ed 1. 

Prm Anal Calc, p 90,) a common analytical operation and 
so simple, that it may be here inserted without its materially 
impeding the progress pf investigation. 

The first equation, emplopng t]i© general character P instead 
of ^ , and (since there is, in this case, no necessity for distinction) 
V instead of w, becomes 


~ d(~ 
dt Kit 




— r 


or 


4 . (i 

a V 


'dP' r .dr 

Ia 


■) 


+ P = 0, 


P = 0. 


d t V d t ar 

and, the second equation integrated (see p. 14,) gives 


±_ ^ h 
dt dv' 

s-upposmg (see 1. 5j) dt vanable, and 

dv constant, js 


_ 9.hdr 
dt^ dv 


which, and the value of ~ , being substituted in the equation of 
1 14, there results 


d^r 
r* dv~ 

A® 


2 A* . dr^ A» 

,.3 + -P = 0, 

JL(tz_ _l . p _ „ 

rVv* \ • r’ X „3 + P 


now the qjiantity, withiB the brackets, is equal d (~) ; there- 
fore, if vre make « = i , and consequently, ~du=.i^, there 

V y3f * 

Traits 
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dv‘' 


X d'^u — 


+ P = 0, 


but 



*. dividing each term by — A* »*, 




+• » 




which is an eqifation between u and v, and which integrated 


would give us the relation between u ( = 0 , and V, and con- 
sequently ^would determine (see jf 21,) the nature of the curve 
described. Our attention is therefore naturally directed to the 
integration of the preceding equation. 


dP' u 

If, in the equation 4- w = 0* we substitute, instead of 

d 

either a sm v, or b cos v, the resulting equation becomes, as it 
is technically said, identically nothing Hence, either u=^a sin. 

u zzh cos. v, satisfies the differential equation , so must u = 
a sm ^; + ^cos -y, and since (see Pnn AnaU Calc pp 90, &c ) an 
equation of the second degree requires for its complete integration 
two arbitrary quantities, the last form, viz u^a%\ty v-\-b cos v, 
must be the true and complete one and the condition, either that 
a z=i 0, or ^ = 0, can only happen m particular cases 

If, in the equation -f « = 0, the vUlue oi u is u zk 
d V* 

IT 1 1 u 

^ sm -y 4 ^ cos Vf then m the equation, hr/ — 7- = 0, the 

value of u is, ^ ^ sin *y + ^ cos ^ ^ , m which the ar^ 

bitrary quantities a and h are to be determined by the conditions 
of the case. 


Now, ~ sc ^ . cos V — ^ . Sin V y when 0, the value 
dv ^ j 


c d u ^ d u 

of ~ 18 Oy and when v = 90^ the value of — is 
dv dv 


h , conse- 
quently, between the values of v/ = 0, and v = 90®, there is a 
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value of V wKich renders the corresponding value of ^ = 0 . 

d V 

let such value of v be tt then 

0 = iOt cos. •Jr ^ h Sin. TT , 

-.consequently, * , 

L .7 M 

u.'Tz b X sin V 4* ^ cos t; 4- — 

* cos TT ^ 

^ « 

' ^ u 

r= (sm tt sm V 4* cos tt . cos 4- i- 

cos. TT ^ /r 

= CI'>'tg P 26 ) — X cos. (l>-ir) + t. ■ 

In order to determine the quantity b, we may observe that, 
according to the preceding hypothesis, 

0 = a . cos. 9r — I sin. tt, 

and also, that ,this equation will equally result from the original 
one, whether, instead of v, ir or (180« + ,r) be substituted, since 
(.Trig p 9 ) 

<1 cos. (1800 + ^) - i .sm. (ISO® + ^) = _ ^ cos ^ + 3 sin v. 

'dv to nothing, both when v=7r, and when 

®= 1800 + X. Let r' and r" he the two values of i when v is 

u 

respectively tt and 180® + tt, then 

* 1 M 

r' cos TT ’ 


and, — s=r — — 4. iL 
r" cos 


whence, 


cos TT 2 \r' r' / 

and +iV 

A* 2 Vr' ^ fi) * 


7 ^ 0 !? substituted in the preceding equation 

(p 1. 20,) will give the value of a in known quantities 

We may still ‘farther simplify the precedmg formL It has 
appeared 'that, ,f ^ = o, when u = ,r, « also = 0,» when 
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V _ (180® + tt). Hence, the two values of 3 , / and 

u 

r", corresponding to this value of ^ = 0, are angularly dis- 

tant from each other by 180® in other words, they he in 
the same straight line, and (reckoning from the centre, or 
their point, of junction) towards different parts of it , and since 

n -L ^ 

0, tile extremities of the straight line (which are also those 

of the distances /, r") must cut the curve at right angles. Hence, 
if we make 

r + r‘ zz 9^ a ^ 

* r zz 2aiy 

we shall have 

^ ^ d 6 e 

cos TT "Sr"/ ^ (1 ~ /) 

M r" + r' _ a 1 

^ IrV “"■ a \\ - e^) ^ 

and consequently 

^ = Tjh^ X [1 + . cos ~ x)]. 

The curve defined by the preceding equation is easily traced 
out take TA = r", TB zz r', then, if CA = CB = aj TC ^ 


A 



-- r) :=z aBy and (see 1 7) the curve at A and B is 
perpendicular to the line AB, and must be of an oval forin> the 
part Aa B being similar to AbB* The points A and B, where 
the curve meets the greatest and least distances at right angles, are 
called the Apsides » 

n 
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^ r, then u :=z ^ ^ since ^ = 0, hence, the radius 
a 

Tector driwn from T is every where of the same value, or the 
curve IS a.cirde. In this case, h=^ [,xa (1 - e*)] = 

The quantity k, at a given distance from the centre, depends on 



the angle and the velocity of projection let e be the angle TLM, 
and F the velocity, then • “ 

F — IlE = _L X EEl 

dt dt sin e ^ 




d V 


u dt . sm. € 
sin. 6 X F 


(see p 14.) 


Jiu 
sin, c * 


Hence, when a circle is descnbed, c = 90 °, and T = ^5 « =— = 


\fi ■ “ 

the radius is 


a 

the velocity of a body descnbmg a circle, of which 

a. 



The equation 
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U =a — 7 “ X [1 + f . COS (v - 7r)1 

^ (1 — r) 

is the same as that which belongs to an ellipse^ of which %a is the 
major axis, <7^ the eccentricity, v - tt the angle LTB (see fig. p 25 ) 

and — = TL the radius vector. Consequently the curve described 

by a body revolving round another, and attracted to it by a force 
varying inversely as the square of the distance is, generally, an 
ellipse. And this is the second of what are called Keplers Laws. 
Kepler discovered that the orbits of the planets were ellipses, and 
Newton (see Princ Sect III. Prop, xi Lib 1. and Prop. xiii. 
Lib 3 ) prpved that they must necessarily be so 

The third of Keplers Laws, by which the relation, between the 
periodic times of bodies revolving in ellipses, and the major axes 
of those ellipses, is determined, may easily be deduced from the 
second equation , thus 

dt=±i=:-L X _ ^(1 -O du ^ v/[a 

hu^ ^sm(t;~-7r) sin (i; -- it)u^ • 


But, since cos. (v — w) = i [au (\ - ~ 1], 

sin. (v - t) = - V l l ~ **«*-(! - a uf] ; 


Jt=-r. \/- 

X — 


- (1 - auf] ’ 

- -^~X 

f rdr 

a 

1 

\ 

\ 


« 


Now, r ir is the fluxion or differential of - r\ 

o * 
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’t 


^ & 0 - :-)■]■ 


d r 


\/[-?(--:)r 


and integrating, 

~ 5? -K‘ - D’] + ^ X 

iTbeing a circular arc of which the radius is 1, and the cosine is 

K'-9- 


Hence, 




e sin 




No correction has been made to the integral of the above 
equation t, therefore, and W are supposed simultaneously to 

equal nothing But, if its cosine iA - r") ^ust 

e \ a/ 

equal the radius 1 ; ^ ^ 

e ttme, then, in the preceding formula is reckoned from the 
apsidal and least distance TB 

The time of moving from the extremity of the least and 


A 



» tte A. o, fc of hjf , 
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may be obtained by substituting in the preceding expression those 
values of W and sin. W, that correspond to the value of 

f = r" zz a + ae Now, when r — a + ae, — , the 

cosine ofF”, = ix-^=-l, . TF = 180», and sm JF=0, 


consequently, the tune from if to A, or half the periodic time 
’ ' ai 


a a 

X ISO®, and the periodic time (F)= x 360® 


If 2 a were any other major axis, and jP^the corresponding 
period, we should have * 

P' =_fl X 360® ^ 

‘ n/m 

and, if u = i>.', this analogy, 

P P' a1 A-i, 

which is the third famous Law discovered by Kepler to be true, 
and proved, on mechanical principles, to be so by Newton, in the 
15th Proposition of the 3d Section of the Prtnctpta. 

The preceding analogy is exactly true, when I, as a material 
point revolves round T as a fixed centre but this condition is 
merely hypothetical In nature, L, representing a planet, is a body 
and revolves round J representing the Sun, another body, P, 


* If we would assume as known, by otbci methods, the area of the 
ellipse, we might arrive at this conclusion, (weie that the sole abject of 

investigation), by a shorter method. Thus, dt = ^ - • 

hu^ /i ® 


t = hnt fr^dv (estimating the whole of the area) = 2 area 

/(I — e% and h (s 
2 TT ^(1 — e^) 2 tt ai 


of ellipse = 2 TT a* ^(1 ~ <?«), and k (see p. 25 ) = a (I - e®) , 

* ' ^ 

The 


or the period. 


y = 360® X -~r 
Fi* <yii 


method, howevei, which is used m the text, leads to othdr results 
besides that of Kepler^s Law, and ib entirely independent of the elhpset. 
and Its properties. * 



30 

therefore, since the attraction is mutual, cannot be fixed. If it b* 
considered as the central body,* allowances must be made m the 
calculation for this supposition. When such allowance is made, 
/I IS necessarily unequal to /. These qiiantities, as we shall here- 
after see, represent the sums of the masses of the revolving and 
attracting bodies • for instance, if we wished to compare the 
periodic tunes of Jupiter and Mercury revolving round die Sun, 
and a and ^ respectively represented the mean distances of those 
planets from the Sun, we should have 

= Sun’s mass + Jupiter’s mass = 1 + ^ 

• 1067 09 ’ 

~ Sun’s mass + Mercury’s mass = 1 + - ^ 

2025810 * 

T02 3 

and accordingly, instead of — = ^ , which Kepler’s Law would 
give us, we have more exactly, 

P* — . ^ ^ 

^ "Ti X 99906 nearly. 

Newton, with a view of so correcting Kepler’s Lavit that it 
Aould agree widi the exact law that regulates the phenomena of 
Nature, composed the first Propositions of the 1 1th Section of his 
Prmeipia, 


The two equations, r- = ^ ^ 

1+ ^ COS. (v — tt) ^ 

* 

^ . [IT - e . sin. W], deduced from the differential equations 

of p. 21, afford us these two properties, .1st, that the curve 
described is an elhpsej and, 2dly, that the periodic times in dif- 
ferent eUipses vary in the sesqniphcate ratio of the major axes 
But, for Astronomical purposes, and with the view of comparing 
the results of calculation with ohuervation, something beyond 
mere properties is required The Astronomical .Tables (see 

<« '’“'.“.r’i 



Astrot}. pp 213, See ) are constructed so as to assign the body’s 
place at any given time, that can be done, if we knoi# the value 
of r the radius vector, and its angular distance v — ir, from the 
major axis the position of the majoi axis, or, what amounts to 
the same, the place of the apside being supposed to be previously 
determined 

» * 

In order then to adapt the preceding equations to Astrono- 
mical uses, we must assign u - w and r in terms of < , an ope- 
ration which IS purely analytical 

= n, then the two equations are 
I + e cos (‘y ~ tt) * 

» w 

nt z=z Jf/' — £ ^ Sin Wy 

to these (see p. 28 ) we may join a third equation, 

JT = j — ae cos. W, 

nt proportional to the time is called the mean Anomaly, -y - tt the 
true anomaly, and TV which is a subsidiary angle, and (see p 28 ) 
introduced for the purpose of expediting calculation, the eccentric 
Anomaly^ (see Astron Chap XVIII ) 

Smee nt ^ TV — e sin TV , we shall have, by a known the- 
orem % 


* See Tng. pp 2 IS, Stc 

Here a? corresponds to\t, W to u, y to e, fu to sm W,, 
• X=/x=s.n„^ and ^ 


(ix 


ndt 


2sm nt cos nt 


d^(X^) (P ^ 


Sin, w t 4“ ^ Snt, &c See also Lagrange, Resolution des 

MquauNumer ed, 1. pp 234-, &c Fonctions Analyt ed I. pp. 101. 
Laplace, Mec. Celeste, p, 117 Cousin, Astron Phy, p. 15/ 
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» sm nt + 


I 2 e 


2 sin 2nt + 


1 . 2 , 3 . 2 "^ 

[S^sm Snt -» 3 sm*«^] 4 . &c and by the s^me theorem, 


j^ince - s= 1 

a 

r 

a 


€ cos 


= 1 + 


e cos nt cos 2 ; 2 ^--&c 

2 


and finally, making X = ^ ^ 

1 + v/(l — e^) 


ir ^ W" 4- 2 A sm + ~ sin 2W + &c. 

2 3 * 

— I sm. 

•96/ 




1 

I 

4* 

li 

V 

4 

+ 1 
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+ 1 


- 111 ! 

V ]2 

64 


l7g^ > 

i92> 


sin 2 nt 


• This IS the direct analytical solution of the problem, m which 
It IS proposed to find the true from the mean anomaly It 1 $, 
however, m practice, usually superseded by certain indirect and 
tentatrve methods of solution, which, by reason of the small ec- 
centricities of the orbits of the planets/ are found, to be sufilciently 
exact, (see Astron Chap. XVIII ) The problem, from ,fts in- 
ventor, is called Kepler’s (see De motthus Stella Marits^ p 300), 
and Sir Isaac Newton has given two solutions of it in the sixth 
Section of his Pnnct^ia. 

All the results that have hitherto beeh obtained depend essen- 
tialy on this condition, that the force acting on the body L is 
If that condition obtain, thei\ Kepler’s Law respecting 
the equable description of areas is true, whatever be the law of the 
variation of Ae force But the two oAer laws, relating to the 
form of Ae orbit and the periodic time, require not only that the 
force should be centripetal, but that it should vary according to the 
inverse square of the distance , and, moreover, the tbrd law is 
not exaptly true, or the squares of Ae periodic times do not vary 
as Ae cubes of Ae mean distances, except we consider (which is 
contrary to the real circumstances m nature) the mass of the re- 
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vobing to be evanescent relatively to that of the attracting or 
central body 

The case we have considered then is the simplest that can be 
imagined Its conditions are the same as those in the third 
Section of the Principa A material point L revolves, by virtue 
of a projectile motion and the agency of a centripetal force, round 
a fixed centre T, and ^describes in the same plane a curve called 
an Ellipse The former circumstance, as we have seen, enabled 
us (see p £1 ) to reduce the differential equations to two, and 
to dispense with the consideration of a plane inclined to that 
of the body’s orbit, and from which the latitude might be reck- 
oned. By such simplification, the equation to the curve is arrived 
at independently of the theory of Projections But, this object 
being obtained, it may, as we have already suggested (see p 6,), 
be convenient to consider, besides the plane of the orbit, another 
plane, such as that of the ecliptic, and by means of which both the 
longitudes and latitudes of bodies are taken account of This would 
oblige us to recur to the three differential equations of motion, 
(seep 10) and would introduce as arbitrary quantities the in- 
clination of the two planes, and the angular distance of their 
intersection, usually called the Longitude of the Line of the 
Nodes 

These two new arbitrary quantities, the inclination of the 
planes, and the longitude of the line of the nodes, depend, it js 
plain, on the position of the orbit m space, and not on its nature 
and dimensions for, they are created entirely by the introduction 
of a second plane Of the other arbitrary quantities, at, and tt, 
the two first, it is plain, depend on the nature of the curve, and 
the third on the position, in space, of the major axis. 

The five quantities, the major axis , the eccentricity , the longt^ 
tude of the apside, or, (when the Sun is the central attracting 
body), the longitude of the perihelion , the mchnation^ and the longi"- 
tude of the node^ are usually denominated the five Elements of a 
Planet’s Orbit To these may be joined a sixth, depending on the 
time at which the planet is in the perihelion of its orbit, and 
technically denominated the Epoch of the Longitude of the Pen^ 

K 



hehon^ In the system of two bodies, one revolving found 
another fixed, and attracted towards it by a centripetal force, the 
elements of the elliptical orbit are invariable. This is easily in- 
ferred from what has preceded. But, for future purposes, it 
may be convenient to examine this matter more closely, and to 
exhibit the equations that involve the elements of the orbit For 
such end, the following Chapter is principally intended 



CHAP. IV. 


The Elliptical Elements of a PlanePs Orbit determined its Major Axis, 
Eccentricity, Longitude of the Perihelion, inclination of its Plane, 
Longitude oj the Node, Epoch of the Passage of the Perihelion The 

Elements of the Orbit considered as the Arbitrary Constant Quantities 
introduced by the Integration of the D^erential Equations Their 
imariahility in the System of two Bodies Expression for the Felch 
city in an Ellipse in a Circle m a Bight Line, the Centripetal Force 
varying inversely as the Square qfthe Bistance, Modfication of the 
preceding Results, by considering the Masses of the Revolving and 
Central Body 


If we multiply the equation, 

d^u , ^ 

by d Uy then integrate and correct! it by means of the condition of 

=z 0, when w = ~ , there results 
dv r 


I du^ ^ I ^ 

- * 7 -— + ^ U* 

dv^ S 


M u 


_!_ + -ili- 

<2 h t' 


0 , 


and consequently, 


du^ dv^ 

IF 


/„ ¥ <2 A 

_ = ( 2 ,„+ ;) X 


d 

Tip 


Now the left hand side of the equation is the square of the 
differential of the arc {-tp\ see fig. p 26 ) and, since V'^ 

(the square of the velocity) = zz Lp'^ x there results 

F- z=2^u + , 


zz 2 pu + 


2 P r" 

/ (/ + r") 


2p 
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p i- = 5 G + p)] 

= “'(“ - 7G7) ■ 

Hence, a = — and consequently, if V and » be 
given, a is determined, and must always remain invariable 

Hence also, which is a curious circumstance, a, the semi-axis 
major, IS independent of the angle of projection its value, at a 
given distance, depends solely on the velocity V 

If £ be the angle which the tangent makes with the radius 
vector r, or be the angle of projection, and if Tbe called the ve- 
locity of projection , then see p. 26. 


V = 


— -- 


r sin. € 


r sm. e 


and equating, this value of F with the one just obtained, there 
results ’ 

(1 - £°) __ ^2 1\ 
r- sin ^ £ '' \r~ a) ' 

or (^2 ^ sin 2 £ = a (1 _ £») 

whence ae, the eccentricity, = a 

_ Hence « e, like must remain invariable b’ut it is not, like £ 7 , 
independent of the angle of projection 


Since 


^ 1 + e cos (v — 7r\ ^ 





consequently, the position of the penhehotiy if /z, e and r he given, 
is known. 


In order to introduce the consideration of the other elements, 
the inclination and the Idngitude of the nodes, we must resume the 
three differential equations, which are 


d-u , IX 

— - 4 . ^ ^ 

dv^ , 


dt = 


d V 


.{a\ 


d^s 

dv^ 


•h s zz 


0 


-W> 


m which u will not, as in the preceding Chapter, be = i, 

r ’ 

but = i. 

P 

Now this third equation is exactly similar to the one which we 
have already integrated (see p 23 ) we have, therefore, 

s = A sin V + B cos vy 

m which A and B must be determined, as a and h were, by the 
peculiar conditions of the case 

s IS the tangent of the body’s latitude, or, of its angular 
distance from the new plane, which is supposed to be inclined to 
the plane of the body’s orbit. In some part, then, of the circuit 

of the otbit, the latitude, and consequently /, will =0 at that 
point let V zzdy ; 

.• 04 = A sin. 0 + J5 cos dy 

zni s =: A sin. v - A cos. 

cos. d ^ 

^ / 

=: ^ / 5 JII ^ ^ 0 \ 

COS. 0 ^ 


In order to determine A, let j = 7 when v - 6 = 90 ®, then 



cos B 

and consequently, 

jT = 7 • Sin* (v — B)j 

which IS the complete and exact integration of the third equation, 
and contains two arbitrary quantities 7 and 6 dependent on the 
inclination of the planes and the longitude of the node ^ . 

Let jL be the place of the body, LJ part of the orbit, A t part 
of the circumference of the assumed plane, TA the intersection 



of the two planes, or the line of the nodes , Ty*, an assumed line 


* The integral of the first equation 

A»(l + y’) +*’)+« COS. »] 

M r 7^ 1 

- F(r+7) L^'*' cos. » - - cos. 2t>J , 


= 0 


nearly, if 7 b^very small. 
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m the plane of A from which the angular distance of the pro- 
jected radius vector, or, its longitude^ is measured then the 
angle ATT = T Tt =: v, and consequently == <y - 
Now Lf being perpendicular to At^ we have, m the right- 
angled triangle LA t, by Naper’s Rule, (See Trig p. 136 ed. 2 ) 
1 X sin. At zz cot LA t x tan L ty 
or, sin. (v — X tan LA t ^ Sy 

the same equation as we have just»ob tamed, since 7 is that value 
of s which corresponds to At ^ 90^, m which case i / is the 
greatest latitude, and consequently measures the inclination of 
the two planes 7, therefore, is the tangent of inclination, as 
It is plain, IS the longitude of the node 

It ha^ already been shewn (see p 15 ) by the simple con- 
sideration of the action of the force, that the orbit described must 
lie in the same plane And the same conclusion may easily be 
drawn from ihe equation j- = 7 sm (v — 0) , for, this' is an equa- 
tion between two sides and an angle of a right spherical triangle , 
the angle, which is invariable, denoting the inclination of the 
planes 

In the view we have taken of the subject, and by which our 
future operations will be regulated, the elements of a planet^s orbit 
either algebraically depend on, or arc themselves, the arbitrary quan- 
tities introduced by the integration of the differential equations 
If the symmetrical equations (1), (2), (3), of p. 8. be integrated, 
then, since the integration of each equation will introduce two 
arbitrary quantities, the integration of all will introduce six Of 
such quantities the elements of the orbit are functions. The iifte- 
gration of the equations (^z), (^), (^), has produced, as we have 
seen, 5 arbitrary quantities, e^ tt, 7, 0 , ‘that is, the semi-axis 
major, the eccentricity’^, the position of the perihelion, the 
tangent of the inclination, and the longitude of the node. The 
sixth arbitrary quantity or element is deficient, because the second 
equation {ii dv *du=iO)y has received only one integration, 

by which the differential equation dtz=. ~ , involving the arbitrary 


* More corteclly, its latio to the semi-axis. 
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quantity h, was produced. If this equation then be integrated, 
there will result an equation such as 


s / c 



in which the arbitrary quantity, or correction e, will determine 
the position of the body at a given epoch 

The integration of the original symmetrical equations (1)^ 
(2)i (3), of p. 8, would exhibit, under a regular form, the 
arbitrary^ quantities which it mtioduces, but then it would be 
necessary to Combine those arbitiary quantities m older to obtain 
the values of the elements The equations (a)^ (h), (c)^ produced 
by several operations from the former, are, as to their form, 
dissimilar^ and consequently there would be no similaiity of 
form between the arbitrary quantities introduced by their inte- 
gration , but then, to balance this inconvenience, the quantities 
would express, almost exactly, the elements themselves. 


The tnvartahthiy of the elements has already been pointed 
out It IS peculiar to a system of two bodies , and, as such a 
system does not exist in nature, that is, as there is no planet which 
revolves round the Sun, and no secondary about its primary, un- 
disturbed by the action of other heavenly bodies, the axes major, the 
eccentricities, the inclinations, the perihelia, and the places of the 
nodes of the planetary orbits may, for all that has hitheito ap- 
pearefd, be subject to change. The preceding equations, how- 
ever, which involve the constant values of the elements, are* not 
without their use, since they are preparatory to the investigation 
of the quantity and law of their variation 

Before we conclude this Chapter, we will notice some proper- 
ties of a body m motion and acted on by a centripetal force 
varying inversely as the square of the* distance "" 


* Jtbitrary quantities, such as a, bmp 23, or A, jB, m p 37, 
are symbols assumed at pleasure, the particular values of which are to 
he fixed by the peculiar Circum'Jtances of the case Thus sin v + 
h cos ??, where a and h are the arbitrary quantities, is the* general form 
of solution both of the equation of p 23, and of the equation (c), but 
the particular values of a and h, are, as we have seen (p 23, 37 ) quite 
different. ^ 
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By the expression for the velocity in p 36, we have 

F — (1 - 

r sm € 

If ^ = 0, then (see p. 26 ) >• = a, and e = 90", the curve 
described being a "circle , in this case then the velocity in a circle, 

of which the radius is a, is = Similarly, the velocity in any 

other circle, of which the radius is r, is equal y/ — . Let this 
last equal U, then 



or, =- 


U 


r sm 6 


s/iar{\ - f*)]. 


•which last expression agrees with what Newton asserts in Sect III. 
Prop XVI Cor 9 Since, ^ sm perpendicular, and a (1 —/) = 
^ ^ '* 

■ ~ =:i /ati^s rectum of an ellipse, of a is the semi-axis 

major, and ae the eccentricity. 


Since 


^ r 


¥■ 


; , and , 


Q IJi _ ^7. 


Hence, if 2 or if F, the velocity, should be to Z7, the 
velocity m a circle at the same distance, as ^^2 . 1, ^ would be 
infinite Now the ellipse, the major axis of which is infinite, 
has, at finite distances, the properties of a parabola , consequently. 


the velocity m a parabola zz U^Q zz 



If in the equation 


we make F 


z:0, 2a ^ r and since (seep 36) 


F 
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€ must t=: 1 ; consequently ae must =s or the eccentricity must 
equal the semi-axis major The ellipse, therefore, will be 
without breadth, and the centre of force, which is the focus of 
the ellipse, tWill coincide with one extremity of the axis major. 
At the other extremity, where the distance r = 2 < 2 , the velocity, 
as we have just seen, will equal nothing at any other distance if, 
we shall have 



in which, 17 is the velocity in a circle the radius of which is r, and, 
in this case, equal to 2 a If ^ he the velocity in the circle the 
radius of which is if, then, /x = 17* if, and consequently, 

C7* = t;* £: whence, 

r* = ~ 5), 

and, if this equation be expanded into a proportion, we have 

: V- r-if . -r, . , 

£ 

which, since r is the distance from which the body begins to fall 
towards the centre of force, is the same proportion as that which 
Newton has given in Sect 7 Prop 83 

If F zs r — R z= ^ ^ ^ if=:_^ or the body in its 

rectilinear descent towards the centre of force acquires, during 
the first half of It, a velocity exactly adequate to the description 
of a circle, the radius of which is equal to half the body^s 
original distance from the centre of force 

These results belong to a system of two bodies, or rather of one 
material point revolving round another assumed as a central point 
and the source of attraction As the system of two bodies is, 
nctly speaking, hypothetical, and a mathematical simplification 
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of the real system, or of the system of nature, the results are 
not exactly true ; but they are nearly true, since the pertur- 
bations of the system are very small 

The alterations to be made in order to adapt the preceding 
results to a system, m which, instead of two points, one fixed 
and central, the other revolving, two ihasses of mutually attracting 
matter, and, therefore, neither quiescent, should be introduced, 
are very simple. If M represent the mass of T, or the number 
of attracting particles in that body, then, since each particle would 
attract a particle m i, or a corppscle at L, with a force equal 

^ {r being equal LT\ the ?ggregate attraction will be ~ . And 

if L should consist of several corpuscles, each, (since the at- 
tractive force of M is not supposed to be diminished by being 

exerted,) would be attracted by the same force ~ consequently 

the body L would be attracted to T by the same force. But L 
itself attracts, and, if m should represent its mass, would attract 
each and every particle of the body T, and, consequently, the 

body r, with a force equal to ^ Hence, L and T would be 

attracted towards each other by a force equal — -f. and the 

approach of these two bodies, inasmuch as it arises from the 
'attraction, would be mutual, and even equal if L should equal T. 
But we may suppose one, the larger, T, for instance, to bd at rest, 

and L to be attracted towards it by a single force equal 

the sum of the attractions for, then, the mathematical consequence 
of the approach of X to J would be the same This, in fact, is 
no other than the application of a common principle in Mechanics, 
namely, that, of the relative motion of the parts of a system con- 
tinuing the same, when equal impulses and in the same directions 
are imparted to them To reconcile, therefore, the case before us 

with that principle, wfe must suppose a force equal to — simul- 

taneously to be impressed on i and T, and in a direction mea- 
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sured from L tOAvards T. The latter body, then, m consequence 
of the attraction of L equal to ^ and towards L, and of this’ last. 

communicated impulse equal to ^ and from L, will, by the coun- 
teraction of equal forces, be at rest , and i, by their co-operation, 
will be urged towards T by the sum of attractions 

This principle and its consequences are not confined to the 
case m which L and T should be in motion solely from the agency 
of their mutual attraction. Should they possess any rotatory 
motion round any point, such as their centre of gravity, we may 
still consider T to be at rest, by hypothetically imparting to it and 
to L, a motion equal to its own, and contrary to its direction. 

The results then of the preceding Chapters would hoM true 
in a system of two bodies, if the symbol ^ (see p G ) repre- 
sented the sum of their masses And we may now see why 

Kepler’s Law is not exactly true, and what quantity of correction 
It requires (see p, 30 ). 


In order to draw the conditions of our mathematical theory 
nearer to the true conditions of nature, we have substituted 
attractive masses instead of points, and modified the results The 
modification is a very slight one But the next departure from 
the simple mathematical system of two bodies will lead us into 
investigations of very considerable intricacy For, in nature, 
there is no heavenly body that is acted on solely by one body 
It IS always subjected to the action of a third , and, in fact, to the 
action of every body in the universe Now, if we take the system 

onl " determine the laws of the motion of 

one of these subjected to the actiOh of the other two, we shall 

the "u impossible , that is, beyond 

the powers, in their present state, of all the methods of calculaLn 

w e her they be aylytical or geometrical On this account, we 

Zll K ^ t approximate solution and this we 

sha 1 be able to obtain , since, m every case which nature pi 

fourth body, are, by reason of their remoteness, very small 
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in disturbing the motion of the second round the first considered 
as the centre * 


This circumstance of the minuteness of the third body’s action, 
explains why the investigation of the case of two bodies is made 
to precede that of three or more The first investigation is 
preparatory to the latter , and “its results, with slight modi- 
fications, belong to it An exact ellipse is described when there 
are two bodies, and a curve differing little from an ellipse is 
desciibed, when there are three or more bodies The coincidence 
of the curve described in the first instance with a simple curve of 
known properties, has been the cause why the elkptical motion of 
a planet is considered as its natural and proper motion, and, ac- 
cordingly, (that there might be no incongruity in language,) why 
a third is called a disturbing body for its action obstructs the ope- 
ration of the laws of elhptical motion This, however, as it is 
plain. Is mere mathematical fiction and contrivance an ellipse is 
not the curve that is really desciibed, but that curve is described, 
the equation of which is assigned by the solution of problem of 
the three bodies To arrive at that solution we make a stage at the 
problem of two bodies, not because it is necessary, but because 
It IS mathematically convenient 


In the next Chapter we will consider the general effects of 
the disturbing force of a third external body and, investigate an 
expression for its value The way will thus be, in some degree, 
prepared for the solution of the problem of the three bodies. For^ 
such IS the title attached, for distinction’s sake, to the investigation* 
in which It IS required to find the laws of motion, the form of 
(he orbit, &c of a body in motion round one attracting body 
and disturbe4, relatively to that motion, by the attraction of a 
third remote body and it was under such form that Clairaut 
first stated the Lunar Theoiy, (see jJfm Acad Paw, lYLo p 329 
and Theorie de la Lune, p 3. ed 2 ) 


^ Here properly ends the elliptic theoiy. 



CHAP. V. 

THEORY OF PERTURBATIONS. 


A thrd attracting Body introduced into the System of two Bodies Its 

Effects in distwbmg the laws of Motion and the Elements of that 

Syst^ Expressions of the Values of the resolved Parts of the disturb- 

Force the Ablatitious . the Addititious the Force m the direction 

of the Radius Vector . the Tangential Force , Effects of these Forces in 

altering Kepler’s Laws, 4 c Approximate Values of the Forces when the 

eksturhng Body is very remote Expressions^ for the Forces, in the 

Problem of the three Bodies, by means of the Partial BifferentiaU of a 

■ Fimchon of the Body’s Parallax, Longitude and Latitude ■ 

• 

In the precedmg cases, we.have supposed L to revolve round 
by virtue of some projectile motion oblique, in its direction. 


L 



resldit Tth T "'"T an attractidr 

resident in the component particles of the bodies i and T, and 

to be proportional to the number of such particles , or, in 

words, to the masses of the bodies Z and T « and M, therefore 

^pounding those masses, and the law of the force beL accord 

mg to.the inverse square of the distance (r), the centripetal force 

was represented by • 


tothe'PW 

a are, and suppose i to represent the Moon, and T 
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the Earth, then, m consequence of their mutual attraction, the 
Moon, as has been shewn, will describe an ellipse round the Earth, 
and areal proportional to the time, ^if we suppose all foreign 
agency, or the attraction of the other bodies and planets of the 
system, to be abstracted 

In like manner, areas exactly proportional to the time, and an 
exact ellipse lying in the same plane, will be described, if Z 
should represent any one of the planets, and T the Sun : or if L 
should represent a satellite, and T its primary • this essential con- 
dition being, in all cases, observed, namely, that the attraction of no 
other planet or satellite should interfere with the centripetal force. 

But, It IS p\ain, this condition can never be observed Every 
particle of matter is supposed to be endowed with an attractive 
qhahty , consequently, if L and T should represent the Moon 
and Earth, S representing the Sun, or Venus, or any other 
planet, would attract both L and T, and be attracted by them : 
which attraction, from ctTV'utnsto,Tic€s ^ivhtcJi it nets is 

called a Disturbing Force , 

Let m' represent the mass of S, then in this system of three 
bodies, L, T„and S, 

the attraction of i to T = . 

Lr-‘ ’ 

of r to £ = ^ . 

LT^ ’ ' 

ofrtos = ^, 
oi S to T = , 

sr- 

of £ to 5 ^ , 

SL* 

and of /S to £ = — . 

• SL* 

The four latter forces disturb the elliptical motion of L, not 

• with their whole quantities, but with their difference Suppose, 
for instance, that & should Jie so distant from £ and T, that the 
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the distances themselves, 
ght be neglected, and that finite parts of lines drawn, from L 
and rto-wards S might be dSsteemed parallel then, L anct T would 
be equally urged towards S and in parallel directions and con- 

fioftW ’ '^^t be dtsturhed • 

Zlu K^t ^ circumstances 

would be the same as that of the communication of two equal’ 
impulses to L and T (see p 43 ) ^ 

This circumstance of an evanescent, or very minute difference 

Tn nature "if 7 , r 7 f 

and <f J. m T should represent the Moon and Earth, 

and^shou d represent either Jupiter or Saturn, then, by reason 

baLn r he urged towards 5, and no pertur- 

mot ' A ^ of elliptiJal 

motion, and of the equable description of areas, would ensue 

belonrm'thrpr'JilT7oT7"^^^^^^^^^ 

'■fi 

shbuldte the*centoi°”?I “any others, is that in which the Sun 
g y For when Saturn is in opposition, or Jupiter is 


Nam^ tr^JlTorr rermtrorrs": 

iiujus cum Jove conjunctiombus t Batumi m smgulis planets 

haereant Newton, p 409. ed. 3. 172^*'^"* ®®'‘dem Astronom 
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between that planet and the Sun, his disturbing force is to the 
force of the Sun, (or the centripetal force by which Saturn is 

urged towards the Sun) as 1 to 211 , since ^ ^ 

^ ’ {%’s dist. from b)’' 

^^dist^)^ nearly as those numbers. 

In the preceding position of Jupiter, the effect of his disturbing 
force would be merely to increase the centripetal force of the Sun, 
iftid consequently, the equable description of areas would not be 
disturbed But this would not happen in other positions* of 
Jupiter In fact, whenever the third body is so near as either to 
dimmish or augment, in any position, the central force by which 
the revolving body is urged, it must, in other positions, produce a 
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disturbing force oblique in its direction to the radius, and con- 
sequently (see p 19,) tending to interrupt the equable descrip- 
tion of'areas For, if S be the third body, and trl its mass, its 

disturbing force on i, when L is at A, is ; and 

consequently, can have none effect, except (see p 48 ) the differ- 
ence of SJ and ST, bear, (when it is, according to the conditions 
of the case, numerically expounded) some sensible proportion to 
SA and ST But if that be the case, then, at points, such as i, 
intermediate between A and B, the difference ot ST and SL will 
be of some sensible magnitude, and consequently the difference of 
the forces by which L and T are urged to 5, and on which the 
disturbing force depends, will be of some magnitude iTiat dif- 

G 
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ference may be represented by a line L t either parallel to ST, or 
nearly so, and consequently will alw'ays (except at four points) 
a mit of being resolved into two other lines representing forces, 
one m the direction of the radius LT, the other in a direction per- 
pendicular to LT It is this last force (see p. 19 .) which pre- 
vents the operation of Kepler’s Law of the equable Description of 


This IS not the sole effect of a disturbing force , for since, in 
some positions (see p 49 ), it augments, and in others diminishes*' 
the centnpetal force, and not according to the law of its variation, 
the Jaw of the resulting force, by which L is urged, is not- that 
which It was supposed to be, when (see p. 27 .) the orbit 
descnbed by L was proved to be an ellipse. 

The hne of the apsides, which in an ellipse is its major axis, 
mil not, as we 'shall hereafter see, remain fixed , and, besides these 
changes which take place in the plane of the body’s orbit, there 
*e others that will aff-ect the position of the plane itself. For, if 
the plane of the disturbing body’s orbit be not coincident with 
that of the revolving body, the disturbing force, if represented by 
a line (analogous to L t, see fig p 49 /is represented by a’ line in- 
dined to the plane of the orbit of L • and consequently, the force 
represented by this line may be resolved into two others, one in 
p ane of L s orbit, the other perpendicular to it. This last 
torce wil have a tendency to change thg plane’s inclination, 
and also (when combined with the body’s motion) to change the 
position o Its intersection with another plane (such as the ecliptic), 

turJrV'^’ on general grounds, the discernible effects of I dis- 
£rnm f perhaps, be more distinctly perceived 

mm maianaacal expr^aon, which wc shall now proceed to 


nas the etiect of ditmmshmg the centripetal foice. 
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Let, LT = r, Sr = /, SL =; and the' angle STL = <w, 
let also M, m, be, respectively, the masses of the bpdies placed 

L 


at r, Li and S , T (the Earth) being considered to be the central 
body round which L (the Moon)/disturbed by the action of S (the 
Sun), IS supposed to revolve , then, the force by which 

r 

L isr drawn to S', in the direction XS, = — , 

and, in the direction SF, = — X 

„ y" y 

and the force by which T 

IS drawn to S, in the direction S J, = — , 

the difference of the forces by 
which L and. T are urged by the 
attraction of S towards S, in the 
direction parallel to ST 

The remaining resolved part of 
the force of 5 on X lies m the 
direction XX, and 

This latter force always acts in the direction XT, and, since 
It increases the centripetal, which is reckoned the chief force, it 
IS technically called the AddtUttous Force. The centripetal force 
® in this case, since T is supposed tp be fixed, must be represented 
by the sum of the attractions of X to X and of X to i (see 
p. 43.), and therefore, by 

« M ^ m 
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consequently, the compounded force of £ to T (whidi is in fact, 
a centripetal force) is, now, 

+ fh 

This, however, is not the whole force in the direction of JOT; 


* There aie several methods, besides the one in the text, for re- 
solving the disturbing force In that we supposed (for illustration), S, 
L, and T to represent the positions of the Sun, Moon and Earth 
Suppose now S still to represent the Sun, but L and T Jupiter and 



Saturn, then S is the central, L may be the revolving, and T the dis- 
turbing body , or, Tmay be the revolving, and L the disturbing take 
the former case, and let the symbols for these bodies be used to- denote 
their masses let SZ, <S# be denoted by x, x', LI, Tt, by y, /, SL, 
by }, r, Tt, L I being perpendicular ‘to St • then the force by which 
L IS drawn to S, in the direction of SI, by the mutual atti action of L. 
and 5. IS (see p. 51 ) 

0 -j- H i 

* 

and the forces by which T draws S' and L in the same direction are, 
respectively, 

— , ^ and ^ 0 ?^ — jp 

but L is disturbed in this direction by the difference only o'f these latter 
torces^ <ion^e<j[uently by 

• _ 1 ? »('»' - x) 

^ iK* — *)? -f (y' y)*]# ’ 

and accordmgjy tb© whole force aqtmg on L m the direction parallel .to 

+ ^ _ T? 

’■'* - *f + (/ - y)»]^ ’ 
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there still remains to be added to it, a resolved part of that other 
force, which acts in a direction parallel to ST 

__ ® 

The addititiotts force, since it acts in the direction of a line 

By a like piocess, 

( 0 + _j_ % X _ % {sc — 3>') 

expresses the force m a direction parallel to sc by which Saturn is acted 
on, when it i evolves round the Sun, and is disturbed by Jupiter and 
these two expressions are the Same as what M Laplace uses in his 
Theory of J upiter and Saturn (See Memoirs of the Academy of Sciences 
1785. pp 38, &c) 

The foregoing, as we have said, is, very nearly, Laplace’s method 
of valuing the forces. For the purpose of farther illustration, and solely 
for such purpose, Euler’s, that which he gave m the 7th Vol. of the 
Prise de V Academic des Sciences, 1769 is subjoined 

Let 0 be the place of the Sun (0), M of Jupitci {%), N of Saturn 
(T?), hi MR be perpendicular to OM, NS to MN, and Jet the symbols 


S 


%9 T?> denote the masses of the bodies they are meant to Signify, 
then the forces attracting the Sun, Jupiter, Saturn, 


f 


Sttn 

Jupiter 

Saturn 

1 a 

OM 

% 

0 


1 ^ 


OM*’ 

OM*’ 


are respectively, \ | ’ 

ON 

h 


G 

1 a> 

l6 

1 d 


ON* ’ 


ON*’ 


mN 


h 





MN*’ 

MN*" 


Now, as before, if the 3un be supposed 6xed, and Jii|)ifcer be the 

body 
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joining L the revolving, and T the Central body, does not (see 
P* 1^) disturb the equable description of areas, but, since 'the 

expression for its value, is not of the form* ~ , (A being • 

y3 O 


body disturbed, we must make the Sun's force the sum of the forces 
by which the Sun and Jupiter mutually attract each other , 

the force urging Jupiter in the direction OM is , 


m the direction MN is 


h 

MN^ ' 


and the foice urging the Sun in the direction ON is 


(yiV** 


If Saturn be the disturbed, and Jupiter the disturbing body, then 
the force urging Saturn in the direction ON is — ^ , 

^ in the directipn MN is > 

and the force urging the Sun m the direction OM is • 

Hence, by resolution, we have m the first case, (that is, when 
Saturn is the disturbing body), tjifese expressions foi the foices attract- 
/ ing Jupiter and the Sun, 

Jupiter Sun 

m the direction MO, cos NMQ, cos. MON, , 

, m the direction MB, sin. NMO, sin MON, 

and when Jupiter is the disturbing body, we have these expressions for 
the forces attracting Saturn and the Sun, 

Saturn Sun » 

in the direction' NO; cos MNO, cos. MON, 

in the direction JV5._ sm. MNO,-^^ sin MON. 

hence collecting the forces, we have, when Saturn is the disturbing 
body, these expressions for the forces on Jupiter, 


m 
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a constant quantity), in other terms, since it does not vary accord- 
ing to the law of the inverse square of the distance (r), it disturbs 

the elliptical form of the orbit , The other force, ~ 

neither acts m the direction of the radius, nor varies according to 
the law of the mverse square of the distance it disturbs there- 
fore both the equable description of aieas and the elliptical form 


m the direction MO, cos. MON - cos NMO, 

in, the direction MR, — sin MON + sin. NMO, 
and for the forces soliciting Sathrn, 

m the direction ON, cos MON + cos. MNO, 

m the diiection NS, sin MON — cos. MNO 

Let OM = X, OJV = j/, MN = 32 ;, Z MON = w, 
then, 

sin NMO = cos . NMO = L" ~ ^ , 

2 Z 

MNO = 1- , cos MNO = t Z ^ , 

2 2 ’ 

’for, z’' — 2xy cos w + * 

Hence, we have for the forces on Jupitei^ (see 1 7 ) 

‘Wirectiod 'MO,) + Ji_£^ _ ]L $ 

(di.ection MR ) - “ + h.JJ'J' 7 , . 

and on Saturn, 

(direction NO,) 0_±J2 + . %{v - sc cos «) 

(direction NS,) “ _ 3L5.±",. “ 

X^ Z^ 

See also, on this point, Roblson^ Mechanical Philosophy^ pp 377, 
395 

* This, perhaps, is too inconsequential for, it may be contended, there 
are no simple and palpable reasons (short of those derived from demon- 
stration) for supposing that an ellipse cannot be described with two laws 
of foice 
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of the orbit ; it renders, m fact, irregulafi: the operation of two of 
Kepler^s Laws Tihe equable description of areas, however, is not 
distarbed by the whole of this force, but by that part of it (se^ 
p 19 ) wlxich acts perpendicularly to the radius The value of 
that part we shall now proceed to find 

Produce IX, and on it, from let fall the perpendicular t 

then ;Lf Z, ^ represent the whole of the force, ^ HI \ 


B 



will represent that part of it which acts perpendicularly to the 
radius, and Lp the part which acts in the direction of the radius. 

Tf ABCD be a circle, and Lm {^tn) be a tangent at the point 
If, Lm will t be perpendicular to the radius LT, and Consequently 
parallel to ^ « The force, therefore, which acts perpendicularly 

to the radius acts in the direction of the tangent, and consequently • 
it may be denominated the TangentiaJ force 
The tangential force, 

{tn Lt X sin nLi) 1= m 1 ) sin. w 

* / 

The resdlved part of the force in the direction of radius * 

* (Ln=i Lt X cos nLt) = m' ( cos w 

V r^/ 

The former of these is the force T of p 19 and since it 
never is nothing, except when sin « is = 0, or ~ , the 

equable description of areas is every where disturbed in the 
orbit ABCD, except at the points A, C, or at points near B, D 5 
that IS, except (see Astronomy, p, 43 ) the body i be in syzygtes, 
or near quadratures. ' 
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We may now express the whole of the forces tha! act op the 
body L 

The whole force in the direction of the radius, or (see p. 10.) 


P = 


M+m . m r 




Kf'* t/3/ 


cos M. 


The 


tangential force, or T = m' sin. a 

I* 


* Newton, to whom we owe the complete Theory of two Bodies, 
and the first Essays towards the Theory of three Bodies, has, on prin- 
ciples the same as the preceding, but by a different process, investigated 
the expressions for the disturbing forces. In the 1 1th Section he has ex- 
pressed, by means of constructions and lines, what, m the text, has been 
expressed by symbols According to him, SKis assumed to represent 



the attraction of JL towaids S, at the mean distance SB ; then, on that 
supposition, ST will represent the attraction of T towards S , and 
SK^ 

SV SK X (the force varying inversely as the square of 

the distance) will represent the attraction of L towards at the 

distance SL This force SV may be resolved into FfT parallel to XT, 
and SW The former, acting parallel to ZTand from L towards T, in- 
creases the attraction of X to T the latter draws L towards S but, 
T IS also, by the force ST, drawn towards /S', and, the difference 
by which L is more drawn towards S than T, is TW on this the joa- 
turhation of the system chiefly depends but it is the force KV, when it 
acts in syzygies, that Newton calls Ahlatitious . VW he calls the 
Addztitious (seep 51 ). 


Newton^s Commentators thus find an approximate expression foi 
TW, on the supposition that S is very distant. 




SK^ 


« sr 

H 
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The foirper is compounded partly of the centripetal and 
partly of the disturbing force, but the latter entirely originates 
from the disturbing force 

The preceding are the expressions for the forces when the dis- 
turbing body moves in an orbit exterior to that of the revolving 
body 5 as in the case of the Sun disturbing the* Moon’s elliptical 
motion round the Earth But there are cases when the orbit of 
the thrd body is within that of the disturbed , as in the instance of 
Venus disturbing the Earth’s motion round the Sun, and in that 
of Jupiter disturbing Saturn’s The sole alteration which this 
change of condition will introduce into fhe preceding expressions, 
IS a change of sign in the perpendicular or tangential force- 

Having now- obtained expressions for P and T, we might 
substitute them m the differential equations of p, 10, and then 
the sole difliculty of finding the form of the orbit, the variation of 


.. SF~ SL:='^-SL 

• '■ _ (SL + LKy-SD 

Si? 

^ SLK, nearly 

therefore, drawn parallel to TW, and=3Lir, represents, nearly, 
the force TW , it equals 3 LT x cos. ATL and it m^y, (as it has been 
already done), be resolved into two other forces, one in the direction of 
the radius LT, the other perpendicular to such direction 

From this last construction we may proceed to one which Robison 
(see Elements of Mechamcal Philosophy, p 377 ) has made Draw 
tq parallel to LT^ then since it represents, nearly, the addititious force, 
compounded of Lt, tq, represents the whole of the disturhng 


Frwp this cfflnsteuction and the value of Lq, .Robison finds, when 
U*e ortut of £ is melted to that of S, that part of the disturbing force 
which acts perpendicularly to the plane (see p 50 ) 

abundant illustration of the method of resolving the disturbing force 
different- '"rT the instances are not materially 

^rwat t A 7’” Student, and, m 

rtia way, tend to familiarize his mmd with an abstruse subject- 
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the time, &c. would consist in the analytical solution of the re- 
sulting equations But, previously to encountering this difficulty, 
(and It IS no inconsiderable one), it may be expedient to consider 
some general effects which are deducible from the preceding ex- 
pressions for the disturbing forces 


Whatever be the application of the problem of the three bodies^ 
there are always circumstances in the case that lessen the practical 
difficulties of the analytical solution. When V enus disturbs! upiter^s 
motion, or the Sun disturbs the Moon^s, the radius of the orbit of 
the disturbing body is small, in one c^e, and, m the other, large 
with respect to the radius of the orbit of the disturbed body, let 
, us take the latter case, and make / large (it nearly =z 400 r), then, 

instead of we are enabled to substitute its approximate 

value, and, thereby, to render much more simple the preceding 
expressions , thus (by Euclid, Book 2 Prop 1 2, and Trig p 20 ) 

p zz — 2 . cos. w) 

= r'f (] + ^_ ^ cos «) , 




2 r 

— cos- ft) 
r 





cos M 


^ , nearly, 


that IS, this IS the value of -j , when in the expanded 

• H 

# r 

expression, the tcinis involving and higher powers of are 
‘ r r' 

rejected 

tience, substituting m the expressions of p. 57. 

+ +- cos 


■ COS- w X cos. (*i 


^ 4 - ^ JL 



60 


— P and by rejecting the term involving 

31 +m tri r Stn r ^ ^ 

^ ^ cos. 2 w^. 

%r^ 2 r'3 

Similarly, T = cos « . sm. «, 

= . sm. 2 (a (Trig* ed 25 p 36 ) 

Let M + m =: /x, then at the points A and C, when the body 
is xn syzygy, 


P = 4-- 


%m r 


and the disturbing force H ^ . 

At the same points, T, the tangential disturbing force, = 0. 


* “When r is the larger quantity, or when the disturbing body is 
Viithin the orbit of the revolving body (as in the case of the Moon dis- 
turbing the Sun^s or Earth^s motion), the e^cpression for P will differ 


from the preceding, although the expanded form for ^ 

yS 

lar in both cases * for when r is the larger quantity. 


will be simi- 


1 _ 1 , 3/ \ 

J 3 - + — cos. , 


but 


P — I ' I 

^ + 


$ni r 


cos ft). 


+ 


m cos. ft) 


r3 

M m -\-m ^ m cos a 2rn r 
■> 7 * — + -TT 


\*+ ~ <=0®- “ J cos u. 


cos. ft) + &C 


negtccting the terms involving &c , and if besides these we neg- 
lect, «m the sujiposition that the disturbing mass m' is very small 

^ ^ COS ft), tfie expression for the whole force in the direction of the 

radius is reduced to this » 

P — "h* . cos ft) 

r* * * 573 > 

and by a similar computation T is reduced to + ^sm. <«. 
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At the points B and D, that is, when the body is in quadrature, 

.«* 

B 



jl lic 


and the <Jisturbing force 
petal force therefore is diminished in syzygy by the effect of the 

Q fti f" t 

disturbing force and by the quantity , and augmented m 

quadrature by -— 3 - > that is, by half the former quantity 

n ~7 X 005595, or z= — X — - — , 

/3 ,70 7^ 

or, Since ^ represents the Moon’s gravity, the mean value of 
the addititious force is, nearly, — th of the Moon’s gravity* 

179 


At the points 3 and D the tangential force is == 0 . 

The pdmts exactly intermediate to the points of quadratures 
and syzygies are called Octants. At such points co either =z 45^, or 
135*^, or 225®, or 315®, and consequently (see Trig p 28.) 
cos, 2 w = 0 , and sm 2 £o = ±1 Therefore, at the octants, 

p_ M 

2 ^ 


a^nd, T = 


^ 3 


This last IS the greatest value of the tangential forces 
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9 


Since in quadratutes the disturbing force, m the direction of 

the radius, is — ^ , and, in octants, — , it follows, that at 

some intermediate point it must equal nothing In order to 
determine such point, let 


P - 




m r 

¥ 7 ^ 


2nn r 


cos 


2 w rr 0 , 


.• cos 2 01 


1 


and 0 ) = 54° 44' 8", 


and consequently, when the body L is at the angular distances 
(measuring them from the line ST and the same way) 54® 44' 8", 
125® 15' 52", 238® 44' 8", 305® 15' 52", it is acted on, m the 
direction of the radius, solely by the centripetal force of the body 

r. 

The preceding are general inferences derived from the ex- 
pressions for the disturbmg force, on certain grounds and con- 
ditions , one of which is, the circular form of the orbit And 
we might easily make farther inferences of the same kind, relative 
to the alteration in the curvature of the orbit and in the velocity, 
at the several points of syzygies, quadratures and octants huch 
mferences, however, would he wholly of a general and indefinite 
nature, and besides, would necessarily be included in the results 
^derived from mathematical investigation, and which, m the course 
of the Work, will be entered on. 




In this investigation we must rely on the Integral Calculus, 
or on some equivalent method This “ will be plain by attending 
to one instance, that of the alteration in the ‘velocity produced by 
the disturbing force At the octants (see p Gl ), the tangential 
force 18 m its maximum state. Its immediate effect, therefore, 
wluch IS the increment of velocity, -will there be the greatest. At 
the i^xt point contiguous to the octants, the tangential force, 
and its exponent, the increment of the velocity, will be less and, 
at all points between the octants and syzygies, the quantity of 
the tangential force and the increment of velocity thereby generated, 
will be successively less. At syzygies the tangential force will be 
nothing, but the velocity itself being the sum of the uniform ve- 
locity in the circular orbit, and of the accumulation of the incre- 
ments of velocity generated By the accelerating force will be the 
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greatest. We cannot, however, know its quantity except by 
summing the increments, which, since they are, through every 
point of the arc, continually generated, cannot be done except by 
the Integral Calculus, or, whatever be its denomination, by some 
equivalent method which on like principles conducts to the same 
object 

From the simple, we will now proceed to more complex in- 
stances, and investigate expressions for the forces those cases 
m which, besides the plane of the orbit, another, such as that of 
the ecliptic, is introduced 

Let the plane of the orbit be supposed to pass through STy 
ri,*and the Sfecond plane through ST, T/, jL/ being drawn from 



L perpendicularly to the last plane let also^ the angle LTl be 
denoted by (jf), its tangent by x , T I hy p, and the angle ST I by w. ^ 
The resolution, then, of the forces into the three directions of Tl 
(the projected radius) of a line perpendicular to T/, and oi L I 
perpendicular to the plane of aST/, will, on the same principles 
as the former resolution (see p 51,) be as follows. 
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The difference (JD) of forces by which 
and T are urged towards S, in a direction > = m' 
parallel to ) V 

This, m the direction of Tl, =: m' (i - 7-) COS. w, 

and, in the direction perpendicular to T/=«' - -L') 

Vv* 


sm. <0, 


Again, the force of L to S resolved'^ 
first into the direction LT, and then ( _ «' r p _in' p 
into those of TJ, L/, are re-f “ ^ ^ “ ^ ’ 


spectively 


3 


r 


and = X r X — = ^ . 

y'‘ y r f 

We must now resolve the centripetal force 0) into the 
directions LI 

The resolved part of in the direction H.-L .t — \cos^ d>, 

r* ^ fT 

in the direction ±1, x ~ = t sin. <p. cos » 6. 

r rp^ v' 

' Hence, collecting the several parts of the forces, 

P =1 cos 3 d A- ('^ A 

I'-^^cos. ^ +-^+ cos., 

#71 /w' ni r\ 

S =-sm <p.cos-^^+*!Ll tan d>, or 

P y^ ^ pHi + s^yr f ^ 

which expfessions are the same as what Mayer has deduced in his 
Iheorm Luna, p 4. 

Of these forces, the whole of J is a disturbing force, and of 
Pand 5, the parts' that arise from the disturbing force, are 

P— ^cos® (b—”*'p 4- t”’’ ^ >n'r\ 

cos. ^ ^ cos <«, 

s 


S 


__m ps 

P* (1 + s^)i ~ ~Y~ ' 
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These expressions for P, T, and S being substituted in the equa- 
tions (41), (5)> (6), of p. 10 and the equations being solved^ every thing 
relating to the parallax, latitude and longitude, (see Astronomy^ 
Chap XXXIV ) of the disturbed body, or, to speak without re- 
ference to the elliptical theory, of a body agitated by the above ^ 
forces, would become known. But, as we have already re- 
marked (p 59), we must avail ourselves of every means to 
facilitate the solution , and, accordingly, if r should be con- 
siderably greater than r, we ought to substitute, instead of its 

approximate expression , thus, substituting for ~ as before (see 

y 

p. 59 ), and supposing, from the smallness of the inclination, r 
nearly to equal /t>, 


rp Sm'p - 




tn p 


m ps 


S m'p 


cos, 2 


p^{l+syr f 

These expressions result by rejecting, (5ee p 59 ) from the 

1 T 

expansion of , the terms that involve higher powers of - than 
y r 

the cube. If we go a step farther, and retain the terms involving 

the next higher powers of , then 

r' 

P==-;(l + ^ - ^(1 + 3 cos. 


P 

m 

Sr 




ni p^ 


~ ^9 cos w + ’15 cos 3(1)^ , 


and T — ^-^t sm 2<o + (3 sm. w + 15 3m 3i»). 

% r* Sr* 

(See Mem des &gavans Etrangers, Tom VII, p 14 also, Simpson's 
Tracts y p' 176 ) 


When, besides the plane of the body’s orbit, another plane 
like that of the ecliptic is considered, the forces P, T, and S 
will consist of terms involving, besides constant quantities, v, 

X 
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and and, (yet this is a matter jof mere analytical convenience,) 
they may be expressed by means oi partial differential coefficients 
(see Pnn of AnaL Calc, p 79>) of a function oi those quantities: 
*thus, if V and v be the longitudes of L and 5, the angle ST /, or 
w = V ~ v', 

and y = s/{SP + i/*) 

= \/[r'^ + f>^ 2rp . COS. (v — vO + 

Assume 

¥ 

"R = m' 

\ i'- ’ 

then, -f - m' ^S2ii!LZ_^ + cos, (v - v) + , 

dJ? m' 
ds --Y'* 

~ ss — tn' + r' P sin, (v - 

X ) » 

(see p 64 ) P =s ~ cos ® ^ + ~ - i . , 

^ ' r dp p ds 

rp 1 

J = - . -j- , 

p a V 

5 = 


and 


/ 1 dR 

r^+r 


>* ' (1 + p)» p * 
and we may obtain expressions still more simple by assuming 

/* 


in which case. 


- R = . — , 

^ p s/ii + /) 


P, 


ns 


[S- M _ />*«’ ,^dR/ i\ 

//f ,pvci+-f*) ^p’ v'"’p/’ 


M 




p(i +/»)4 dr’ (1+/^ dr* 

dv dv 


Hence, since cos.^ <p j=s 


(1 + 


T > 
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P sai^-^,or, = + 

p as dp as du 

Idd _ dd 
i ss — , or, — a -j~ , 
p dv dv 


s = 


p ds ’ 


or, =: - // 


ds 


* These expressions are the same as Laplace's Mec Cel Liv IL 
p. 15 !• and Lib. VIL Theorie de la Lune, p 181. 

This mode of representing th^ forces, although simple and con- 
Tenient, is not an obvious one, when P, T, S are to be expressed m 
terms of u, v and s. But it would be easily suggested, if the forces and 
equations were expressed in terms of the rectangulai co-ordinates x, y, t 
This is another advantage (see p 40 ) of these symmetrical equations, 
which we have not deduced before or elsewhere, for fear of interrupting 
the course of investigation 

Let, (see the figure of p. 63 ) the co-ordinates of L reckoned from 
Tf be 2 , of »S, oc ^ y » 2 , 

then SL (\) = + (/ - vf + 

and, on the same principles as before, (see p. 64 ) 

the force of S on L, m a direction parallel to a?, = ^ X - ^ , 

of S on T, in the same direction, = ^ X ^ . 

T 7* 

The difference then of these forces, on > ^ , / oc’ x ^ \ 

which the distui^bing force depends 3 V X* ^ * 

Hence, since the centupetal force in the direction parallel to x is 

y X , we have the whole force in that direction thus ex- 
IT r 

pressed (see p 52 ) 

~7i — + — +"73 > 

Y and Z will be similarly expressed Hence, substituting their values 
in the equations of p 8 there result 

de 
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The advantage of tlius expressing the forces consists In this : 
that, if (i should be expressed by part of an expanded function, 
m other words, by that part of the series which remains after 


r {M 4- 171) X 
dt^ "T 7i 



o> 


^ . (y-ys y ^ ^ n 

_ + + „ == 0. 


Now it IS obvious, that the thifd terms are partial diffeientia} 
coefficients of i, and the fouith or last terms of ^ ^ , 

A f* 3 


let, therefore, 


then 



^ {M+m)x , dQ 
r3 

^(M+m)y , da „ 

~de '? + ' 

g I ^ _L ^ ^ _ 

dt*^ r3 r ”3^ — 0 

If we suppose, as in the Note to p 52 L to be Jupiter and T 
Saturn, the three preceding equations will be those which we must use 
Ibr determining J upiter's motion and, for determining Saturn\ we 
shall have, as it is plain from pp 53, &c 

^ {M + m')x m dQ 

dt^"^ r3 ^ rr^ dx ^ 

&c ' 


or, to render the two sets of equations more alike, we may thus ex- 
press them 



Mx 

.mx 

de ^ 

7*3 

7^ 


d* I nix mx 

ae / j 7r+ TT 
&c 



See Mem Acad. Pans, 1785 pp. 38. 


The 
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the rejection of term^ that are diminished beyond a certain 
minuteness, the quantities P, T and S might immediately be ex- 
hibited 

The values of P, T, S, being thus obtained, the place of the 
body may be determined, as we have already observed (p 65 ) 
by the solution of the equations (4?), (5), (6) But these involve 
d t . this quantity, therefore, must be eliminated, as in the former 
case, (see p 22 ) by a process of the same principle and kind, 
but, by reason of the additional conditions, more operose 


The preceding equations differ from those which obtain (see p. 5 ) 

o 

la a system of two bodies, solely by the last terms ~ , &c. This mode 

U/ OC 

of lepresenting the diffeiential equations was first used by Lagrange, 
(see Acad Beilin, 1776 p 2J0 1781 p 214) and it has been 
adopted by Laplace and other foreign mathematicians (see Mec. Cel. 
p 254 also ikfew tom IX p 12 &c ) 

If, besides S, a fouith body (S') should disturb the motion of'i 
round T, it would be necessary merely to add to the former value of 

y '> r", &c being its mass, co-ordinates, distance, &c. and 
then the preceding equations would obtain 

di 

Since r= v'C*® +y® + **). ^ — ~ therefore, if we make 

# 

^ = — - «)- there will result 
r 

d <p __ , dQ 


and consequently, instead of the three pieceding equations, we shall 
have 





= 0 , 


^ = 0 , 

dy ' 

z , d (b 
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Before we proceed to that operation (which will be one of the 
subjects of the ensuing Chapters), we wish to state the form 
under which the mathematicians, that succeeded Newton, con* 
sidered the problem of the Moon’s Orbit 

If we take no account of the disturbing force that acts perpen- 
dicularly to the plane of the body’s orbit, then the forces acting on 
^the body are two, P and P, and the integration of the equations 
would be the solution of a problem, m which it should be required 
to find the curve described by a body acted on by two forces, one 
in the direction of the radius, the other in a direction perpendicular 
tq the radius It was under the terms of this latter statement that 
Clairaut first proposed Mem Acad des Sciences y 1745, p 342 
and Throne de laLuney p 3.) the question of the lunar orbit The 
force in the direction of the radius in part arose from the mutual 
attraction of the Moon and Earth, and, m part, from the Sun’s 
disturbing force. The other force that acted perpendicularly to 
the radius originated wholly from the Sun Dalembert, (see 
Recherches sur dtfferens points, &c ) although he derived his dif- 
ferential equations by a process different from that which Clairaut 
followed, yet, like him, reduced to a similar statement, the lunar 
theory And Thomas Simpson, our countryman, notwithstanding 
some peculiarity in those Propositions which are preparatory to the 
main one, yet reduced it ‘ en demiere Analyse^ to a form similar to 
that which his illustrious contemporaries had arrived at. 

The shortest and most direct way of proceeding would be 
immediately to deduce and integrate the differential equations 
above-mentioned that is, in other words, to solve the Problem of 
the Three Bodies. But the difficulties of that problem are such, 
that It IS desirable, and especially in an Elementary Treatise like 
the present, to lessen them by all possible means. We shall there- 
fore consider whether there are any obvious inferences that 
presMit themselves on the introduction of a third disturbing body 
into the system of two bodies The third body, as we have 
already seei^, destroys the equable description of areas and the 
elliptical form of the orbit. The disturbing force of the Sun, for 
instance, prevents the Moon from describing an ellipse round the 
Earth, and the disturbing force of the Moon prevents the Earth 
from describing an ellipse round the Sun. Neither the Solar 
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nor liunar theories, therefore, can be exactly constructed ac-> 

I cording to Kepler's Laws. But, may not the point called the 
Centre of Gravity, which, in the doctrines of Equilibrium and 
Dynamics, possesses several curious properties, possess some here ? 
May It not, notwithstanding the agency of disturbing forces on the 
bodies of the system, observe, either exactly, or nearly so, Kepler’s 
Laws ? The enquiries of mathematicians, in the rise of Physical 
Astronomy, would he naturally directed to this subject Newton 
considered it in the first Propositions of the 11th Section. And, 
as It will soon appear, the laws of the motion of the centre of 
gravity, and the form of the curve described by it, belong *to an 
investigation more difiicult than the preceding, but less so than 
those that follow. Wq shall find ourselves, indeed, at a problem 
intermediate to the problems of two and of three bodies ; and, 
although Its solution is not essential and might be dispensed 
with, yet It is a convenient solution, will illustrate the subject 
matter of enquiry, and will furnish, in some instances, very 
easy methods of computing the effects of disturbing forces, 
for these reasons we shall briefly consider it m the following 
Chapter. 



CHAP. VL 


The Motion of the Centre of Gramty of two or more Bodies not affected 
by their mutual Action- their Centre of Gravity attracted by a 
distant External body ( the System revolving round it) by a Force 
nearly as the Inverse Square of the Distance it describes therefore 
an Ellipse^ nearly^ round that Body The Centre of Gravity of the 
Earth and Moon, the Centres of Gravity of Jupiter and his Satellites, 
of Saturn and his, all describe, very nearly, Ellipses round the Sun, 
and Areas proportional to the Times Values of the Disturbing 
Forces that prevent the exact Description The Moon's Menstrual 
Motion Values of the,Ferturbations of her Farallax and Longitude 
by the Eartlh Action Value of the Menstrual Farallax ^ 

If S represent a central attracting body, and a a body re^ 
volving round it, then, if the law of attraction should be inversely 
as the square of the distance, and na disturbing force should 



S A 


operate, a (as it has been shewn m pp 27, &c ) would revolve 
either in a circle, or m an ellipse round 5, and would describe 
areas proportional to the time 

If h be introduced as a third, and as (see pp 47. 49, &c ) a disturb-^ 
mg body, and if the distance (r) of a from 5, be much greater than 
that (r) of b from a, and also if m\ the; mass of the disturbing 
body, be very small relatively t;o the masses {JM and m) of S and 
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then^ as we have seen in p 60 the two forces acting 
are 

M m + m' ^ m' . cos. w ^ 
ni sin w ^ 

^ = T, 

and, under the influence of these forces, the body a will no longer 
describe an ellipse round nor areas proportional to the time 

The preceding conditions and inferences will hold good, if 5 
represent the Sun, j the Earth, and b the Moon . for in this 
instance 

if = 1, 

1 

3^9650 ’ 

1 

58 . 6 ^ 

^ 10661 

Take the point G such, that —7; = — , theiiG isthecefitre 

b hr m 

of gravity of a and h and the first point to be considered is this 
how will the quiescence or motion of G be affected by the mutual 
action (supposing such action to be carried on according to the 
laws of attraction) of the bodies a and ^ ? For, the curve described 
by G and the laws of its motion will depend partly on the motion 
which It has independently of S, and partly on the force by 
which It IS urged to S We will consider the first point, and 
instead of two bodies a and we will take more ; so that the 
results may extend, beyond the case of the Earth and Moon, to 
those of Jupiter and Saturn and their systems of satellites 

For the sake of simplicity, suppose the bodies a, b, c, and 
whose masses are respectively m, mi, ni', to be in the same 
plane and let their respective rectangular co-ordinates, with re- 
ference to a point S and a line SO, be x, y, si, y', x", y", 

K 


m = 



m 
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X, xf, a/', being measured in the direction of SO, and y,y',y''i 


in directions perpendicular to SO 
Let 

X ^ ah ^ ^[(a?' - a;)» +(y 

X' = ac=.^{x!' - xf + {ij'-yn, 

x"= =^[(a/' -a;')*4-(/-y)*]; 

then a is attracted towards b with a force = , and in a 

a b 

direction parallel to SO, with a force 

= ^x(x'-x)=^ll!;zL£} = «" 

ab^ ^ " X’ dx \\/ 


Similarly, a is attracted by c, in a direction parallel to SO, by a 
force = 


^ j« // V ff — X 

- (V -») = » = 






and so on j 

In like manner, the forces acting on a, in directions perpendi- 
cular to SO, are 


n"~ d(-,) 
dy \ X' ' 


dx ^ (t) IS meant to denote i\xQ partial differential coefficient 


of - the differential beins: taken relativelv to x. 
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Now, see pp. 5, See. if X represent the sum of forces 
acting parallel to the equation involving x is 

(P X 


d t 


+ X = 0 


Hence, for determining the elFect of the attractions on a that 
are parallel to SO, we have 

dP dx va/ dx \A'/ ^ 

or, 

d^x 

m 


, — , c/ ( + &c ) = 0, 

m dx \ \ A / ^ 


and, when the direction is parallel to the ordinates y, /, &c. the 
corresponding equation is 

V 1 I ^ /mm' tnm" . \ 

dr m dy \ \ A / 

Similar equations obtain for the attractions on b and c, which 
evidently will be 

x' 

IF 

^ 

/■* «?' ’ dy' 

__ 2. 1 ./« 

df ~ m" dx'' \ 

d'' y'' 1 1 , /m''m 

"■ m" ■ dv" \~ 


1 \ , /m! m m" ni ^ ^ \ . 

i. > ^(5^+^ +&c.)=o. 

m du' \ \ k" / 


^ n^'m' , 
v + — + 


a 




&c^ = 0 
+ &c ^ = 0 


Add all the equations involving P Xy d^x\ &c. together, then^^ 


since 


— i ( 

<m m'\ _ 

“ 

~L d 1 

/ m m^' 

dx ’ 


d x' 

\ A . 

^d{ 

/ m m'^\ 

~L di 


dx ' 
&c. 

^ ^ 

% 

&c. 

dx"' ' 

L A' . 



there results 


d^x ^ , d^oo „ 

m — + ~+ m" + &c =0 


dt^ 

and similarly, 


dt^ 


m . 


+ »»'' ^K- + &c = 0 . 


dt 


dt 


df 




now, if X, Y be the co-ordmates of the centre of gravity, we 
have, by the property of that centre 

(m + + m!^ 4- &c ) X ^ mx m x' m" xf' 4 &c. 

(wi + w! + rrl^ -f. &c ) Y =z my + m!y' + m " 4 &c 

»*• (W 2 4 w' 4 m" 4 Sec ) = md^x 4 m' x' + m" d^ x'’ + &c. 

=: 0, (by the equation [d] ), 

and, similarly, 

(m + m' 4 m'' 4 &c ) d^ Y =z 0 


Hence, to determine the motion of the point G, we have 



There are no forces then (see p 5. ), arising from the mutual action of 
a, hy &c that solicit G . but, a point, or body, unsolicited by any 
forces IS either at rest or moves uniformly in a right line and this is 
the property of G the centre of gravity of the bodies ^ &c t 


Thus the first point is established the second point respects 
the laisi of the force by which G is attracted to 8 if it should 
appear to be according to the inverse square of the distance, then 
ere would follow, as an immediate and certain consequence, 
the description of an ellipse by the point G round the centre S. 


^ See Wood^s Mechanics, Prop. XXXVIII Bridge^ p 1 33. ed 1 . 

had been used, 

the processes and results would have been exactly similar. 
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Let us resume (for the sake of simplicity) the fiist figure. The 
attraction of a to S, in a direction parallel to 5G, is 



■ = ikf SG 

(^SG — aG cos SG a)‘ ’ 

]\^ ^ 

“ IP -P cos SG=r, aG=p, bG:^q, SGa=ze) 

= ^ + 3 M ^ cos 0 + cos ® + &.C. 

In like manner, the atti action of b to S, in a direction parallel 
to SG, ^ 

_M 3Mq cos 0 6Mg‘^ 

--pr p + — ^ cos * 0 - &c.* 

Now the force by which the centre of gravity is urged to- 
wards S being 


/M SG 
V Sa^ ^ 


m + 


M SG 


X «') ^ r, 

^ m + m 


SP 


S P y m + ni 

must, by substituting the preceding values of , and ^ 

S 

equal 

T' “ ”* 2') )— T— 7 + &c. 

r ^ r / m' 

but, by the property of the centre of gravity, 

mp — m' q zz Q ^ 
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if we neglect therefore, the terjns that involve 

&c. which, by supposition, (seep. 73 1. 19 ) are extremely 

small, the force by which the centre of gravity is urged to S is 
thus expressed 



consequently, since, as we have seen, the mutual actions of a, h, r, 
&c do not prevent the centre of gravity from moving uniformly 
ijn a right line, that centre must now by means of this centripetal 
force, which varies inversely as the square of the distance, 
describe an ellipse round S 

n 

There will be no alteration made in this result, if we con- 
sider the action of a and b on S ^ for the sum of their actions in 
a direction parallel to SG, will be 

' ^ SG 

S 

= (» + »') ~ , 

if, as before, we reject the small terms that involved- , &c. 

y.4 

If we suppose S to be immoveable, and attribute to it (see p. 43.) 
this latter force j we shall have the whole force by 

which G is urged towards S equal to 
M m -h m' 

The preceding demonstration may be extended to any 
number of bodies Cy &c forming a system, by supposing a 
and I collected in G, and then by taking a new centre of gravity 
of c and of ^ -b ^ collected m G 


But, It is easy to obtain at once a general demonstration by 
the aid of such symbols, equations and processes as were used 
m pp. 74, &c. 
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Let X, y be the co-ordinates of tlie centre of gravity G, and 


t 



let us suppose the origin of all the co-ordinates to be in the 
centre 5, then if we make 

OL ~~ y 

• X = X hF x\y 

8cc 

y x \ , &c Will be the co-ordmgtes of hy Cy relatively to the 
point G Now, since it has appeared that the mutual actions of 
a, by Cy See. have no influence on the motion of the centre (G) of 
gravity, it is i|ot necessary, m investigating its motion, to attend 
to any other force than that of the external body S now the 
action of S on ay m a, direction paiallel to x, is 

on by It IS 

Mx' 

on Cy It is » 

Mx'' 

^'3 » 


^consequently, the force soliciting the centre of gravity In a 
direction parallel tq Xy is 


/Mx . Mx' , , \ 

Vtt- X »* + X « -t- &c ^ 

X + T 


1 


m+m' -jr 


But, 
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~ -r- ik ^ + &C ) 

~R^ ’ 

making R = \/{X^ -\- Y\ and expanding as in p. 77* Similar 
forms may be deduced for ^ , &c 

^'3 '3 


Hence, the former force, (see p 79 ) is 


M 


( 


m X ni X 

~W '~W 


+ &c^ 


M 


1 

m-^m + w^' &c 
1 


JVl 

— (mx +m' 3i' m'' x^' + &c ) — 

± — {rn X m Yu + &c ) , 

Now, by the property of the centre of gravity, 

mx w! 1' he =0. 

Hence, if we neglect quantities involving ^ > &c , the force 
which solicits the centre of gravity, m a direction parallel to iv, is 

M X 

Similarly, the force ^^hich acts on the same centre, m a direc- 
tion parallel to y, is ” 

M 1 
R^ ' 

But these are the same forces that would solicit the whole 
system of bodies &c collected in the centre of gravity. 

If we consider the actions of my m'y m", &c on S, their sum 
parallel to ao will be 


mx , w' X 
“3 b "■"TT' 




+ 


m X 


+ &c 


4 


which, by the preceding process, (see 1 1.) may very 
nearly, (that is, by rejecting very small quantities such as 

— , Sic ), be expressed by 
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(m + »»' + + 2tc ) . 

Hence, the whole force parallel to a;, and soliciting the centre 
of gravity is, very nearly, 

(jM + OT + to' + &c ) ~ , 

and the force parallel to ^ is 

(Jf + TO +to' + &C ) —«•, 

It follows, therefore, as in p 78 that the centre of gravity 
must move in the same way as if all the bodies m, 7n'f m"j See 
were collected in it , being deflected, therefore, from its uniform 
rectilinear course by a force varying^inversely as the square of the 
distance, it must describe an ellipse 

The centre of gravity then of the Moon and Earth de- 
scribes very nearly an ellipse round the Sun, and the centres of 
gravity of Jupiter and his satellites, of Saturn and his satellites, 
describe very nearly, but not accurately, ellipses round the Sun 
the first of these results is what Newton asserts to be true -j-. 

9 

The centre of gravity does not describe accurately an ellipse 
round the Sun for, as we have seen in p 77 the force by 
which that centre is urged is not exactly 

Jkf + m + 

} 

but 

€±E±^' + . cos = 0+ A -4-7 + 

V / m'i-m 

This force, however, which urges G follows the law of the inverse 

square of the distance much more nearly than that which urges 

^the body a, for, (see p. 73 ) this latter force is equal to 


^ This demonstiation will, on consideration, be found to be exactly 
the same in principle as the preceding one of p 77 

t Commune centrum gravitatis terrae et lunae, cllipsm circum 
solem in umbilico positum percurut, et ladlc ad solem ducto areas in 
eadem temponbus pioportionales descnbit Terra vero circum hoc 
centrum communae motu menstiuo revolvet. Prop. XIH# Lib. 3- 

L 
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M 4- + w' m' cos. ft) 

Jiot exactly so, but by neglecting (see p 60.) terms inrolving 

mf r 

--^3 &c. now r expresses the distance of a from b for 

instance, in the case of the Earth’s perturbation by the action of 
the Moon, r is the radius of the Moon’s orbit, which corresponds 
in the preceding case to p+q, hence, the approximate ex- 
pression for the force urging a is obtained by rejecting larger 
quantities than those which are rejected in obtaining 

-i- m m' &,c 
SG^ ’ 

which 15 the approximate expression for the force soliciting the 
centre of gravity, and is exactly after the law of the inverse square 
of the distance , which the other is not 

The centre of gravity, then, of the Earth and Moon, (if we 
still illustrate our reasonings by that case,) describes very nearly 
an ellipse round the Sun it describes also, very nearly, areas 
proportional to the time The small deviation from this last 
Law of Kepler, is of the same degree as the deviation from the 



former, since it depends on terms of the same magnitude, qr 
degree of minuteness • for, the force by which, from the attrac- 
tions on a and i, G is urged m the direction a b, is 

( MJ!La 9 _ Mm' bG\ \ 
which, by the forms of^ 77. is reduced to 


3 31 . cos d 
r* .(m -I- m') 


•('njB* + mY) 


— '&C 
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This force, which acts pbliquely to SG may be resolved into 
two others, one m the direction of SG the other m a direction 
perpendicular to SG and this last will, as it is plain, disturb 
the equable description of areas , but, in the case of the Moon 
and Earth, or in the cases of Jupiter, Saturn and their satellites, 

will, from the great minuteness of ^ ^ very slightly disturb it 

The force (see p 6Q ) which acts perpendicularly to the 
line joining S and a is 

jw'sin. w 
TT-- 


The force, therefore, which prevents the body or m the instance 
we are using, which prevents the Earth from describing equal 
areas m equal tim^, round the Sun, is much more considerable 
than that similar portion of the disturbing force which acts 
on the centre of gravity 

In the expression for the force acting on the centre of gravity 
(see pp. 77, &c ) all the terms, saving the first, are exponents of 
the disturbing force The first and most considerable of those 
terms is equal to 

Q T\/f 1 

~ (?« (1 + cos 2 0) X -t — , , 

r* n + tn 


or, 3 M . 


m' 

m 



(1 + cos, 2d) 


Now, since, during the Moon’s revolution, the cos £ 6 passes 
through all the degrees of magnitude that are between 1 and 
1, It IS plain that the disturbing force will be sometimes 
additive and sometimes subtractive, and equally so consequently, 
if we suppose an ellipse to be described by the centre of gravity 
round the Sun, and which would indeed be described were the 
^ole force urging that centre, 

M m + mf 
SG^ ’ 


* This resolved pait (which, however, is very small) must be 
a^ded, in ordei to complete it, to the force of p. 81. I. 22. 
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then the more true path of 'the centre of gravity will be a curv^ 
sometimes within and sometimes without such ellipse, and re- 
peatedly intersecting it It will be, as Dalembert has said,* a 
species of Epicycle^ and the curve described by the Earth and 
by the Moon round the centre of gravity, a species of Eccentric, 

The deviations, however, of the Earth, m its course, from 
the ellipse descnbed by the centre of gravity are very incon- 
siderable They are amongst the least .of all the perturbations 
that the Earth suffers from the action of the planets For, we 
may view the deviations (such as are the present subjects of dis- 
cussion) as entirely originating from Lunar distuibance Thus, 
the Earth would describe an ellipse round the Sun, if the Moon 
were supposed to be abstracted , if, therefore, we take, for that 
^ipse, the ellipse described by the centre of gravity, the Moon 
IS the cause why the Earth is not found in that curve In the 
figure which we have used, suppose G to be the Earth’s phce 



computed, or found by the strictly elliptical theory . then, if the 
arth be at a, and am he drawn perpendicular to SG, mG is 
^^perturbation of the Earth’s distance caused by the Moon, and- 
^ a G cos. Z. m Ga 

cos. /.mG a . 

supposing^ and u' to be the longitudes of the Sun and Moon 
Tom*. ? Syst^me du Monde, 
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seen from G , or, if we suppose v to be the Earth’s longi- 
tude seen from the centre of the Sun, then we must write 
180 + ‘y instead of v, and accordingly, we shall have, 

dr (=i — mG) = ^ ; r cos {v — v)» 

m + m 


In like manner, the perturbation in longitude, or. 


ajn __ a G mO a 
— — 


; ^ sin. {v — V) 

m+m r 


If from the values of m, m', r, r', given in p 73. we arith- 
metically exhibit the coefficients of the preceding inequalities, 
we shall have, 

dr zz — 00004^28 cos (v* — v), 

and 

dv =: — 8" . 8 . sin, {v' — v) 

We see then how very small the perturbations caused by the 
Moon are the greatest error in longitude which arises from this 
menstrual^ motion does not amount to nine seconds 


It may, perhaps, be worth the while to consider, a little more 
minutely, the effect of this menstrual motion. 

Suppose \ h EH B the Moon’s orbit when the Moon is at JB, 
and the Earth at e, that is, at the time of new Moon, the Sun S 
is seen in the same part of the heavens, whether it be viewed 
from ^ or G , but if viewed from G it must be seen m its com- 
puted place , in this case, therefore, the observed and computed 
places agree, or there is no apparent irregularity in the Sun’s 
motion 

The same holds, at the time of full Moon, when the Moon 
IS at B', and the Earth at e 


Terra vero area hoc centrum commune motu menstrUo revol- 
vetur Newton, Prop XIII Lib, 3. 

f See Figure m next page. 
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At the time of the Moon’s first quarter, that is, when the 



Moon IS at h' and the Earth at a', a spectator at o' sees the Sun in 
the direction of a line drawn from o' through S, in a direction 
therefore to the left hand or to the eastward of his computed place, 
seen by a spectator placed at G In the beginning of the Moon’s 
last quarter, or when the Moon is in quadrature at b, a spectator 
at o would see the Sun in the direction of a line drawn from a 
through S therefore, to the right or the westward of that place^ 
where the Sun would appear to be to a spectator at "G. 

What has preceded, regards the perturbation in the Earth’s 
motion caused by the Moon But any one of Jupiter’s satellites 
stands in the same relation to Jupiter that the Moon does to the 
Earth The formula, therefore, of p 85 may, mutatts mtaandu, 
e used for determining Jupiter’s perturbation caused by any one 
of his satellites, and consequently, to. the perturbation caused by 
^ for this last will be merely the sum of the individual pertur- 
bations . the whole inequality therefore of the radius vector will 


m , 

_ >n 

M+ • cos (v - t/"), &,c. 

Supposing M to be the mass of Jupiter, m', &c. the masses 
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o£ his ktellltes, t'y &c their ladii, and v\ -y", &c, their lon- 
gitudes , and the inequality, or perturbation of his motion in lon- 
gitude will be 


M 4- 



(v — v) 


M + R 


siti. {v' — v) 


m" 


M + R 
R being the radius of Jupiter’s orbit. 


sin {v" — v)y &c 


We have, for the sake of simplicity, supposed the plane of the 
orbit m which the centre of gravity moves, to be coincident with 
the plane of the orbit m which the disturbing satellite moves 
round the disturbed primary This supposition, although it very 
slightly diminishes (if we look to its effect in computation) 
the quantities of the perturbations m parallax and longitude, 
entirely suppresses the perturbation in latitude In order to 
restore it, suppose a G, the line joining the Earth, (if that be the 
primary), and G, the centre of gravity of the Earth and Moon, 



to be inclined, as it really is, to the plane of G’s orbit round S * 
conceive, a p to he perpendicular to that latter plane ; then the 
perturbation in latitude will be 


a p 
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and if s be the tangent of the Moon’s latitude, we shall have^ 

nearly, 


ap 


m 


m -V m' 

and, consequently, the perturbation in latitude will equal 


r s , 


m + m' r ^ 


or. 


— - tan (b sin. - clj, 

m' r 


<f> being the inclination of the plane of the Moon’s orbit, and v — B 
the Moon’s distance from her node Arithmetically expressed, the 
perturbation m latitude will be 

0". 7847 . sm (* 1 ; — B) 

In consequence of the perturbation in longitude, or, as it may 
be stated, in consequence of the Earth’s motion round the centre 
of gravity of the Earth and Moon, the Sun will appear dome- 
times before and sometimes behind his elkptically computed 
place ; but the deviation will never reach nine seconds and, in 
consequence of the perturbation m latitude, the Sun will some- 
times appear to have an apparent latitude, which, however, (see 
I. 10.) can never amount to a second 


This apparent latitude of the Sun, which arises from the 
Earth’s ascending above the plane of the ecliptic, or descending 
below It, and in consequence of the menstrual motion, was called 
by Smeaton (see Phih Trans 1768 ) the menstrual Parallax. In 
the new Solar Tables* account is made of this menstrual parallax 


* See Belambre’s Tables du Soleil, Table xv , and Vince’s 
Astronomy i Vol HI Table xxvi This perturbation in latitude will 
affect the determination of the obliquity from the observed altitudes of 
the Sun near the solstices it will also affect the point of time at which 
the Sun enters the equinox, that time being determined by observations 
of the Sun made near the equinoxes. 
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ia computing the Sun’s latitude The other perturbations that 
cause this inequality and latitude, arise from the actions of Venus 
and Jupiter. 

It has been already remarked, that the computation of 
the apparent deviations of the Sun’s place by considering the 
Tarth s menstrual motion, is only another mode of* viewing and 
computing the effect of the Moon’s perturbation From the 
peculiarity of its^conditions, it happens to be a very convenient 
mode, and it enables us to dispense with the formal solution of 
the problem of the three bodies But, generally considered, and on 
principles of Philosophical Classification, it belongs to that latter 
problem, and ought to be included m the resulting formula which 
generally assigns the perturbation of any inferior planet. 

The computation, therefore, of the Earth’s’ perturbation caused 
by the Moon belongs to the problem of the three bodies but it 
IS the most simple and easy case of that problem, a circumstance 
to be presumed, since the problem itself is most difficult, and the 
same results, which its solution would afford, have, as we have 
seen, been obtained, with little tiouble, by the preceding processes 

The preceding processes and reasonings have been principally 
applied to the Earth and Moon but, it is plain they may be 
applied or ^extended to any case in the planetary system of a 
primary and its satellites For, there is no case m which the 
distance of a satellite from its primary is not very considerably 
les§ than the distance of the primary from the Sun. The per- 
'turbations, therefore, that Jupiter suffers in longitude, parallax 
and latitude from his satellites, as well as what Saturn suffers 
from his, may be computed by the preceding methods, and an- 
tecedently to the solution of the problem of the three bodies. 

That problem is the principal one in the theory of planetary 
perturbation as soon as a third body is introduced into the 
mathematical system, Kepler’s beautiful Laws arc violated. The 
principal planets no longer descnbe ellipses round the Sun, 
placed in one of the foci and 'this is true, whether the planets 
have satellites or not The reasonings in this Chapter, indeed, 
establish this point only in the former case. The centres of 

M 
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gfzYitj 111 their motions deviate a little from elliptical paths, the 
pnmaiy planets deviate more 

Since the centre of gravity of a primary planet and its satellites 
does not describe an ellipse, and the primary itself moves m an 
irregular curve with epicycloidal motions, an enquiry naturally 
suggests Itself concerning the planet’s actual recess from the Sun, 
or approach to it. Will the planet in its second revolution exactly 
regain, or re-enter into that irregular curve which it described m 
its first ^ Is there any law which, after a lapse of time, and un- 
der like configurations, preserves it at the same invariable distance 
from the Sun ^ These are questions extremely curious and im- 
portant, since on them depends the permanence of the planetary 
system Observation, indeed, assures us of the invariability of the 
mean motions of the planets, aiKl thence we infer the invariability 
of their mean distances But we look to Physical Astronomy 
for an assurance and proof that the mean distances must remain 
constant , a result by no means obvious, nor to be inferred from 
what has preceded, but rather, (if we may so express ourselves) a 
result mt to he presumed^ seeing the varied irregularities of force to 
which the planets are continually subjected This enquiry will 
be resumed m another part of the Work 

At the end of the last Chapter, we stated that the investi- 
gations of the present would connect the problem of two, with the 
Problem cf the three Bodies , and some results belonging to that 
latter have been obtained independently of it, and by peculiar 
methods , namely, the perturbations of the primary planets by 
their secondaries. But we m vain should attempt other cases by 
lifce methods The same system of the ^^''un, Earth and Moon, 
afifbrds us the most easy and the most difficult case of the problem 
of the three bodies the former is the Earth revolving round the 
Sun, and disturbed by the Moon the jatter, the Moon levolving 
round the Earth and disturbed by the Sun. No two cases, m 
principle and m a general view are more alike, or more unlike m 
practical detail and difficulty. 

In the succeeding Cheers we will return to the main in- 
vestigation . for, the present is somewhat m the nature of a 
digression. It certainly contains no methods which lessen the 
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real difEculties that must subsequently be encountered, namelyt 
the difficulties of integrating the differential equations of motion, 
(see p 70 ) Their perfect integration would be a complete solution 
of the problem of the three bodies, and that solution would, m 
fact, comprehend the Lunar and Planetary theories , at least, all 
their essential parts But hitherto nothing beyond an apj}roX’^ 
tmate solution has been drawn from the resources of analytical 
science , nor indeed seems likely to be drawn, if we attend to 
the expectations of those who have chiefly busied themselves m 
these enquiries. 


f 





CHAP. VII. 


Ehminatton of dt from the Differential Equations^ The Th ee Eqm^ 
tions that belong to the Theory of the ^Joon, and the Problem oj the 
Thee Bodies The Approximate Integtation of these Equations by 
the Method called the Variation of the Puiameters Application of 
that Method to particular Instances 


The investigations of this Chapter are, afaiost entirely, 
mathematical They are connected, however, with Physical 
Astronomy, inasmuch as they lead to methods by which, on its 
principles, the celestial phenomena are explained. 

The three equations on which the determination of the body^s 
place depends, are 

p — p + PdP = 0 [4], 

9,dpdv+pd^v±T dfz=:0 [5], 

iP{ps) + S df =^0 . [ 6 ], 

and, d t must be eliminated by a process similar to the one of p 22. 
in which T = 0 


First multiply the equation (5) by* p and integrate it, then 

dv -hdt q: dtfp Tdt, 

\ Tp^di) -h Tpdt q= TpdtfTp dt, 
and again, integrating, 

fTp^dv -hfTp.dt q= i (fTp dtf. 

Hence, finding /Tpdt by the solution of a quadratic equation, 
and taking the lower sign that occurs m the preceding equation, 
fTpdt + ^fTp^dv'l, 


whence, Tpdt 


and dt =: 


T p^ d V 
p^ dv 

n/[A« + 2fTp^dv] ^ 



or, in terms of u. 
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‘''V(' -i/^) 


From this value of J if we must, as before, (p 22 ) trans- 
form the equation (4), in which dt is constant, into aiiothei equa- 
tion in which d v shall be constant. This may be effected by the 
following method 

Since, ^ 

dt* p*dv* 

by taking the differential of each side of the equation, there 
results 

^ = lil. X + ^/Tp^dv _ T_ 

d f dv~ p^ pdv 

But see p 22 1 14 

1 /d^p dH j \ dv* n ^ 

Substitute in this the preceding values o£ dt and t, and 
there will result 

or, since ^ =■ = d{- du) = - d*u. 


or, since 


d^P 2df 


dp d p 


+ z/ 4- 


--4 x/> = — 
p" ^ 

Ti^-Fu * 

dv 

7771^ 


This IS the form of the equation as it was first exhibited by 
Clairaut and Dalembeft , and almost all subsequent authors have 
adopted the same In its integration consists the solution of the 


* See Clairaut Thcorie dt la Lu7ie, ed i2 p 4 Dalembert, 
Rccherckes, tom I p. 16. Laplace, ikfec Celute, Liv, til p 18L 
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Problem of the Three Bodies, For, the equation (6) of p 9^ is 
easily reducible to the same form, and reducible by artifices the 
same as those that have already been used (see p ) thus 


d^{pS) 

dt^ 


+ aScz 0, ori 



+ S = 0, 


and, making dt variable, 


±- 

dt dt 


I 

d t 


d (ps)^ + 5 = 0. 


Substitute in the preceding equation the values of dt and of 
t as given m p 93, and then 


1 d^isp) 1 

d{sp) 

2 dp 

T, 
u* 1 

+ Sp^ 
av 

— A 


d' 



+ 2fTp^dv 

- U, 

or, by reduction, 






f' p 

% d /)^ 

) + 

j + g 

a V 


dv^ P " 


p ydv^ 


K' + 2fTpHv 

— 5= U. 

But, p - 

‘2dp^ 

P 

= p^ 

(tl 

\ p^ 


'0) 


— p^d(du ) — ^d'^u. Hence, the preceding equation be- 


comes 


d^s ^ s dfu ^ 
dv‘“ u dxf^ 







=0, 


wbch, by means of substituting for u its value as assigned in 
p 93. assunqies this form 


dfs_ 

d*if‘ 


+ j 4- 



S^Ps 


0* i/ 5 
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If we now recapitulate, after these transformations, the re- 
sulting differential equations, they will be 

r -1 

= 



+ u 

4, 

~ -P" 

d V 

dv^ 



d^s 

+ s 


T~ + S - Ps 

dv 

dv^ 


( 

^ -k- 2/r— ^ 


* These equations are the same, m fact, as what Laplace has given 
in Mec Cel 2““ Paiite Liv VII p 181 Thus, [6] under a different 
form IS 


(^+“) •(■+!/-!?) +1? 

ng foi T and P their values, (s 

f', . 2 pdSi dv\ 


T_ ^ P_ _ 

^U 3 dv ~ 

01, substituting foi T and P their values, (see p C7,) 


+ 


du 

k'^u^ dv * dv 


i 

dzi 


s dQ 
A* ii ds 


= 0 , 


the third equation {c) also becomes 

+ ')(■ + l/i-y) + j-i + 

or neglecting + which must involve the square of 


S 

hhi^ 


hu^ 


= (>, 


d^s 

the distuibing force, since ~ + s = 0, when theie is no disturbing 
force, 

di"^ ^ I I ^ d ^ d ^ 1 “|- d 9 d Si 

^ T « T ^ "77 ~ FiT dH ~ 

. r* ds dli, r‘ dP 5, dR 

h* ds^ h^^/{l-^s^) dv 





96 


which, when there is no disturbing force, are reduced to 
dv 


dt = 




d 

(l^s 


4- u 


;i^(i + 


= 0 


+i- = 0 


m, 

[ 7 ], 


since r = 0, P zz fj. cos ^ = — — - 

(1 + 

o* zz }xu cos ^ (p tan ^ = , 

(1 + /)- 

« S P/ zz 0 


and 

whence 


We have thus, under one point of view, two sets of equations 
the latter belonging to the problem of two bodies, admitting of a 
complete integration, and establishing, by the results of that in- 
tegration^ the three Laws of Kepler : whilst the former, belonging 
to the problem of the three bodies, are capable, under certain 
restrictions, of only an approximate integration, and exhibit, by 
their results, certain derangements of Kepler’s Laws, dependent, as 
to their cause, on the external and disturbing action of a third 

The equations [ h'] and [c] ^are, it is plain, under a similar* form 
Prom the integration of one we could pass to that of the other - 
so that, the solution of the problem of the three bodies depends, 
in fact, on the integration of an equation such as 

+ 2/ + n = 0 

a 

This equation has been already (see p ) integrated in 
two cases 5 when 11 was either nothing, or was *iepresenled by 
a constant quantity . that is, when the equation belonged* to the 
system of two bodies only and, on this first integration, as a 
basis, we shall found a second, when 11 is a function of u and -y, 
and when the equation belongs to the system of three bodies 

The method by which the solution in the simple case is 
extended to the solution of the complicated, is technically called 
The Variation of the Parameters* 



3 
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It is a method, as Lagrange observes, almost of equal impor- 
tance with the Differential Calculus , and it seems to be singularly 
adapted for deducing the motions of a body revolving round one 
body and disturbed by a third, from those of a body simply re- 
volving round another For this end, instead of supposing, as m 
the simple case, (see p 23.) the arbitrary quantities to be 
constant, it is merely necessary to consider them as variable, and 
to determine their variation by the analyttcal difference in the 
statement of the two cases This is the principle of the method 
and solution, and which we will now exemplify. 

Let ^ + M = 0 , 

a V* 

then, the solution is (see p 23 ), 

u zz a sm v b cos v, (a, b being constant). 

Now, of the equation 4-^ 4- 4- n = 0, 

a V 

let u zz a sm V b cos. 

be supposed to be the solution, a and b (technically called the jpara'- 
meters) being now variable, then 

1 da , d b 

— zz a cos. ^ sm v ■{ — sm ^ -f- — cos. v. 
dv anj dv 

Make ~ sin. v 4- cos. i; = 0 ^m\, 

" dv dv 

dll 

and take the differential of — , then 

d V 

iP u . , , . da db 

.(tf sin -i; 4* ^ cos v) 4* ~ cos. v — sm. v 
dv^ dv dv 

/i t 

TT d "ti TT , d a d b __ 

Hence, 4 - + n = + — cos v — — sm v + n =: 0. 

dv* dv ^ dv ^ 

By means of this last, and of the equation [wi], determine da 

and db, according to the common method of elimination j then 

da = — n cos V dv, 

db = 4- n sin V .dv, 

a zz c fTi cos V dv, 

^ 4- y'n sin V dv. 

N 


and, integrating, 
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Now, when n ==: 0, the values of a and b are those constant ones 
which belong to them m the first and simple case let a and h 
still denote them, then, c =: and c zz b ^ therefore, if d and V 
denote their values when variable, we have 

d :=:z a -- /n cos V dVy 
V :=. b Ar fU. sin V dvy 

and accordingly, 

u ^ d sin V + b' cos v 
= a sin V + b cos v 

— sin v/U cos -y^/v + cos vJ'U sm vdvj 

which is the form of the solution of the differential equation to 
which It was originally reduced by Clairaut (see Mem Acad 
174^8 pp 4 j21, &c. and Theorte de La LunCy ed S. p. 6 ), and 
under which Laplace, the latest of Writers on Physical Astronomy, 
has exhibited it, (see Mec CeleHe Liv II pp 2450 , 8cc also 
Cousin, Astron Phys pp 23, 233 Mem Turin. Tom III 
pp 262, &c Simpson’s Tractsy pp Q2y 8cc Dalembert, Theorie 
de la Lune, p. 25.) ^ 


If n be a constant quantity, , for instance, then 

nr 

— Sin COS *0 q- cos.y'n sin v ~ sin.^ V cos 

h!" hf" h' 

therefore, of the equation 

d^u fx 

^ ^ 


. , P , /I © 

« Sin v b cos V + y 


Is the solution, as before in p 


Hence, if IT ^ £2 expresses what is due solely to the 

disturbing force, and, 

w = ^ sm -f Z> cos -y 4- — 

-sin vfQ. cos V dv^co^ vJQ^rn v dv, 
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or (see p 25 ) = — i — - ( 1 + ^ cos -u) *, 
a {1 — O 

— sm V f0> cos vdv 4* cos, v sm v ,dv 

We easily then obtain the solution pf the equation when 0 is 
i;epresented by a constant quantity , which is the case when there 
IS no disturbing force. 

Now the case next, m point of simplicity, to this, is that^m which 
n should be expounded by any cosine or sine of a multiple of the 
arx: v For instance, if II should equal cos m v, then, since the 
integrals of J. cos mv cos v dv, and of .4 cos mv sm.vd*i^ 
can immediately be found, we are able at once to divest the value 
of u of Its integral sign, and to exhibit it under ®a definite form. 
On this ground and consideration, that is, on the perception of the 
possibility of integrating the equation, if O A^eie represented by a 
term such as A cos or by a series of terms such as A cos mv 
+ B cos. nv + Sac the first mathematicians who treated of Phy- 
sical Astronomy by the analytical method, turned their attention 
to the expounding and representing of n by such a term, or by a 
series of such terms For, that difficulty mastered, they would 
of course become possessed of the solution of the Problem of the 
three bodies And to that point in the enquiry we shall soon 
advance , previously, however, it is necessary to exhibit the value 
of u when II is represented by a term such as A cos. m v 

Substitute, instead of cos. m v sm 

I [sm (m+ l)v - sm. (m - 
and, instead of cos m v cos. v, 

[cos (w — 1) V 4- cos {m + 

JU 

(see Trig, ed 2 p 26 ), then integrate (Trig p 98 ), and on 
reducing the expression, there will result 

A cos vfcos mv sm v dv — Asm -^ycos m v . cos. v • dv=z 


^ We must be caieftil not to confound a the semi-axis major with 
the arbitrary quantity a 
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A cos mv A cos v 
~nF^^ trf- I ^ 

(see ed. 2. pp 104, &c)* 

Hence, 

A cos mv A cos v 


u'zz a sin. v ^ h cos. v -f- 


- 1 


tn^—1 


Let n = ^ cos. mv + B cos pv+ C cos. q v, then there 
will result 

^ ein -L. i I cos mv . B cos p V 

u ^ a sin -f- ^ . cos v 4- 4- — 


J?* - 1 


, L . cos av / A , B , C \ 

+ — i — T ( -r- r + -i — 7 + ) cos ti 

5^ — 1 - 1 -1/ 


If B, C, should = 0, and jf ^ = ^ , and m — 0, then 

hr 


u == a sin v + i cos. ^ 4- ii — iL 

• 7 f. > 2 . 


COS V 


= a sin V + 0 cos. v + ^ , 


* The use of Treatises on pure Science is to demonstrate methods, 
and to prepare them for their application to Phi/sicks It is sufficient, 
m general, to refer to such treatises vt^hen use is made of any of the 
methods which they contain. If we were obliged to demonstrate every 
theorem or formula which Physical Astronomy requires the aid of, the 
bulk of a treatise on that science would be enormous. And, in the 
present Treatise, mere lefeiences would more frequently have been sub-* 
stituted instead of demonstiations, could they have" been made to 
Works in the English language. But, unfortunately, what are reck- 
oned our most profound treatises on pure mathematics, cannot be brought 
to bear on Physical Science , their theorems are so abstruse as to be 
altogether withdrawn from purposes of utility , and the expenditure of 
time and thought, *which they must have cost, can be viewed with 
complacency only by conjecturing (by the doubtful light of imperfect 
analogies) that such recondite processes, now worth nothing, may, at 
some future state of science, possess real value. 
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which IS exactly of the same form (since J ~ is, instead of 

the indeterminate coefficient) as the result in p 98 and in 
specific instances, would assign to the coefiicients of sm v and 
cos V the same numerical values 

Hence, if of 


(n being = 0), « =: — ^ (1 + ^ cos v) (see p 25 ) 

IS the integral, then of 
u 

- 7 — a + « — t: + -4 cos « « + B cos » v + &c * 

1 A B 

“T; ^ * cos v) -1 — ; COS mv + — cos pv + &c, 

a(}-e^) p-^ 


* We have solved the above equation by the dnect method of the 
Variation of Parameters , which method will again be resorted to when 
the tanahhty of the elements of a planet’s orbit is treated of But 
It would have been easy to have ai rived at the above solution m the 
following mannei 

Let u a cos. Nv K A cos in v + B COS pv ; 
then ~~ = — a coi> Nv— A cos mv — Bp^ cos.pv. 


~+ iV® = - KN^ + A cos mv + B ^p^) cos p v, 

(P u 

or, of u-\-KN N^) cos mv’^B(p^'—N^) cos pv:=:0, 

u z=z a cos Nv -- K A cos. mv B cos. p », 

IS the solution , i e*versely, therefore, 

K A B 

u=a cos JVo - — +-j-^cos mv+ —-^^ cos.pv, 

« ' 

IS the integral equation of 

+ N^u 4* ^ cos mv B coi> pv, 

which agrees, essentially, with the solution in the text on putting iV= l. 
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- ( -3^ + + Sic.') COS V 

is theantegraL The former is the value of the inverse of thef 
radius vector m the system of two bodies, and the latter would be 

Its value in that of three, if the disturbing foice could 

be represented by a senes of terms such as 

A cos mv ‘h B cos + &c 


If we put the preceding equation undei this form 

1 ^ A B \ 

u + f — 1 cos 

a{ \ -- €^) 1 p- ^ [/ 


A cos. mv ^ B cos p v 
— 1 . 1 


then, were it not for the two last terms and 


rrT - 1 


B 


cos pv , 

jg— — 3 the equation would be that of an ellipse in which 


the 


eccentricity, from its value a 

- _ -Bo - 

nt" - 1 f - 1 


gy would be changed into 
, d being the semi-axis of 


of the new ellipse The effect then of the disturbing force (on 
the supposition that it can be represented by A cos mv-^B cos pv) 
is to destroy the elliptidai form of the orbit, and to cause that 
curve to be described, which is indeed of no denomination, nor 
of any known property, and is solely designated and characterised 
by the analytical equation 


u ^ (1 + ^ cos. v) A cos mv h.c 

This^curve, however, , if the disturbing force be small (which it is 
in every real application of the problem of the three bodies) 
differs but little from an ellipse , not much from that ellipse 
which IS described when no disturbing fdrce acts, and of which 
the equation is 


a.{l - e^) 


(1 + £ cos. 
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but less from that other ellipse (see p 102 1. 8 ) of which the 
equation is 


1 


a (1-f*) 




A a 


ffr 


'J3 


^(1 - g '") 

f- 1 



This second equation, as we shall hereafter see, will serve 
to explain, to a considerable degree, Newton’s object in the 
ninth Section of his Pnncipia. 

The present Chapter, since its object (which is the integra- 
tion of a dilFerential equation) is attained, might here terminate j 
but we wish, previously to closing it, to direct, for a short time, 
the student’s attention to the Elliptical Theory geometrically 
treated, and to a sort of analogy that exists, or that may be fancied 
to exist, between some points of that theory and of the analytical 
method which has been just described 


In the geometrical method then of treating the subj'ect, the 
ellipse is considered as the standard and genuine curve, from 
which the real curve that is described, differs in consequence of 
the disturbing force, and slightly differs by reason of the minute- 
ness of that force. It is the plan therefore in that method to set 
out from the ellipse, and to investigate the aberration from it 
In the analytical method, the equation first established, and from 
which we enter on deeper researches, is that belonging (in technical 
phraseology) to the system of two bodies The form of the result- 
ing^ value of u (the inverse of the radius vector) the exact value 
in 


d° a n 

IP 

3is assumed, in order to deduce an approximate one belonging to 
d?' u _ 

~ + // + n = 0, 


which IS the real equation that requires solution, and belongs to 
the system of three bodies 


In both the methods (as they are practised) the smallness of 
the disturbing force is an essential condition In the geometrical, 
the body's -path is almost m an ellipse, which it could not be, were 
the disturbing force large. In the analytical, the process of ap- 
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proximatmg to the value of u depend® on the minuteness of 



The object of this Chapter has been said to be the integration 
of the equation 

^, + « + n = 0, 

d V- 

which cannot generally be accomplished , but we have arrived at 
this important result, namely, the practicability of integrating it, if 
n could be represented by a senes of the sines or cosines of 
multiple arcs By that route then * we have a chance of arriving 
at our object , we have got something of a clue, and our next steps, 
it should seem, ought to be directed to the conversion of H into a 
senes of such sines oi cosines 


^ This, however, is not the sole route by which the integration of 
the equation is to be arrived at It would be attained li D could be re- 
presented hy K ^ nt£, and in some cases, it may nearly be repre- 
sented by such a quantity for instance, if 11 should equal 
L Mu^ Nu^, then, the orbit being nearly ciicular, and, con- 
sequently, u nearly = i (a being the mean distance,) we should have 


^ “ 0 ] = h~ ^ - ^ 

1 

by neglecting the higher powers of ~ — u, and the * approximate 

value foi u”' would be of a similar form Hence, H would be of the 
form K-{-nu, and consequently the differential equation would be 

^ + (1 + ») « + Z = 0, 

the integration of which by the note of p 101 is 

K 

U z=z a cos fj(l -f w) W — — ; — 

1 -j-TJ 


This method, however, is a paitialone, that is, it obtains only in 
particulai cucumstances, and, besides, its results are included amongst 
those of the general one, and m which II is lepresented by a seues of 
cosines 
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It IS necessary, however, to examine certain circumstances 
that are adjacent to this part of the main route of investigation, be- 
fore we proceed along it These circumstances are peculiarities of 
solution, which, in certain predicaments, attach themselves to that 
method of approximation which has been described m the present 
Chapter They are (and unde!r this point of view we shall first 
consider them) analytical But, in the application of the Calculus 
to the subject of this Treatise, they produce certain incongruities 
which vitiate that explanatioil of the Planetary Theory, which is 
founded on the principles of Physical Astronomy. It is neces- 
sary, therefore, to get nd of them to shew why they vitiate, and 
how, by a modification of the Calculus, they may be made not 
to vitiate that explanation. The student, however, who, at this 
point of the enquiry, shall feel no inclination to attend to these pe- 
culiarities, may, m his first perusal, pass over the succeeding 
Chapter 


-f 


<> 



CHAP VIII. 


On certmn Ambiguities of Analytical Expression that occur in the 
Problem of the Thee Bodies, their Source and Remedy A new 
Form for the Integral value of u from which the Arcs of Cii cles are 
excluded Consideration on the Alteiation which certain small Qwa;^- 
tities may receive fiom the Process of Integration Comparison be-f 
tween the Analytical FormuleCy and the Results of the Geometrical 
Method Observations on the Ninth Section of the Principia 

It has already appeared (see p 99 ), that if, m the expres-^ 
Sion for the disturbing force, a term such as A . cos, m v should 
enter, the methods of integration would introduce into the ex- 
pression of the value of this term 

A . (cos mv — cos 't?) 

% — 1 

If we make then, both the numerator and denominator 

are = 0, and the term becomes 

^ X 0 
0 ' 

which is an useless result. This is said to be a fault of calcu- 
lation (faute du Calcul ) , but, if we examine the matter, it will 
appear that the above indefinite expression arises entirely from an 
extension^ of a rule. Thus (see p. 100), the result of the in- 
tegration gives 


* There are many similar instances to b# found in Analytical 

Science The integral of f—i^a case in point. The rule for finding 

Its integration cannot extend to that cas®^ because in the enumeration 
of cases where the rule holds and is good, that particular one cannot 
he comprehended 
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A (cos tnv — d cos d) 


where m is supposed to represent any number But the value 
m = 1 must be excluded, and precisely for this reason ; that, if 
we suppose the expression for the disturbing force to contain a 
term such as A cos t;, the corresponding terms introduced into 
the value of by the process of integration, do not assume that 
form which belongs to them when tn is expounded by any number 
2, 3, 4, &c. and which therefore is restricted in its generality 
by the exception of the §ase in which ^ = 1 


Jn order to find the result of ’the integration m this particular 
case of m = 1, we must substitute cos. v instead of cos. mi} 
(see p 98.) , in which case, the quantity to be integrated will be 
cos. -yy* cos V sin D — sm Tj/cos ^ 1 ? dv =: 

(see Trig ed 2. pp 26 36 ) 


cos 

— cos 7) . 

4 


sin, 


(- 

\2 


Sin _ 

4 / 


cos. V 
“4 


V 

2 


sm t?. 


Hence, the integral of 

d'^u ^ ^ . 

7-1 + u^-A . cos. IS 

dir 


, s= sm ^ . cos. D — sm u. 

2 

Here then, although not by deduction from the general for- 
mula, we have the expression for u when n is expounded by 
A cos X’, and the Calculus, if it can be said to have been faulty, 
is‘ completely amended. We have, however, now to consider, 
whether any incongruity will be attached to the above peculiar 
value of u in its application to the Lunar Theory, or to the 
problem of the three bodies * 

Now, between the general value of u (see p 100 ) and the pre- 
ceding peculiar one, there is this notable difference , that, in the 
latter, the arc d appears without the sign of the sine , the consequence 

of which IS, that ^ sm, d will, on the whole, by the increase of x?, 
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continually increase , and the value of u will at the end of any period 
be different from that which it was at the begitfnmg, and more dif- 
ferent, the greater the period Preceding values of the radius veptor 

(==) therefore cannot recur, and the curve traced out by the 

extremity of the radius vector cannot he of an oval form or re^ 
entering^. But it is clear from observation that the orbits of the 
planets are oval : their radii vectores, therefore, cannot be 
generally expounded by an expression such as the inverse of 

A 

a , sm D + ^ cos v sm v* 

* » 2 

and consequently the Calculus is here also in fault, or the 
Pianetary phenomena are not explicable on the preceding pre- 
mises. 

If we examine the process of p 99 it will immediately 
appear that, should such a term as J. cos v enter into the com- 
jiosition of n, the process of integration must introduce the 
A 

term — ^ . sin v This point being certain and determined, 

we are naturally led to enquire whether in expounding the dis- 
turbing force we must of neoessity use such a term as A cos t?, 
or whether such a term finds its way into the expression for H 
by that peculiar method of approximate integration, to which, 
from want of ampler resources, the state of analytical scieilce 
obliges us to resort. 


* On voit par la que lorsque reafermera des tefmes de cette 
espece, ^equation de Porbite contiendra des angles © , et quelques 
petits que aoient les termes ou ils entrent, ils ^peuvent donner les plus 
fortes corrections a la valeur de r, lorsqu^on supposeia Pangle v d^un 
grand nombre de revolutions Ainsi si*fon n^a rien neglig^ ^ deter- 
minant 0, on sera s4r f arbite s'ecartera a la fin foi t considerablement 
d^une ellipse et cha^gera entierement de forme' Clairaut, mone 
de la Lune, ed. 2, p II* gee also Dalembert. Theone de la Lme, 
pp. 30, 34*, &c. 
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The general equation (see p, 96 ) on substituting — ~ — O, 
instead of 11, is 


u 


4 - u 




- n, 


in which H is due entirely to the disturbing force , and, if (see 
p 95 ) we examine the composition of it will appear to be 
a function of u and v D, therefore, cannot be expressed m terms 
of D except u can be expressed in terms of the same quantity 
But m the* problem of the th»ee bodies, to which the pre- 
ceding differential equation belongs, is to be determined by the 
integration of that equation , which cannot be accomplished 
except O be determined Here then we are entangled in what 
is called, a V ichus Circle , but, by attending to the mode by which 
we are obliged, m this as in other cases, to escape from it, we 
shall perceive the reason why a term such as A cos v accom- 
panies the result 


Now the mode is to assume an approximate value of Uy to sub- 
stitute such value in and then to obtain a more correct value 
of u by the solution of 


dv^ 


+ u 




Let us take a case (for the principle is the same m all in- 
stances) suppose T the tangential force to be nothing, and P, 
the force in the direction^ pf the radius (see pp 10, 95 ) to equal 
a ^ K 
u 


then n = — 




and Consequently, = 


K 


Now, if the first value fWhich we assume for u be its 
elliptical value, or (see p 23 ) that which results from the in^ 
tegration of 


u 


+ u 
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we shall have, making =: a. (I — 

^ (1 + ^ cos. v) 


P 

Substitute this in the value of and 

n = = II 

(1 + e cos v)^ 

if e be supposed small, and we neglect the terms that involve 
&c The differential equation now then becomes 


(1 — 3 ^ cos. oy), 


d'^u 

d 


+ u 


!L 

F 


^ + 

K 


SKp^e 


cos ® = 0, 


in which the last term corresponds to A cos. «. This equation 
bemg integrated by the method described m p. 98, &c. the value 
of u must contain this term 

S jS:®’ v 

r vz ^ • sin "o, 

2 A* 2 ' 

which, as we have already remarked, vitiatfes the result. 

But the result is vitiated, or d ^without the signs (hors des 
stgnes) of sine and cosine, is introduced solely by that peculiar 
method of approximation which has been adopted for, instead of 
assunung foi u its elliptical value, let us make 

/ V < 

then, neglecting terms such as 

which, in orbits nearly circular, are very small, 

(4 - 3/k), 

and consequently, the equation of p. 109. 1 19# hetomes 


4jr/ szy 


dv^ 
d^u 


0, 


or,f^+ 

\ F V A* 

Now the integral of this equation, by the note of p 101., is 



Ill 


« = 4 ‘cos \/ (l ^ + 1 (^ + i^Kp^), 

where a is an arbitrary quantity, the value of which is to be as- 
signed on the principles laid down in pp £3, &c 


The value of u 
u = 


may be put under this form 
^ (I + ^ cos c v) 


in which e' = , 

M + 4 

• • ““‘i ^ * 'v^(i + , 

and thus its expressibn becomes similar to that elliptical value of 
«, namely, 


u 




(1 + ^ 


cos v\ 


and which, considered analytically, is the integral value of u m 
the differential equation 


d 



Hence, the disturbing force changes the constant 

/X fx 4 Kp^ 

part ^ to — 4. — _ ^ the ratio of the eccentricity from ^ to and 

the angle v to cv, or v/O 


The solution, however, which has been obtained is an approxi- 
mate one, depending on the smallness of the eccentricity of the 
orbit In ordei^to obtain greater exactness, we ought to pursue the 
method, that is, we must repeat the process and take account of 
some of those terms that were neglected in tiie first operation. 

Suppose that we retain and neglect the higher powers, 

then (seep 110), 


+6yi5'’ (1 _ , 



113 


and the differential equation becomes 



Now if, m the last term, the value of u obtained by the pre- 
ceding approximation be substituted, that is, if we assume 

„ _ (1 + /COS 

hr 

and substitute it in , there will arise a term 

hr ^ 

such as ^cos cv so that, in this second approximation, we 
should fall into that fault of expression which it was the object of 
the preceding process to avoid , for, if we revert to pp 98, &c it 
will immediately appear that the method of integration applied 
to 

^ + £^U -- + &C CO^^. CVy 

a V'' Jr 

must produce a term such as 

B - sm r*!; 

2 


This relapse, however, is to be obviated, by means similar to 
what have already (see pp 110) been employed. Instead of sub* 
stituting in the terms exjiressmg the disturbing force the last ob- 
tained value of Uf expand those terms, and add the term involving 
u to the term which already involves it in the differential equa- 
tion , thus, suppose the term involving u and resulting from 

, to be N^Uj then the preceding equation (1 ^.) 
* P * t 

tqzj be thus written 


.a®* , A® 


+ &c = 0. 


and the integral of this (see pp 100, 8ic ) will be of the form 
K = a cos + iV"*) U + L, 
and, by similar artifices, we may continue the approximation to 
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the value of u and still exclude terms containing arcs without the 
stgn from the result 

We may now consider this point of the Calculus as settled. 
We have shewn first, (seep 106, 8cc ) why the analytical expres- 
sion becomes apparently insignificant next, (see p 108 ) how the 
removal of that fault induces, when we look to the practical 
application of the result, another of equal or greater importance 
in the third place, (see p 110 ) we have made manifest the source 
of this last error and lastly, (see pp 1 10, &c ) we have explained 
the method of avoiding it The Calculus, therefore, though liable 
to ambiguity, is relieved from the effect of it, and, as far as we 
have advanced, shewn not to be incompetent to the explanation of 
the Planetary Phenomena on the Principles of Physical Astro- 
nomy, 

But the preceding error, which we have been considering, is 
not the only one that originates from the method of approximation. 
We will now examine another, not of ambiguity, but of a different 
kind, which the imperfection of that method renders us liable to. 

In the most simple and ordinary processes of approximation, 


* The method here prescribed corresponds to, and is the same, in 
effect, as the rule given by Dalembert, Theone de la Lune, pp. 36, 37. 
For he says, if " 

X cos. cv, 

and if the term producing the arc m P be 7 . cos c » , then, m order to 
exclude the arc from the result, we must state the equation. 


dv^ 


c^u -b*n == 


0, 


under this form, 

which IS a contrivance the same as that which is explained in the pre- 
ceding pages of the text See also on this subject. Laplace, Mem, 
Acadr 1772 Part II p 267 Cousin, p 235 whiph latter author 
quotes from Lagrange^s Memoir in the Miscellanea Taunnensta, tom IIL 
p» 263. « 

a? 



which are not connected with processes of integratioir, we may, 
in the first instance, safely reject quantities according to their 
degrees of smallness But the case is quite different, when, in 
some stage or other of the calculation, certain quantities that 
enter therein are to be mtegiated For, by integration quantities 
acquire divisors , and if the divisors be very small, the quan- 
tities, although minute previously to integration, may not be so 
after it. If (m order to exemplify this point), we suppose 
P A + a COS mx + ^ cos /XX + y COS r X -j- See. 

then, if the coefficient 7 should be much smaljer than Jl, a and 
ft the approximate value of P, would be 

P = A + tt , cos m X ^ cos, nx., 

But if, instead of the first equation, we had this 
P ^fdx {A + a, cos mx + 13 cos. nx + y cos. rx+ &c.), 

then we cannot safely reject the term 7 cos r x except we first 
ascertain the magnitude of r for if r should be small, then, after 
integration, the term . 


fd:>c .y COB rxzz^ sin, rx. 

r 


might be either not less or much greater (according to the value 
) man j!% x^ , or m which Case the re- 


jection of the small term 7 cos rx in the first instance, and the 
consequent assumption of the equation, 

P = J'd X (A a. cos mx (3 cos n x)^ 
would lead to erroneous results 


This IS an analytical illustration of the circumstance that must 
e attended to But, instead of the former instance, we might 
have tate the one in p 100, and the inference to be drawn from 
It would have been of the same nature. Thus, let 

= M.cos mv + 2sr.cos «w+ g .cos, qv, 
then the equation, 

d^u 
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integrated by the method described m pages 100, &c. contains, 
amongst other, these quantities, 

M COS mv N cos nv Q cos q v 

^ - 1 ’ - 1 " ~~q^ - 1 ‘ 

Hence, as it has been shewn before, although, being a smaller 
coefficient than M and iV, 


M cos m t? + iV . cos nv^ 

should be very nearly the value of yet the assumption of that 
approximate value might be productive of considerable and im- 
portant error m determining the Value of u for that value, by 


virtue of the double integration, contains a term ^ 


cos q V 




T - 1 

which, if ^ =: 1 nearly, may be of considerable magnitude, and, 

It is^ easy to see, of such magnitude as to be greater than either 

M N 1 1 r 1 

cos. m Vj or ; cos nv ^ so that the first and ap- 


m* ~~ I 


- 1 


parently safe rejection of the relatively small quantity cos qVy 
may prove to be the virtual detention of the smaller terms to the 
exclusion of the larger. 


Several curious points m the Planetary Theories depend on 
the abfive principle. It enabled M. Laplace to explain (what had 
long embarrassed Astronomers) the retardation of Saturn’s mean 
motion. In the theory of that planet disturbed by Jupiter there 
occur terms depending on the argument (see Astronomy^ p 324 ) 
Brit — + A, i being the time, w', and n the mean motions 

of Saturn and Jupiter , now, such terms in the differential equa- 
tion involve the cubes of the eccentricities of the orbits, and con- 
sequently, (since =: 0001118, and P == 0001772), are exceed- 
ingly small but by integration they assume divisors such as Bti — 2^, 
(5 H — 9,n'f which also are exceedingly small, since five times 
Saturn’s mean motion (5 «) is nearly equal twice Jupiter’s (Ow). 


* ‘ II faudra done avoir grande attention a toutes les teimes de cette 
nature et y porter plus de strupule que dans Jes autres, pai rapport 
aux fractions qu^on negligera’ Clauaut, Theone de hLune^ p. 12» 
See also Simpson’s Trac/5, p. 157. 
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The terms then after integration may become of sensible magni- 
tude, or may expound inequalities large enough to be detected by 
observation. 

It appears from the preceding cases, that it is not ambiguity 
of expression, but liability to actual error of computation that we 
must take caution against , and, the peril is to be met not by any 
artifice or contrivance drawn from the resources of calculation, but 
by a careful and minute examination of the terms to be rejected 
The rejection of terms in the differential equation must always be 
made with reference to the form which they assume after inte- 
gration 

These general maxims, however, are not carried into effect 
except with great difficulty The process is not only one of suc- 
cessive approximation, but also of successive integration it “con- 
tinually adds new terms to the result . it is therefore, not easy to 
see that terms proposed 4:0 be rejected in the beginning (and all 
the terms contained in O cannot be retained) shall not, towards 
the end, and hy the effect of combination, become, or give nse to, 
terms of retainable magnitude 

The terms of the kind Q cos. qvy when q is nearly = 1 and that 
render the calculation liable to error, belong to the first equation 

^ +. + n = 0, 

dv^ 

for, in the double integration of this equation, the above terms 
acquire very small denominators, such as {(f — 1). 

But in the second equation 

, dv 

' “ V(- - ’ . 

terms of that kind need not to he attended to , for, by integration, 
they acquire denominators, such as and accordingly their values 
remain nearly the same when qzz\. But if q were very small, 
the case would be quite different \ then, although minute before 
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integration they might, by means of it, become large • and 
hence, it is easy to see, the terms of the second equation require 
the same careful examination as those of the fiist 

The denominator of the fraction expressing the value of dt 

. , pTdv Tr x-L r Tdv 

(see p. 116 ) contains this term / — ^ If, therefore, - — -- 

should contain a term such as Q cos. ^ v, and ^ should be a 


Q 

* That a term such as S/cos dvp=^8iti cannot, in a pro- 


cess of approximation, be rejected, without an examination of its le- 
lative magnitude, is plain from merely analytical considerations But 
Thomas Simpson in his Tracts,* p 157, ^treating of the Lunar Theory, 
has shewn, by a reference to physical causes, why it is necessary to 
retain such terms , and, after the following manner A term such as 
S cos may, as a conection, represent either an augmentation or 
a diminution . m either case it will continue to represent what it first 
represents, as long as S cos qv continues of the same sign If ^ be 
small, cos a v will continue of the same sigi\, till » becomes so large, 

1 

that q'vzr. 90®. Suppose, for instance, that qz=^ then v must =720® 


before cos 5 v can change its sign ; or S cos q v, if an augmentation, 
will continue to be such, till the body has described two entiie 1 evolu- 
tions. There will, therefore, during this time, be a continual accumu- 
lation of the effect which ^ cos qv is meant to represent and, 
although the momentary effect, expounded by ^ . cos qv may, from 
the smallness of be very small, yet the accumulated effect, expounded 
by S sin q v, may be considerable The case, however, is different if 
q should be large, for then cos q ^ would quickly change its sign and 
expound an effect of an opposite kind. If, for mslance, q should = 8 , 
then S cos, if representing an augmentation^ could only represent 
it, during the description of an angle = 11 ^ 15' after that, it would 
change its sjgn and represent a diminution, and again, after the de- 
scription of 110 15' an augmentation, and so on In this case, there- 
fore, instead of an accumulation of effects of the same kind, a counter- 
acticm of opposite effects takes place and thence it must happen that 
the general 01 mean effect would remain the same, 01 would be but 
slightly altered, if that part of the disturbing force which is expounded 
by S cos. q 'v were lannulled. 
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small number, might contain a term of an order aiperior 

tJ 

(with regard to magnitude) to Qcos qv 

Hence, it would seem to follow, since a double integration 
must be performed -in order to obtain the time, that a (quantity 
of the fifth order (supposing the quantities to be conventionally 
distributed into order) ^ might by its effect become of the third i 
The fact however is, that when q is very small, the expression for 
the time does not contain any terms with denominators equal q^ y 
when only the first power*of the disturbing force is taken account 
of, (see Laplace, Celeste Part II Liv vii pp 190 191.) 

The chief object of the present Chapter is now attained Its 
discussions are of a nature almost entirely analytical, but made on 
instances that really occur in the problem of the three bodies 
We will, therefore, consider, whether any obvious inferences re- 
lating to Physical Astronomy can be drawn from them, or whether 
any connexion or analogy can be traced between the methods that 
have been adopted, and the peculiar methods of the founder of 
that science. 

The simplest form of the differential equation is 


^ Laplace m his Mec Qd PaUie 11 Liv vii p 132 proposes to 

call the fraction ^ , expressive of the relation between the Sun^s and 

Moon^s mean motions, a very small quantity of the fiist order and to class, 
under the same order, the eccentricities of the Splar and Lunai oibits, 
and their mutual inclination Then, the squares and products ot these 
are to be held as very small quantities of the second order in t|iis 
anangement Laplace piobably followed Dalenibert, given in p 43, 
of his Theorie de la Lune 

f* ‘ Be toutes oes observations, iJ s^ensuit 1® que si dans la quantity 
- X = il se rencontre des teimes de la forme cos (= 


cos,pu) k etant one quafttit]^ foite petite de Fordre de n, il faut pousser 
les coefficiens de ces termes jusqu’aux quantitcs j|ifinitement petiles de 
cinquieme ordre,^puisque ces termes par la double integration aeront 
abaisses jusqu^ a n^etre plus quhnfimtement petites du troisi^me oidieF 
Balembert, Theorze de la Lune, p 47. • 
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u 

77 


+ « + ^ = 0 , 


which belongs to the problem of two bodies and the elliptical 
theory , and its integration gives us 

W = - + - cos. lOy 

p p 

the known equation, (see Vince’s Come Sections) of an ellipse 


If this value of u be substituted, as an approximate value of ry, 
m the differential equation constructed by taking m some of the 
larger terms of the disturbing force, (supposed to vary as the 
distance and to act solely m the direction of the radius vector) 
there results, when the method ts corrected^ (seep 111, Sic.) an^ 
equation of this form 

1 ^ / 

U z=z ^ + y cos CV, 

jL( JLt 

which, however, (see p 110), since some terms, by reason of 
the small eccentricity of the orbit, are neglected, is only an ap- 
proximate value 

This last solution, considered as an analytical one, is similar 
to fhe former, 


1 . ^ 

« zz - + - cos njy 

« p 

which IS an equation to an ellipse, v being the angle contained 
between the axis major and the ladius vector , but 

\ . e 

« = y + jrCOS CV, 
jLr JLt 

is not an equation to an ellipse when v is the anomaly Still, 
which IS curious, the body’s place, as determined by the preceding 
equation, can be found Jby means of a construction, of which an 
ellipse IS the essential part Thus, 


Let Fbe the apside, C the^centre of motion, and let the angle 

C Vp = V then, if (= u) be assumed = y + y cos cv, p 
C p Ju dt 

IS the body’s place, and Fp described by p, (or the locus of the 


f 
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extremity of the line determined by the preceding equation) is part 

• V 



of the body’s orbit Thus far is independent of an ellipse and 
of every other curve , we now come to the construction 

C being the focus, CF part of the axis major, describe an 
ellipse the semi- parameter of which shall = -L, and the ratio of 
Its eccentricity to the semi-axis shall = /. Incline the line 
C« ( = CF) so to CN, that the angle FC u shall equal — 4: i?, 
andonCw describe an ellipse similar to, that which has been 
already described on CVy then, since 

uCp = VCp - rCu=:v- (t) - CV) = cv, 



is the equation to the ellipse and, accordingly, p the* body’s 

place is in such ellipse. 

By means of this device then and construction, the body may 
be supposed to be always moving in a moveable ellipse. And it 
was under this point of view that Newton, when he made the 
first modification of, or departure from, th^ strfctly elliptical theory, 
considered the planetary motions, (see Prim Sect IX ) 


^ The preceding" construction does not obtain, except (see 
pp 1 10 , 8 cc ) such terms*as (: - ”) , &c are rejected it 
only true, therefore, in orbits of very small eccentricity There 


IS 


* Circuhs m4Ximi finihmi Pnnc Sect. IX^ I^rop xiv. 
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Ib one variation of the disturbing force, however, in which the 
construction will hold, whatever be the eccentricity of that orbit 
if that force varies inversely as the cube of the distance, or, li Pzz 

+ Ku^, then (see pp lOSj, &c ) O ^and the differential 

equation is exactly 



the integral of which is 

“ = t.[ ^ V'O “ §■) ’ 

and this corresponds to what Newton has proved in the forty- 
fourth Proposition of the ninth Section. 

The analytical formulse that have been deduced, when trans- 
lated into the language of curves, coi respond exactly to the 
results obtained by Newton m his nm{h Section but they are 
deduced from cases entirely fictitious The disturbing forces 
which act in Nature do not act solely m the direction of the 
radius , and, since this is Newton^s supposition in the above- 
mentioned Sectiqn, the Propositions therein contained cannot 
explain completely the Planetary Phenomena. 

One of the most noted of those phenomena, is the pro- 
gression of the Lunar • Apogee , and, probably with a view 
to Its explanation, Newton originally constructed the ninth 
Section a section, more than any other, abounding with 
curious, novel, and refined methods 

It IS true, that a disturbing force acting solely in the direction 
of the radius, such as has been supposed in the preceding in- 
stances, will cause a progression of the apogee , and, it is evident, 
would, l)y assuming the Sun's disturbing force of a convenient 
magnitude, give, as a result of calculation, the just value of that 
progression This, however, is not to explain the phenomenon , 
since, in order t9 obtain the above-men|ioned mine, it is neces- 
sary to assume the Sun's disturbing force nearly the dohble of 
what It really is. 

The chief merit, then, of that ingenious^ section (the 9th) of 

9 
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the Pniicipxa, consists in the idea of a moyeable ellipse. To this# 
(we may conjecture) Newton was led^ by Kepler’s discoveries and 
his own investigations, which established the nearly elliptical 
forms‘ of the orbits of the planets, and by the results of Astro- 
nomical observations which shewed * the Apheha of those orbits 
to be progressive. 

There have been mathematicians, however, who have wished 
to discover in that section more than Newton meant it should 
contain, and have dispensed with the tangential disturbing force, 
although Its operation is as certain as that of the disturbing force 
which acts in the direction of the radius And this is strange, 
since there are no probable or paramount arguments, by which it 
can be made to appear that, in the investigation of the 'progression 
of the Lunar Apogee, a right result^ is to be lookdd for, when one 
source of that inequality is rescinded 

Newton, it is true, nq where affirms that the progession can- 
not be determined by the principles, and according to the method 
of the ninth Section 5 nor, as it is known, has he given a solution 
of that problem. He says. Scholium, Prop xxxv. ed 1 that he 
had found by calculation, the quantity of the progression 5 but, 
the method either did not completely satisfy him, or did not 
harmonize * with the stile of his other investigations 

• * 

The question of the progression of the Lunar Apogee, and 
the analytical method of determining its quantity, will be re- 
sumed m another part of this Treatise We must now regain 
the direct course of investigation , and, as it has been already 
suggested, the next attempts ought to be* directed towards the 
conversion of n into a senes of cosines, such as A cos. m r? 4- 

^ — r— ■ § 

* The relative and accuracy of the geometrical and ana- 

lytical methods is a point not easily decided on. But, their relative 
power and efficiency mhy be estimated Physical Astronomy presents 
to ns vapous cases, m which the analytical method* has succeeded m 
.affording true results, v^^lst the geometrical has failed. The one in 
the text, the progression df the Lunar Apogee, has never been deter- 
miiied by the latter method. 
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Bcos. «» + &c Instead, however, of attempting that on a 
general scale, we prefer (with a view to the interests of the 
Student) to proceed by instances beginning with the most 
simple, and passing on to others that become more complex by 
the largeness of the disturbing force, and by the pbliquity of the 
direction of its action to that of the centripetal force. 



CHAP. VIII. 


First Solution of the Problem of the Three Bodies under its most simple 
Conditions ihat is, when the Body, premously to the Action of the 
Disturbing Force, is supposed to reDoke in an Orbit without Eccen- 
tricity and Inclination, the Orbit, changed by the Action of the 
Disturbing Force, not strictly Elliptical 

The instances in the preceding Chapter were intended 
principally to explain the cause of that introduction of the arcs of 
a circle which renders faulty the expression of the radius vector 
They have served that end, and the purpose of illustration, as well 
as more complex instances would have done But they are alto- 
gether fictitious and hypothetical, since they exclude, be^des other 
conditions, the essential one of a tangential disturbing force. 

The results of the ninth Section of the Pnnctpia of Newton 
^ ave been compared and made to correspond with certain peculiar 
integral values of the dilFerential equation (see pp lOQ, 1*21 ) In 
both cases, there is the same supposition with regard to the dis- 
turbing force. In the ninth Section, Newton^s Extraneous Force, 
as It IS there called, acts solely in the direction of the radius, 
and the disturbing force has been expounded by this equation, 



Tv^o cases have been considered, when « = ~ 1, and when 
, (see pp 109, 121 ) that is, when the disturbing force vanes 
mversely as the cube of the distance, and when A vanes as the 
istance. In the former, the exact value of u is expressed by an 
equation, such as ’ 
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1 , « 

, u = ^ ^ cos CVy 

JL £ji 

whatever e be , or, [which is Newton’s mode of considering the 
subject, (see Prop XLIV.)] the body’s place can always be found, 
and exactly, in a moveable ellipse, whatever its eccentricity be. 
In the latter case, when the disturbing force varies as the distance, 
an equation, such* as 


, « 5= — + cos V, 

JLf jL 

approximately represents the value of « , and that, only when ^ is 
very small or, according to Newton, (ninth Section, Prop XLV ) 
the bodys place may nearly be found in a moveable ellipse, 
when the orbit’s eccentricity is very small , and the like equations 
hnd constructions obtain approximately for all other values of 


* It has been already lemarked, (p J22) that some mathemati- 
cians, persuaded that Newton meant to find the pi egression of the 
Lunar Apogee by the method of the ninth Section, have puisued that 
method Now m that Section there is no tangential disturbing foice, 
and, besides, the expression for that pait of the Sun’s disturbing force 
which arts in the direction ot the radius, (see p 60 ) is unlike New- 

ton’s It was necessary foi them, therefore, to shew 

by some piobable arguments, that, in a problem of such importance as 
that of the Lunar Apogee, the foimei force could , be dispensed with, 
and that the latter might be i educed to Newton's form. ’ 


Now, with regard to the first point, the tangential force T (see 

S mil T 

p. 60) IS sm 2<o, which, from the largeness of the denominator, 

IS veiy .small But, besides its smallness, its efllects counteract each 

other since, if sin. 2m accelerate the body, sm (180-f2M)= 

3 mV 

~ sin 2 m equally letaids the body , which counteraction (since 

« may be any angle) must accordingly take place for all corresponding 
points ol the orbit The mean effect theiefore of this force, it was pre- 
sumed. 
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It has been just remarked that the instances of the preceding 
Chapter, framed for the purpose of illustration, are, with re-* 
ference to the real circumstances in nature, fictitious and hypo- 
thetical But, we may add to this remark, every instance 
which can be given is, to a pertain degree, hypothetical The 
inefficienijy of the art of calculation obliges us to suppose a greater 
simplicity in the conditions of our problems than exists The 
kind of simplification, however, which will be given to the suc- 
ceeding instances is different from that which the preceding 
possess Instead of excluding altogether the tangential force, its 


sumed, (not rightly inferied) would notmateiially affect the progression 
of the apsides 

With regard to the second point, we have, by p 60 * 

" p — ^ 4" ^ * m' r * T ' 

' /a /« COS 2 it) 

2 r ^ 2 r ® 

If we substitute in the last teim J80 + 2<a instead of 2(», it be- 
comes (see Trig p 28 ) , * 

r , _ , 3 mr 

2 ^3 cos. (180 + 2w) = . cos 2 w, 

the value of P, therefore, is as much increased by the last term, m this 
situation of the body, as it was diminished in the foiraer, and, since the 
same holds whatever « be, that is, since the same result is true for every 

point in the orbit, the last term ^ ^ cos 2 is said, during an 

entire revolution, to be destroyed hy the opposition qf signs. Under this 
explanation, then, the mean force may be said to be 
m m'r * jw' 

and, if that force alone operates, the equation would be (see p. 1 1 1 ), 

C 4 fn\^ " 

>*■ “ 27 ^) (1 + e'cos cv), 

. . t / 

in 


whichc = ^(i_ 
the progression of the Apogee being accordingly 

1 ^) 
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approximate value will be assumed and substituted m tl : and, of 
the force that acts m the direction of the radius, all the essential 
terms at least, will be retained, although in determining their coef- 
ficients many small quantities will be rejected And thus it shall 
happen, that the results will not be altogether remote from the 
truth, but will accord, in some degrfee, lyith the observed 
phenomena. 

_ If we look to the History of the Problem of the Three Bodies, 
It exhibits a series of solutions successively more and more 
exact The Calcplus, which was the instrument of solution, 
grew up with Physical Astronomy, and, as it advanced, additional 
conditions were introduced into the problem , so that, as the fruit 
of time, Laplace’s Theory of the Moon, (without any reference to 
the genius of the two authors) is necessarily more perfect than 
Clairaut’s . 


The present business of this Treatise, however, is not with 
the most complete solutions. Intended to serve as an intro- 
duction to Physical Astronomy, it will begin with the most 

simple cases, and be guided, very nearly, by their historical 
order 


But, even according to this plan, there are two ways of pro- 
ceeding We may either select' what- are, m fact, the most simple 
cases in Nature, or we may, by hypothesis, simplify the con- 
ditions of some of the more complex cases For instance, Venus 
revolving in a nearly circular orbit, and disturbed by a body as 
remote as Saturn, the plane of wjiose orbit is very little inclined 
to that of Venus’s, Is nearly as simple a case as is that of the 
Moon, when, as in the first essays of solution, that planet is sup- 
posed to revolve in an orbit circular, and coincident with the 
plane of the ecliptic This regards the analytical difiiculty of 
solution, but, with reference to arithmetical exactness, it is plain 
that the results in the first case, when specific numbers are sub- 
stituted, must be more conformable to observation than those in 
the latter 

We will now proceed to a series of solutions of the Problem 
of the Three Bodies, or, in the analytical mode of considering the 
subject, to a senes of integrations of the diiFertjntial equation. 



and of the other two equations of p 95 


• Example 1 ® 


It IS lequired to find the value of the inverse of the radius 

vector when the body, revolving lii a circular orbit 

round an attracting centre or body, fs disturbed by the action of a 
very remote body^ which revolves also in a circular orbit, the 
plane of which is coincident with the plane of the other orbit 
The law of the force, whether it be centripetal or disturbing, is 

supposed to vaty according to the inverse square of the distonce 

« 

The first operatiofi ;jvill be to find the value of H, and (see 
pp 100, 104, &c ) to convert it into a series of cosines of multiples 
of the arc v 


n (see p 95 ) = 


Value of n 

T p- ~ Pu 

dn 




F + 


P 


( 


Since 


?! = «)> 


1 + 




= -M'- 1 /^) 


This IS a very simple expression for n, obtained on two suppo- 
sitions the first, (which does not strictly hold of any case m 
Nature,) is, that the orbit is circular, and consequently that u is 

, d U n * 

^constant, and = 0 the second, which is nearly true in every 
instance in the planetary system, namely, that the disturbing force 
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IS very small, and consequently that the square of the term 

J 

compounded of it, may, in the expansion of the denominator of n, 

be rejected. 


By page 60, 
P : 


V alues of P and T. 


2 m' Stn'u^ 

■ ;; — cos. 2« 

2u 

/« m a Sm' a 


and T sin 2 «»> 


2u 
2) ni a 


sin 2 ttj, 


1 •* 

a and d being respectively equal to - and - . 

u d 

Now, since u is, by hypothesis, constant, the sole thing that 
remains to be clone, in determining the value of U, is to 5nd the 
values of cos 2 w and of/ sm 2 w dv and this can be done, if 
we can express 2 w m terms of v. 


Values of cos 2w* and 

The angle w, or LTS, is the difference of v and v • Now v 
and v\ when the orbits are circular, are proportional to the mean 

Ta 



® T 

motions of L and T . let those mean motions be «, then 


m zz: V 


tl V 

ft 



ISO 


m V 




^ sm. £ ft) n sm (2 V — 2 m 

cos, 2 w = cos (Qv — 2 rnv) 

9 

Values of ^ 

f Tdv S m tP n \ j 

/ ^ ~ _ # (2 v — 2 ;w sy) a v 

U ^ 2 




\ «* 
cos (2‘y 


2 v) 


2 a* ^ * 2 2 m 

i^Trtg. p 98) 

Hence, by substituting the preceding values, 


n == - ™ 


/3 ml d 

\23 h 


' 1 


It (2 — 2m)h^c 

— jj-j are neglected. 

In the above value of n, the only variable tefm is a cosine of a 
multiple of the arc v therefore, (see p 104 ) the differential 
equation can be integrated, and 

^ _ M I * P « 

^ ~ » 2 ^ ‘ d’^ 

+ -E cos V 


S iJ-m a 


cos (2 v — 2mD)p 


m 


(P 21 

* The mtegial of + « — Jf + cos (2 — 2m v), 

M 

IS = ^ + E cos. *0 + — — ^ _ - cos. (2 1’ 2??/ 

if when t? r: 0, « = - . 

a 

a ^ - 2??^)-^ — 1 

= (in the present case) — 

24* a'® ^ - 2m)=*- 1 " 

r- = ^ i' nea«’'y 
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j) (2« - 

which IS the first appioximate value of u, and shews, that the 
effect of the distuibmg force is to render u vaiiable, or, m other 
words, to destroy the circular form of the orbit. 

Ve may give a different form to the preceding expression by 
substituting for the values of /i* and of 

a/s • 

Since, by hypothesis, the disturbing force Jis very small, the 
two expressions for^ the element of the time (see pp. 95, g6 ) in 
the elliptical and disturbed systems will be nearly equal the 
value of therefore, will be nearly the same in both But, in 
the former, that value (see p 25 ) is equal Vma (1 - e®), a re- 
presenting the mean distance If the system, however, be dis- 
turbed by the action of a thud body, the constant distance which 
corresponds to a will be, changed consequently, if we choose to 
retain the symbol a still to denote this latter distance, vie must 
exprfess the former mean distance by some other symbol sup- 
pose It to be n,. Hence we have, iii the case of thiee bodies, 

/i* = /i c (1 — f*) 

= 

in the present instance ih which « = 0 


3 m 

- 2w)’ - 1] 


With legard to the second point, the value of if we refer 

. „/j 

to p 109, we shall find that 

O t --- T> ^ ^ 

r — - - — — 

^ 2 r ^ 2 r ^ 

and the value of this, when the body ib in quadiatuies (when 

<0 = 90», and cos 2 «. = - 1) is equal , or now the 
mean force of the gravity of the Moon to the Eailli, or, the centri- 


petal force IS lepresented by — ^ if therefoie, wc represent this 
latter force by 1, X ^ , or will represent the distuibmg 
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force in its mean value , this will be, hereafter denoted by the 
symbol K. 

In specific cases the arithmetical value of the disturbing force, 
in Its mean value, is easily expounded . for instance, in the case 
of the Moon, m' denoting the mass of the Sun 


The force by which the Earth is drawn towards the Sun = ^ 

* 

But this same force, by Newton, Prop 4. and p. 29 = 
a 

(period 0)2 ^ 

* ^ ^ 

' (period 0)^ ^ 

and similarly, when m denotes the Moon^s mass, and M the 
Earth’s, 


M + m ju 1 

(period If 

Hence, 


_ ( period 1 > \^ _ * ^ 27* 7'* 45“ 4’ 
jit Vperiod 0/ “ v"36S* 5 " 48“ 51V 

_ / 27 32158\a 

~ Vies 24226>' ~ ^ 01748013)* = 005595, nearly, 

or, if expressed by a vulgar fraction, the mean value of the dis- 
turbing force. 


= (f )■ 



nearly, 


■when the mean gravitation of the Moon to the Earth is 'repre- 
seated by ] 


If we now substitute the preceding values for P and 


m 


the expression for u, (see p 130 ), we shall have 


fjL a ^ 


u 


I 

a 2 a 


* Astronomy, pp 305, 306. See Newton, Lib. HI Prop xxr. 
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+ E cos V 

L /, 1 fl\ 


where 


K 


SK 


2 m 


2 ^,[(^2- 2mf J] • l. 


nearly, 


supposing a zza^j and « to = - when ^; = 0 

d 


This IS the first approximate value of « and it shews us that 
the former constant radius is, by the action of the disturbing 
force, rendered variable 


IS the radius of the circular orbit in which, when the dis- 
turbing force IS excluded, the body is Supposed to revolve and a 
IS the constant part of the radius vector in the disturbed orbit, and 
between a and when v = 0, we have this equation. 


1 1 Z . 

— , wlicncc 

a 2 

a = a (^l + ^) , nearly, 
and a = a (^1 - i nearly. 


If, from the above formula, we wish to compute the Moon^s 
radius (supposing that to be the body disturbed j m conjunction, 
quadratures we must substitute respectively for 
V, 0, 180^ mi 90^ 

The equation to an ellipsSe, (see p 27 ) is of this form 
1 , e 

« = - + - cos. V f 
P P 

but the preceding value of u is of the form 
J K 

— + jL cos (2v - 2inv) — E cos. v. 


Sec Astronomy, pp 43, 44. 
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It differs therefore from ’ an ellipse, on account of the term 
L cos. ( 2 * 1 ; — % mnj) The effect of the disturbing force, then, 
inasmuch |s we are able to infer from the preceding deduced value 
of IS not to change the circular orbit into an elliptical 


But the inference from that deduced value of it. may not, 
with reference to the real change m the form of the orbit, be 
strictly true, since that value is only the first approximate one 
To ascertain, therefore, the justness of the mfeience, we ought 
to deduce a second value of u by substituting the one just ob- 
tained m n, and by again integrating the differential equation. 
But It is easy to perceive, without going through this process, 
that its result will be, not to lescind terms like L cos 
but to augment the value of u by new terms involving tfie 
cosines of new arcs so that, the second equation determining u 
will be still more remote from an equation to an ellipse than the 
first is * 


If we were, however, to substitute the first value of u in' 11, 
the second resulting value would ‘•contain an arc of a circle 
without the sign, and be faulty for, (see p 95 ) one term m 11 is 

JP * , ' ''3 

- TTi. and since (see p 129 ) the middle term of F is - — , 
II u * 2 u 


n will contain this terra — ^ 


now, since (see p J32 ) 


i. M — E cos V + &c 

m! , 

, wUen expanded, must contain a term such as AT cos there- 
fore n must, and if n contains such a teim, then (see pp. 107, &c ), 
the process of integration will necessarily introduce, into the value 
r r N 

ot Uf tms term — — * 1 ; . sin v We must, therefore, accord- 
ing to the rules laid down in pp 110, &c not directly pursue the 
plain method of approximation, but deviate from it m order to 
avoid Its difficulties 


The conditions of the preceding case have been assumed 
the most simple possible, m order to procure an easy introduction 
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to the solution of the differential equation The solution that has 
been obtained gives us merely an impel feet value of w, which, 
since It represents the iiArerse of the radius, is proportional (see 
Asironomy^ pp 95, &c ) to the parallax The deduction of the 
value of this quantity is one use then, of the preceding integration 
but it IS not the chief use that is to be found in the means afforded 
us of deducing the longitude which depends, in the fiist in- 
stance, on;/ /the mean longitude but /, m ordei to be dctei- 
mined, requires that u should previously be known, since (see 
p 95 ) 


dt 




the integral of which cannot be correctly found, as it is plain, 
except we know u 


The particular method of foiming the several terms that re- 
present the true longitude, wilfbc explained in a future part of this 
Treatise The present concern is with {he diffeiential equation, 
on which the value of u depends We shall endeavour to obtain 
that value by a senes of successive concctions 

'S 

The value of the inverse of the radius of the oibit, from being 
constant, becomes, by the agency of the disturbing foice, (and by 
the process of one approximation and integration) of this form 

1 K, 

u ^ ^ — — E cos. ‘u + jL cos 

md this, as it has been observed, is not the equation to an ellipse 
t would be, were the last term rescinded That last term expounds 
ivhat in Astronomical language is called an Inequality the 
ir^ument is the arc 2 v -- 2 m v , and the coc^tieni is 


* By this term it is not meant to be oiideistood that, if a coriect 
alue of M should be obtained, the integial of the (hdeieiitial msi be 
xpressed by a definite equation It can only be expressed by^ a senes: 
ind^ by a ^eversion of that series, v must be expiessed lu terms of/. 



2 \ ‘ 1 — a/ (2 — 0 mf — 1 

The term E cos v (see Asiron pp 304 ) expounds what is 
called the Elliptic Inequality The rule therefore, for finding u 
may be expressed either by saying that we must correct its elliptic 
value by means of the equation represented by L cos (2v — 2mv) 
or, that we must correct its constant value by means of two equa- 
tions, one due to the elliptic inequality, the other to that ine- 
quality of which the argument is 0 — ^mv 

The instance that has been given m this Chapter is pne of the 
most simple that can be imagined when no essential condition^ is 
excluded It will not exactly suit any case m nature . not even 
that of Venus disturbed by the action of Saturn still less 
that of the Moon disturbed by the Sun It must fail to represent 
this latter case for several reasons, of which the most prominent 
are, the eccentricities and inclinations of the Solar and Lunar 
orbits Still, on the preceding solution, as on a basis, may more 
correct ones be founded by introducing new conditions and by 
applying corrections proportional to them to the values of P, P, 
&c. But the method will be best understood by the Example of 
the succeeding Chapter 


bte AUionomy, pp 32'hy &q. 



CHAP IX. 


Continuation of the Solution of the Problem oj the Thee Bodies the 
Orbit of the disturbed Body is supposed to be Elliptical the resulting 
Value of the Radius Vector thereby augmented mth additional Termt, 
Clairauts FfTSt Method of determining the Progression of the Lunar 
Apogee 


« 

. Example 2 


It IS required to find the inverse of the radius vector 
revolving in an elliptical orbit of 


very srnall eccentricity, is disturbed by the action of a very remote 
body which revolves m a circular orbit, the plane of which is co- 
incident with that of the elliptical orbit 


Into this Example, only one (see Ex 1. p 128) new con- 
dition IS introduced, namely, the eccentricity of the disturbed 
orbit, and that is supposed to be very small. 


V alue of n, {See 128, &C.)* 


n 


- Pu 
dv 


(l + 








1 


rdu 


+ 


QP 


pTc, 

J ~u 


Tdv 


neglecting the product of the first and last terms of the two 
factors 


s 
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No%r, see p. 60 and making /tt = 1, 

4 »/«'’ 


^ = 1 


f /J 

mu 


2 2 0 


cos 2 ft) 5 


therefore, the second and third terms of , would 

0 0 J 0 

if/ 

invoke (since j and T are of the order of the disturbing 

forces) the square of the di^urbmg force . if we neglect them, by 
reason of their minuteness, and retain solely the first term, then 


2 

I 


2 P fTdv pTi 


Tdv 


and 


n 


^ T— 
dv 


.-£-+2 


1 rii"^ 
If J 


This value of 11 differs from the former, (see p 128.) by the 

first term, which is here retained , since, when i is not constant 
^ u 

t » 

but the radius vector of an ellipse, — ^ is not equal 0 The other 
t dv 

condition, that of the smallness of the disturbing force, is the same 
in both cases, and on that account, in expanding the denominator 
of n, there is the same rejection of the terms that involve the 

square and higher powers of f T~ . 

But we majr obtain an expression without expanding the de- 
nominator of II, and, by merely multiplying every term of 

d^ u 


d o' 


Hh «# + n = 0, 


(^ + ^ ^ difiFerential equation then becomes 

If + « 4- + fT^ Ji_ du _ Y 

\dv‘' JfdJ ^ h‘'u^^dv ¥ 


i: 

d 


and it makes very little difference in the result, whether we use 
this, or that form of the differential equation which arises on sub- 
titutmg instead of n its former value (1. Q ). 



139 


P'alue of T, {see p. 129 ). 

The expressions for T and P, when sm 2 „ and cos. 2 are 
merely signified and not expanded, are the same m this instance 
as in the preceding values of cos. 2 w and sin 2 w (see p 129 ) 

V titles (f cos. 2 ®, and sin 2 w, {see p 1201.) 

The orbit of tjie revolving body being now elliptical instead of 
circular, the angle v, instead of representing, as before, indiffer- 
ently the true and mean anomaly, will now solely represent the 
former however, (see p 137.) is the same as in the former 
Example, and constant. The process for finding it in terms of v 
(for this IS necessary) will be longer and more difficult * than the 
previous one of p 129, but it will begin and be instituted from 
the same principle ; and this principle consists in equatmg the 
two expressions for the time, one belonging to the interior and 
revolving body, the other to the remote and disturbing body. 

To find the time in the first case 


d 


nearly. 


in which 


dv ^ (1 - e») 

V(a..(l — <*) (1 + ecos. c®)*’ 


h = VK (1 - e% 

, _ 1 + f cos cv 
-~a.{l-e^) > 

being the mean distance, such as it would be were there no 

perturbation , , or nearly, i (1 + e*) representing the 

constant part of w , and ^ being such a quantity that (1 - r)v 
denotes the progression of the apogee, (see pp 121, &c ). 

Now, if we expand the expression for d t, and neglect the 
terms that involve and higher powers of e, we shall have 

dt = — ^ dv(l — cos. ir*o). 


II faut quelque preparation poui reduire les valeuts des sinua et 
coginus de-A . mu. mv ^ Clairaut, Mem, Acad, 1754 p 533^ 
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whence t = ^ sm. 

^ c / 


3 0 

= 0 ^ {v %e &m. c v)y 

very nearly, since a is nearly == and c, nearly, z= 1 To find 
the time in the circular orbit. 


1 rdv'^ v' . ,3 , 

t — . f — ^ zr X a'^ = V, 

s/a nj ^ / 


s/ a ^ u ,/ i 

Hence, making n = n ^ y and m=-2.', we 

n 

have, by equating the two expressions for the time, 

» *d = mv — 2 sin cDy 

and w (= — ‘y') = D (1 — jw) + <lem sm. cv» 

Hence, by a peculiar computation (see Trig. ed. 2 p. lOS.) 
cos. 2 w, sin. 2 w may be approximately found, 
cos 2 a» =: cos (2-y - £ w? v) 2 wj. cos. 

+ 2 m ^ cos (£ V — 2 m i; + c -y), 

sin £ 0 , = sm (£ -£/»«;)-£ sin (%v--2mv ~ r-y) 

+ 2 m <? sin. (£ v — £ v + ^ -y). 

and these are formulae, which, in the analytical mode of treating 
the problem of the three bodies and the lunar theory, cannot, it 
would seem, be essentially dispensed with ; since they have been 
deduced by all writers on this subject, from Clairaut their first 
inventor, to Laplace the latest author on Physical Astronomy*. 

In the expression for dt, (see p 139 1 16.) instead of 
1 + g cos V 1 + « cos c w , , 

a(l - substituted for the value 

of u For if the former were substituted, then, as it has been ex- 

flamed, <pp40T.&c.l34)there would resultafaultyexpressionfor 


lZ P ^ 

pp i/i7 p 
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« involving arcs of a circle « The substitution of the latter value 
of «, as Its truer value, is equivalent, when we speak of curves, to 


* The expression for a would involve aics of ciicles, because (see 
pp. 107, &c ) the diffepential equation 

+ n = 0, 

the first approximate value of n would contain a term such as + ^ cos. i. 
fiom the substitution of i + 1 cos. ® for « But if n contains A cos r, 

then, since + J cos ® = + ^ 1), the preceding equation under 


a different transformation contains a term such and con- 

sequently; the differential equation might be thus expressed. 


51a 


(. 


and the integral value of u 


i M = 0^ 

in this equation, (see p 


101 ) IS of the form 


u JE[ JL cos u + &c. 

and at this equation Dalembert, (see Tlieorze de la Ltme, p 40 ) in 
Ins first approximation arrived, and Clairaut, guided either by analy- 
tical investigation, or (as it would seem by a passage in the following 
Extract) by the results of Astronomical observation, soon discovered that 


an equation such as r _ p— more adequately represented 

the radius vector than the common elliptical equation. '11 faut done 
choisir pour premiere equation de IVbite lunaire, quel qu' equation qm 
ne s'ecarte jamais consideiablement de la vraie. Pour faire ce Choix, 

je remarque qu’au lieu de I’equation ^ = 1 — c cos U, qui expnme 


1 ellipse primitive, si on prend ^ = j — c cos. « U, ou aura I’equatiou 

d'une com be formee en faisant mouvoir une ellipse autour de son foyer, 
en telle sorte que son apside deenve un angle qui soit a celui que la 
pMnete parcourt dans cette ellipse, comme 1 — »t ad 1 et j’en conclus 
qu en se rappoitant an moms a ce que les observations nous apprenera, 
cette equation doit etie plus voisine de cellequi expnme ventablement 

I’oibite que la seule equation ^ = J - c cos U, pourvu que la lettre 

M soit determine convenablemenU Mem Acad, 1745, p. 346, 
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this statement, namely, that the body’s place is more nearly in the 
circumference of a moveable, than of a fixed ellipse. 


Value of 'L^ Qeef.\S0) 

In the former case, since the orbit was supposed to be origi- 

d u ” 

nally circular, was equal 0, and consequently the preceding 


term was 0 


U s=: 


In the present case, 

1 + e cos. cv I e 


d u 
d V 


— ~ sin. c V. 
a • 


Now, rejecting the terms that involve the square and higher 
powers of e, we have (see p, 139 ) 



~sm 2® 

(1 — 4 ^ COS cv) sin. 2 


Hence, making as before m p. 132. K = , 


\ T du 3K 

Iv sm.c® sm. 2<o(l - 4 . cos. c w) 


3 K 

^ sm. rv.sm £w, (rejecting the term in- 


volving i') 


SK 

^ ^ ^ . sin (21^ — 2mv) 

SK 


^ ^[cps.(2v— Siwv— ^i;) — cos. (2ti— 2mv+tfv)]. 
^ee Trig, p. 26. formula [tf] ), 
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P 

Value , {see pp 129. 138 ) 

-P _ 1 m ' 3 trl 

iFt? 2^ “ “ 

_ 1 Z SK 

~“ 7’^(J+'? C08 fv) * — ^ (H-«cos i ^>)~^ cos 2». 

Now 


^ ^ ^ = 1 — SecQs.cVi nearly, and 

( 1 — 3 ^ cos. cv) cos =r cos. (2u — 9,mv) - ^me . cos (2v - 9^mv — 

V ‘^rOitne cos (St? — Smv + rv) 

— 3 ^ r //^ 

2 L^os. (2tJ— 2mv~ £‘‘ 1 ;) + cos {QeV — ^ mi) + cv)] 

Hence, collecting the coefScients of the cosines of the same 
arcs, 


£ 


P _ 

K ^ 3Ke 

— + , cos. C V 

2 a. 


SK 

%a 


COS {<lv — %m v) 


+ 


IJ L~T~‘^°® ( 2 w- 2 rav-^v) + r-^cos (Si;- 2 w,i; + w)J . 




r 


2 




sm 


2 M 


~ ^ (l-4«cos.fw)\sm. {Qv~2mv)-%me sm {^v-9,mv - cv)) 

V + ^me sm (O/o — %mv 4- cv) } 

If these qualities be involved and then expanded, according 
to the rules of Trigonometry, we shall have (neglecting as before 
the tefms that involve and the higher powers of e) 
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Hence, 


1 PlAi. - 

h*Ju^ - 


S Ka fcos (%v-<2,mv) 2(l+«) 

“T— S — o “ ie.COS.( 2 ^;- 2 ff 2 -y -cv)) 

a’ J 2-2jw — c j 


2 (1 — w?) 
2 ~ + c 


e cos (2 v^2 mv + cv) 


and the value of ~ , which is required m the second 

formula of the equation (see p. 138.) is immediately had by mul- 
tiplying the preceding value into K' z=z ** 

If we use this latter form of the differential equation, then, 
from the assumed vai|ue of we must find (see p. 138 ), 

d^u 


dn?' 


+ u. 


Now 


u ^ ^ ^ cos cd)^ nearly, 

d^ u \ e ^ ^ 

.* — + ^ + - (] ~ <:^) . cos cv^ 

dv a a 

and, since it is intended to neglect all terms that involve and 
the higher powers of we shall have 

f -L ^ ^ ^ t;os {%D — Q,mv) 

\d ^ W" J 2 1 — m 

, SKeil-c^)^ 

+ — Qm'C - ct)) + cos (ev-Q.mv + c v)] 

If we now collect and arrange the terms of the differential 
equation, we shall have 

0 = 


dP'u 

3^ 


+ ««- — + 

2 a, 


K 3Ke 


-cos cv 


SK 


K 

a^ Vi — mJ 


Cos (£ !> — 2 fW t?) 





4 


4 


2 — 2m — 4} (l — m) 




"4^ + + 1^)" (2®-2m; + .^). 


If we substitute for the coefficients of the cosines of the arcs 
21) -^mv, Qv - Qmv - cv, 2v -2mv + cv, the letters 
ui, B) C, we shall have, by integrating according to the process of 

p 100 


1 

« =: — 


X 


3Xi 


a, Qa, Qa(e^~ 1) 

A 


cos. C V 


■ (2-£mr-T 
■*■ (T-'am-cT- i • 

j. C 


( 


3Xe 


A 


2a,(c‘~l) (2-2m)^-l (2-2m-c)-*- l “(^2_2 ,m + c) 




If we compare this with the former instance, we shall find 
that the introduction of the condition of a small eccentricity (so 
small that all terms involving its square, &c are neglected) in- 
creases the value of «/ 1 « ySrir apprommation, by two new terms, 
corresponding to equations_^ of which the arguments (see Astron. 
p. 324.) are 

2v~2mv — cv, and 2'U — 2m« + r't>. 


The coefficients A, B, C, involve the disturbing force, and 
therefore, according to the hypothesis, are very small if they 
were not, the value of u, which results from the approximate in- 
tegration of the differential equation, could not agree with the 

assumed value, namely « + .- cos. c v It can never agree exactly 

With it But if we suppose them nearly equal, then, by the com- 
parison of like terms, we shall be able to determine the value of 
c, which hitherto has been supposed an arbitrary quantity And 
if we determine c, we shall know 1 - e, which denotes the pro- 
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gressjon of the apogee^ and thence obtain (if we concede the cal- 
culation to have been rightly conducted) a test of the truth of 
Newton’s Law of Gravitation 


According to this method, Clairaut (see Mem, Acad, 1745) 
first proceeded and reasoned. The assumed equation 


1 , e 

« = K. + ^ cos r 
a a 


corresponding to the assumption of the body’s place m the peri- 
phery of a moveable ellipse, was nearly equal to the resulting value 
of u , that which represented, or nearly so, the inverse radius ^ 
vector of the real orbit Thence the following equations, arising 
from the comparison of terms, would be nearly true : 


__ 1 


- cos. — 


ZKe 


and from the last, we have 


cos. C V, 


2a, 

Now, (see p. 133) is what the Moon’s mean distance 
would have been, had there been no disturbing force. But, 
since that force always acts, is no real quantity, such as can be 
found by observation. It must be determined by calculation : 
and the equation of p. 133 is sufficient for that purpose , 
thence 


-f)‘ 

aad we have now to compute X (= ^*) . order to com- 
pute the Moon’s tAean motion, we have (see p. 95 ) 
dt=2 

>V0+/7/-^)’ 

F 131) tke constant part of u is to be represented 
(when the plane of the Moon’s orbit is supposed to be not inclined 
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to that of the ecliptic by i (1 — and since (see p 131) in 
the same case,^A = V K (1 - e*)], we have the constant part of 
— equal ^ , nearly and consequently, the part of the ex- 
pansion oi dt not involving cosines or sines, and therefore not 
periodic, would be .dv . 

hence, - — = - , 

^/a, n* 

and, see pp 29, 8cc a'^ = — ; 


or, k = nearly) , 

2 

Now ($ee Astronomy^ p, S08, and p. * 

m = .0748013 , .\~ne =-{ 005595) = .00838, 

zz .9916, nearly, and c •=: 9957 » 

Hence, the progression of the apogee, whilst the Moon de- 
scribes the angle v, is (1 -c) v, which is equal to 0042 v, nearly, and 
consequently the progression m a whole revolution = .0042x360^ 
= P 30' 43", nearly, a quantity about half of that (3® 2' 22'% 
which IS determined by the most accurate observations. 

This IS a brief notice and description of that notorious error, 
which, on Its first appearance, caused (if we may so express our- 
selves) so great a sensation in the mathematical world In one 
of the most remarkable of the heavenly phenomena, the pro-^ 
gressions of the aphelia of the planetary orbits, theory and cal- 
culation were erroneous to the amount of half the real quantity. 
So erroneous a defalcation seemed to portend to Newton*s 
System, that fate which, not long before, Descarteses had ex- 
perienced. 


m' 

V n} 


^ la p. 132. for .01748013, read .0748013. 
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But It may be said, that the preceding solution, with regard to 
the Moon, must be inexact , For, in the first place, no account is 
made of those terms which involve the square and higher powers 
of e . secondly, the plane of the Moon’s orbit is supposed, (con- 
trary to the fact) to be coincident with the plane of the equator . 
and thirdly, the solar orbit is supposed to be circular, whereas its 
eccentricity (^) IS equal {se^Astron Chap XVIIL) ,016814 these 
are obvious causes of incorrectness, which, by the mere labour 
of calculation, may be removed and amongst the results of that 
calculation it would appear, whether their removal would cause the 
error of the computed quantity of the apogee to disappear also 

By simply following then the natural course of successive coi- 
rections, we shall arrive at that point It will be seen that the 
erroneous determination of the progression does not depend on 
any of the causes just enumerated Its cause wifl be detected in 
that method of approximation, to which the imperfection of 
analytical science obliges us to have recourse. 

By the expression, natural course of successive corrections, is 
meant, the addition of small quantities to terms already computed, 
as corrections due to those terms on account of conditions before 
omitted and now supplied , or, of conditions previously simplified 
and now more nearly restored to their true state. For instance, 
the solar orbit being nearly elliptical, and having been (see p. 128. 
137 ) supposed circular, its eccentricity is a condition omitted To 
correct the error arising from this omission, we must compute 
several small terms for the purpose of augmenting the component 
parts of n (see pp 128. 137 ) Again, the plane of the Moon’s' 
orbit, having been (see the same pages) supposed coincident with 
the ecliptic, its inclination is a condition omitted and the restoring 
of this condition will increase U by several small terms. The re- 
jection, however, of all terms that involve the square and higher 
powers of the eccentricity {e) is to suppose one condition of the 
problem more simple than it ought to be assumed for, in the 
Lunar Theory, e = ,05487^9 , and even Clairaut, Dalembert, and 
Thomas Simpson who first treated of it, have extended their ap- 
proximations beyond the first powers of the eccentricity 

In tlie next Chapter the approximation will be extended, so 
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as to include the terms that involve An extension requiring 
no new principle or process, but merely a greater length of 
calculation 

By taking account of the terms that involve &c we 

obtain, after integrating the first equation (see p 1 1.4 ), a more 
correct value of u The same end is attained, when the eccen- 
tricity of the Solar Orbit and the inclination of the planes of the 
two orbits are introduced, as conditions of the problem But it is 
not merely a more correct value of u that is obtained by the in- 
troduction of these two latter conditions. A rise is given to new 
equations, (see Astronomy^ pp 150, &c). We can never, by cal- 
culation, account for the annual equation (see Astronornyy p S%S ) 

whilst u IS considered equal to ~ , for that equation depends on 

the eccentricity / nor can we, as it is plain, compute either the 
regression of the nodes, or the variation of the inclination of the 
plane of the orbit, whilst, by assuming a certain value for Uy we 
tacitly' assume the body to have no latitude 

These points, which are now only slightly glanced at, will be 
more fully discussed in a subsequent part of this Work. 



CHAP. X. 


On the Fo 7 m of the Dijfe) enUal Equation^ when the Appro vtmahon includes 
Teims that znvohe The Error, in the Computed Quantity of the 
Apogee, the same as before,^ and ^ery little lessened by taking account 
of Terms znwlving 

The analytical values of P, P, remain the same as in the 
former case : the first alteration necessary to be made is in the 
values of sin. 2 cos. 2 «. 


Values of cos, sin 2 w, {see 1£9. 139.) 

Since the square of e is to be retained, we shall have (see 
p. 139.), 

h = s/\a^ (1 — ^^)], = V ^1 — , nearly, 

1 + ^cos CV 1/^.0 ® 

^ ~ ~7r\ > 01^ == " (1 + P + ^ cos. cv), 

^ (1 — a 

j, dv dv .. . - ^-^7, 

and jr=:— = — ^ — . (1 + - 1 - e,cos,cv) 


, dv 


(1 — 2 e* — 2 ^ cos. CV + 3 . cos.^ c v} 


rejectmg the terms that involve &c 

Hence, since cos ^ r = i + 1 cos. 2 cv* 

2 2 * 


dt zz dv i 


— 0 - 

s/a,\ 


3 

2 e cos. CV + — cos. 

2 


2rv^ , 


mzkmg ^ ~ , and; integrating, 

3 

nt =: V — 9,e sin. c t) + — sin. 2 r *y, 

4 
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f, which ought to appear m the denominators of the second and 
third term, being supposed =1. We have therefore, instead of 
the former 'equation (see p. 140.), for deducing sin 2™ and 
cos 2 «>, this (the solar orbit being still considered circular), 

es —13 — v’ =v{\~m) ■^'2. e msm cv — — - sin 9,cv, 

4 

and thence we have 

cos e o) = cos. [2 {I - m) 4iem sin c v] 


S£m 

4 


• sin 


\cv .sm [2 V (1 — m) + 4^/w sin. cv]y 


the cosine of sm.Qcv being nearly =; 1, and the si|ie of ■» 

the same quantity being nearly the quantity itself (see Tm 
p. 104.) 

Now the cosine and sine of Q,v (I — tn) + 4em sin ^ c 7;, are 
the cosine and sine of 2 w m the former case ^ (see p 140 ) con- 
sequently, since 

sin 2 r r sm (2v — 2 m v) = 

^ [cos (£v-Qmv-Qcv) - cos (2v^2mv+ 2cv)] 


cos, = 008.(27; -- 2mv) -- 2me cos ^ 2mv - cv) 

■+ 2 me co$, (2 7? - 2 mv -h cv) 

, 3m 

* + cos (2v - 2mv -- 2 c v) 

4 ^ 

3me'^ 

, — {2v - 2mv 2cv) 


* The cos [2» (I — m)-l-4<?m sin.cz?] 

= cos, 2z? (1 — m) cos , sin cv 
— sin 2 z? (1 — m) .sin. 4ew sm cv , 
now, instead of cos 4ew sm cv, we have written 1 (1 ad.) ^fi om the 
smallness of sm cz; but a nearei value is 
(46m, si n cz?)* 

1 - or 1 — 46“^ + 4 cos 2c v 

consequently, the succeeding values of cos 2«, which aie used in the 
text, depend on the rejection of teims invohing {cm)\ which, in the 
Lunar Theory, is very small 
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and similarly, 
sm. £ ft) = sm 


(2i; — 


£mv) — Q,me 
-h 2me 
^Sme^ 
4 


sm* (2 V — 2 m V -- c v) 
sin (£i; — 2 m V + cv) 

sm (2v‘--2mv 2ffv} 


Sme^ 

4 


sm. (Si*v — 2mv4-2cvy 


Value of ' 



a 


T du . 

- {see pp \%0 \A2) 
+ e- + e cos c v) 


But, since it is not intended to include terms that involve 
&c , we have, as before, ^ ^ 

du ce 

— sm. c Vi 

dv a 

,1 T du , 

~Tv~ ~ i a ~ cos.cv) sin cv sin 2m; 

now, 


esin.cv sm £<«) = £ [cos (2 v--2mv -cv)- cos (2v—2mv + ci})'J 

2 7J2 ^ 

~ — ^ [cos (2 » — 2«i)— Sr-y) — cos {^v — Until)] 

, ^2me^ r ^ 

+ —g- [cos {2v-2mv}-^ cos.{Qv-2mv + 2 cv)], 


and 

4£*,cos, ri! sin. ci; sin 2m = 2^® [sm. Sci; sin (2t>— 2 j«»)] 


* This method is easily extended to find cos 2 m, sin 2 m, when the 
terms that involve e^, &c are taken account of for if 

2 m' = 2 m + 2 sin 2 X, then 
cos 2m'= cos 2m - e»[cos (2m - 2 x) - cos (2m + 2;r)] 

* Again, if 2 m" = 2 m' - 2 e* sin. 2 z, 

cos 2 m" = cos 2 m' — e< [cos. (2 m' - 2z) - cos. (2 m' + 2 z)] 
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= ^»[cos. (2e - 2«i« - S.CV) - cos.(2» - 2 »m» + 2tf«)]. 
Hence, 


1 T du ^ S Kce 
dv 4}a^ 


cos (2v 2m'o ^ cv) 

— cos. (2 V ^ 2mv + 

' — 2e.(l +?») cos (2v -'2m<v) — ^c v)^ 
) + (l--fn).cos,(2v-^2mv’^2cv)[ 

+ 4me cos. (2v -- 2mv) 


Here we see that the extending the approximation, so as to 
include those terms that involve e\ adds to the value of the pre- 
ceding quantity three new terms, and consequently must add 
three new equations (see Astronomy ^ pp. 324, &c ) for determining 
and correcting the value of u The arguments of the new equa- 
tions (one of which has occurred before) are 


2v — 2/wv — 2 ^ 1 ;, 2v — 2/»i? + 24:w, and 2 i? — 2 't’ , 


Value of 1219, 138, 143) 

P 1 3m' ti^ ^ \ 

_ (l+.* + e.cos..«) 

^ K 


K_ 

2 a. 


(1-3 $ e cos cv4-Ge^,cos^cv) 

(1 + e’^ — 3^ cos. + cos 2^^;) 


* In deducing the progression of the Lunar Apogee, it is necessary 
to compute to the greatest exactness the coefficient of cos cv now in 
the expansion of (1+e cos, c©)"^, the term involving the cube of cos c d 

IS - 10e= cos’ c» = - lOes + - cos , hence, the 

Q ft 

whole coelFicient of cos ci? will be — 3e ^ and consequently 

in — ^ — (l-|-e cos. c will be — 3e -J- 


V 
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Secondly, 


SK 


3 m' «'* . 

~3 cos 2 (I) =: 




2/5*«; 

(1 — 3 cos CD + 3 <■* cos 2 c ») X 


Ccos.(2«— 2/»»)-2»7^ cos. (2®— 2 ff 2 »-c») + 2«ifcos (2v-2mv-i-cv)) 


% me 


^ ^ cos (2v-2mv-2ev)-^~cos ( 2 v-- 2 f»v+ 2 cv)^ 

= (when the terms are combined and expanded, and the £eie/'- 
jicients of like arguments collected together), 

^ (1 + cos. (2 — 2 v) 

3 rl- 4m 




- 


2 

3 — 4m 


^ . cos (2 — 2 m v — r t?) 
e cos (2t;— 2mi> -h 


2 

. 6 + 15m ^ ^ 

+ -e .cos (2i;-2mv — 2cv) 

6 ~ 15m . « I 

d J ^ COS {^v--2fnv + 2cv) ) 


Since in the Lunar Theory (c+m > 1 r= 991548 mzz 0748013) 
the latter cosines may be thus written ’ 

cos (2cv + 2mv — 2»), cos.(2f» — 2»i» + 2®). 


Value of ^ J - 1 — {seepp. 130, 143 ) 

Idv Sm' , 

~ +«*-4« cos r® + 5e® cos. 2r®) X 

(sin (2® - 2«®) - 2m® sin. (2® - 2m® ~cv) + 2me sin' (2® - 2m® + f ®) 
^ +— .sm (2®-2m®-2f®)-^ sm. (2®-2m®+2r®)| 
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( 





\ 

(1 + sin .(2v — 2 wv) 

2 (I m)e . sm (2v — 2 W2 u ~ rv) 

2 (1 “--,m)^.sm (2v -- ^mv ^ cv) 

10+ 19 w ^ ^ , r 

e\ sm, (%cv^ 2v + 2mv) 

10“— 19»2 a . 

r sm. (2rt? + 2 d - %mv) 


now this quantity must be divided by h', or multiplied by 

a (] _ e*) ~ a “®arly , but such multiplication, since 

the terms involving &c are to be excluded, will aflrect only the 
coefficient of the first term (within the brackets), and that it will 
make 1 + 2<% If, after this operation, the integral be taken. 


2 PTdv 
«» 


SKa 

A 


1 + 2 * 

— — - — cos. 2 m V) 

%^2m ' 

— ^ Lq cos. (2 cij) 

2 (1 — W 2 ) 

^ {2v^2mD^cv) 

2 2 nt c ^ 

10 + 19 m a . i 

+ cos (2rlI-2^, + 2«^,)| 
10— 19m - . 

^ 4(2 ; + a-2«) " ^oH^cv+Zv^^mv) 


d* u 

V %lue of + u (see p% 144 .) ® 

W = 1 (1 + ^ cos. ^:d): 

d^U \ . m 

"* d}p> ^ ^ ^ (1 — /) . cos* cv. 
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Hence, 




Tdv 


. Sir 


. cos. (2 « - 2 « «) 


, 1— t® 2(l-LMi 


4 ( 1 — m) 2 — 2 m— c 
1-c* 2(1 -to) 


10 + 19m 

“ 4 T (^-2 + 2 to)" •COS-( 2 ^«’- 2 «'+ 2 »»t,) 

10— 19 to * 

■^r(iH: 5 ::: 2 ^)^ .cos.( 2 ..+ 2 «_ 2 mtr). 

If we now coUect (as before p 144 .) and arrange the terms 
of the differential equation, we shall have 

+ !^.C 0 S. 2 r»+||.(l+(l+ 2 TO.)^^+l^) cos. 

A_. 3 + 4 >» 2 (lj^) \ 

V 4 4 a- 2 TO-c 4 ( 1 -to)/ ^ cos. ( 2 w— S tow- cv) 

4 «A ^ 4 TO+ + -j— j ^ . cos (Sw- 2 tow+«) 

4.§J^ ^ #5+11^ IO+ISto \ , 

~ 4 V 2 2 f- 2 q- 2 TO>' * ' ~ 2 w+ 2 toii)+&c. 

If we integrate this equation by the method of p 100. there 


* For 

- 2 ce® (1 + to) + 
when c neai ly = I. 


2 


2 


nearly. 



15T 


will result a value of u more correct than that which was there 
obtained 


But the error in the progression of the apogee determined 
by the coniparison of the coefficients of cos u in the assumed 
and resulting values of « (see pp. 146, &c ) remains unaltered 
and It is easy to see, if the approximation were extended so as to 
include terms involving that the term involving cos. cv m the 
differential equation would be merely 

_ 3 A’ > A 

. . (^1 + -;^.cos.co, 

and the corresponding term in the integral equation 

" _ 1 ) ^ 


which, equated with cos. in the assumed value 

of u (see p 146 ), gives 



which IS a value a little more near to the true value than the 
one given m p 146, but still very distant from it. 

I 

The introduction then, of terms involving <?% &c. pro- 

duces but little change in the resulting value of c and hence 
we may presume that its just correction would not ensue, by 
taking account of two other omitted conditions, namely, the in- 
clination of the plane of the Moon^s orbit, and the eccentricity 
of the Solar We must search elsewhere for the source of error.. 


But, at present, the determination of the exact quantity of 
the progression of the Lunar Apogee is a collateral object The 
series of corrections begun will be continued for the purpose 
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of obtaining a more exact value of u, and the next step will be 
to introduce the conditions of the eccentricity of the Solar orbit 
and of the inclination . the error arising from their previous 
onussion will then be corrected by a method which will serve to 
correct the pr^ss of approximation itself. It is this last Innd of 
correction which is, above all others, the most impoitant. 



CHAP XL 


On tie Corrections due to tie Eccentricity of the Solar Orht, and to the 
Inclination of the Plane of the Moon’s Orht. Method of dencing 
Corrections Thef% Formula exhibited \n a Table The Enor m 
the determination of- the Lunar Apogee not removed by these 
Corrections. The deduction of Terms on which the Secular Equations 
<f the Moon’s Mean Longitude and of the Progression of the Apogee 
depend 

Thb immediate object of the introduction of the condftions 
of the inclination and the eccentricity of the Solar orbit, is, to 
obtain a more correct value of 11 m the differential equation 

g + « + n = o, 

and thence, by integration, a more exact value of u. 

It will easily be perceived, that the suppression of the above- 
mentioned conditions must render the expression for II inaccurate 

For, consider one of its component parts cos. 2 « 

^ 2 A* 

First, ^ instead of being = a, (l - is = (1 _ _ ,,») 

Secondly, in «' was made = ^ j whereas, if we suppose the 

Solar orbit to be like the Lunar, nearly an ellipse with a progressive 
apogee — c denoting the progression), we ought to assume for 
an equation similar to the one for u (see pp. 140 150 ), and to 
make 



160 


^ ~ ^ ^)= (!+<?' cos c' V) 

rejecting the terms that involve e'^, &c 

Thirdly, in u was made = 1 (l + + e cos 

whereas, if the orbit be inclined, and 7 be the tangent of its in- 
clination, 


(1 + 7^) 


( 


1 cos c t)+ — 
4 


cos 




Lastly, the value of cos 2 «« was obtained (see pp 139 150 ) by 
equating "the two expressions for the time which aije both in- 
accurate, since they were computed from 


d t 



and dt = 


Hu'" 


after that defective values had been substituted for u and «' on 
both accounts then cos 2 *> must be an inexact value, or will re- 
quire two corrections 


Corrected Values of sin ^ ay cos 2 a (see pp 139 1 50 ). 

The value of being precisely similar to that of u (see 


* In the note to p. 38. the last teim of the value of « is -t. cos. 2», 

4 

which IS nght when theie IS no disturbing force but as (see pp HO, 
&c ) the first appioximate value of u obtained from the differential 
equation 

+ “ + n = 0 

involves not cos. v, but cos cv, so the first approximate value of s to be 
obtained by the integration of 

^+* + 2 = 0 . 

an equation sim^ar to the former, will involve not sin. t?, but sin. go ’ 
and as, in the assumption of a value of u, the object is to assume one as 
near to the true value as we can, so the* one m the text is assumed 
instead of that of p. 38. which belongs to the elliptical and undisturbed 
system. 


f 



) 150) there must result a similar equation for the time . ac- 
cordingly, 


ri t V 


% e 

— sm 
c 


= -y' — 2 d Sm 


/ 


ince the denominator c may be made = 1 By equating now 
he two expressions for the time, we shall have, instead of the 
ormer expression for v\ (see p, 151 ) this 


V zz^mxt m e sm. cv-\ sm. 2 + 2 / sm c 


1 which, however, the value of t/ is partly expressed by a func- 
lon of /, namely, 2^' sin c m order therefore to get nd of 
bis term, multiply both sides of the preceding equation by and 
hen by*|)roces6es similar to those used m pp 151, &c ^ find by 
pproximation, sin c' v' its value will be 


sin = sin c mv -- me c sm {cv c' mv) 


— m ed sm icv — cmv) 
+ &c 


If we now restore this value to the right hand side of the pre- 
cding equation, and (since c is nearly = 1) make mec' me^ 
re shall have 


t m 

V ^ mv -- 2 me cv sin, 9,cv 

4 

+ 2 c' sm, cmv 

— 9tme e' [sin. {cv m v) + sm (cv — c m 
+ &c 


In this expression, the terms, after those in the first line, aie 

/ 

n addition or increment to the value of v' arising from 1- cos c'mv 

a' 

he increment of «/, or, if we wish to employ (which it is conve- 
lent to do) the symbol (^) of variations^ the incremental terms 
lay be considered as variations (Bw') of t' arising from the 
ariation (B v') of u' 


^ See Trigonometry^ p. 103, 



1^3 

But if V be said, to have a variation arising from S it must 
a so ave one arising from u , for, the introduction of the incli- 
nation ot the planes will add some small incremental terms to 
«, some therefore (see p 150.) to the value of/, and accordingly, 
atter equating the two values of /, some to the value of v' Now 

u = — ^ , 7^ 7^ \ 

4- cos.cv-jr^ — — cos 2gvJ^ 

theiefore 




1 + il! 


+ii! + 


^ COS. cv 


+ - cos %gv cos. 2 ft; 

^ 2 

3 

- -£7*[cos (2g»+rii)+cos (Qgv-cv)] 


If this expression be substituted mdt sz 

^ + y ) “lade = = i , 

the integral taken and the denominators 4<g, 2 g c made what 
they are equal to, 4 and 1 respectively, there will result very 
nearly f, ^ 


nt ^ 


V - 2vsin. ce + - / sin 2cv 
4 

7*' 3 

+ — sin 2gv- - sin. (2gv — cv) 


* ‘ In deducing the coefficient of cos cn the expansion is continued 
tille cos.® CD IS included, which (see Trig ed 2. p 53.) 

= 4 cos CD + ^ cos 3 CD 

t The coefficient of cos cd = -2e (1 + ^) , and this' 

divided by 

are'mZ'Lnrr ’ '* T""? " ~ expressions 

are, m like manner, rendered more simple, ^ 
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In like manner, if we were to increase the value of u, by any 
other additional term such as -2 cos. q v, the value of « t would 

(Q being very small) be increased, very nearly, by 

SO 20, SO , SO 

~o Sin. 2'U H ^«.sm (qv—cv )+ — ^^Sin Cgv+cv) 

- q q~c 

If, With these additional terms, we now equate the two 
values of t (see p 140 ) there will result 

r 3 

V ^ mv -- 2 m ^ Sin ^ V ^ i m Sin 2 cd 

4 

1 3 

+ ^ 7^ Sin, 2 gl) sin (2gv --- cv') 

+ 2 / sm c mv — 2m ee' [sm. {cv + r -y) + sin. (c v — cm -y)] 
2 0 SO 

^ m sm. qi; H ^ m e sin. {q v — c Sue 

q q-^ c 


The first line m the preceding value of is its value (see 
p. 151) when the inclination and the eccentricity of the Solar 
Orbit were supposed nothing The second line is the increment 
of -y', when the condition of the inclination of the plane of the 
Lular Orbit is restored, or when 

^ 1 y ry^ "X 

0 2/ zz— I — — — cos 2 jP' y I 

a \4< 4 ^ y 


The third line consists of terms that are incremental to v\ 
when a e is supposed to be the eccentricity of the Sun’s elhpttcal 
orbit, and when 

/ 

^ zz cos c mv 
a 

The fourth line is the increase to the value of Vy when we 
eithei supply a defictent teim to the value of Uy or increase that 


^ u, by the successive integrations of the difierential equation, ac- 
quires new terms these cannot be known till after integration the 
terms of u are those which, for the sake of simplicity, aie 
omitted m the assumed value of u 
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Jw t term and when, according to the notation, 

that has been adopted, 

^ ^ ? t>, or, nearly, = Q cos q v 

We may now easily deduce S (sin 2 «), and g (cos 2 a,), or 
those variations of sin. 2a. and cos 2<», which are respectively due 
to the preceding variations in the values of u and m' Thus 

S sin 2a. = g.sin (2v- 2v') = - 2 S v.' . cos. 2 a,, 

g cos 2a, = g.cos (2t.-2t.')= 2 g^.' sin 2a. 

If therefore the variation of sin 2 arising from g «'= icos c'mv, 

he required; we have only to substitute instead of d^.', the third 
Ime of fhe preceding value of V , and still more simple will be 

reasifh the terms involving e / are to be excluded by 

reason of their smallness for then it will be sufficient to make , 
i-v -2e sin. c mv, and in this case (see p 26 [g]), 

g sin 2 0. = 2 / sm (2v — 2mv - /mv) 

2 e sin (2 V — 2 m v -h c' ??2 v). 

Similarly, g . cos 2 = 2 / cos (2 v - 2 mv - / m v) 

— 2 / cos (2 V 2 mv + c^mv) 

• IS necessary to express the terms that involve e/, then, 

instead of g ^ we must substitute the terms of the third line of 
e va ue of «, and we must also, in the process, take account of 

8rr '^11 *^''*”* ^ ^ S'^'en in pp. 151, 

ere will then result by the common trigonometrical formulte, 
(see Trig pp. 24, &c ) ’ 

2/ sin (2^. - 2 ot® - c'mv) 

I 2 ^ sin (2v — 2mv + / m v)^ 

' . sin 2 6) s= J ~ 2 »w ^ / sin (2 V ~ 2 m V + cv +/ m v) 

l+ 2 mee' sm (2v - 2 mv - cv + /m v) 

+ 6me/ sin (2v ~ 2 mv + cv - /mv) 

,-6me/ sm (2v - Qmv - cv~ /mv) 

and a similar expression may easily be obtained for g cos 2 a,. 

If we wish to deduce g sm. 2 a, and g . cos. 2 a, arising from 


I: 
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the vanation 2 k _ — ^ cos. 2^ v, we have merely to substitute, 

instead of the first term sin. Qgv'^ of the second line 

of the value for v , or, we may immediately obtain the vana- 

• 2 , 

tion, by writing, m-the expression, ^ instead of 2«, and 2|-n 
instead of c m v there will then result 

^ . sin 2 ' sih 9, V + 2 mv) 


m 7 


sin (9, gv + 2 V -- 2 mv) 


(s«=-^cos 2^^,) 


3 COS 2 0) 


m 7® 


m 7 


cos (2 gv-- 9 V + 2m v) 
cos ( 2 ^* 1 ;+ 2v — 2mv), 


And, after the manner of deducing the terms that involve e /, 
may be deduced the terms that involve e 

In like manner, 

S sm 2 w rr — — ^ sin (qv — 9v -j- 9 ^ 7)1 v) 

9 

2 ffi O 

H ^ sin {qv — — 2tnv) 

q 


T 

zz ^ COS qv^ f 


cos 2(0 zz — — ^ ^ cos. (qv — 9 V + 2 fnv) 

q 

+ cos (qv + 9v — 9mv) 

q 


If we now, for the purpose of exhibiting at one view, sm. 2 ^ 
and cos 2ft), complete their values, by adding, that what have be'en 
already (see pp 151, l64 ) exhibited, as so many corrections, the 
terms arising from the variation B and from the two variations 
of we shall have 
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sin.2<o=sm (2 ® -^me sin. (2w-3»* v - rw) 

'\-9,me sm. {^v v -1- cxi) 
_ 2ime- 
4~" 


sm (2rt;+ 9,v — ^mv) 
sm (2rz; - ^ + dmv) 


^ cos / m ‘y J 
[s«=-^cos 2^^] 

« = 2 COS, q U J 


+ 2 / sm V — Qimv~- c m%>) 
e sm {2 v — 2 7nv-\- mv') 

sm (2 ^ i; + 2 i; — %m x) 


mT 


m 7^ 

• sm {2 gv ““ 2 v-h 2 m v} 

+ ■ ^ sm (^*y + 2t; — Qwzt?) 

2m,Q 


+ sm {qv-’2v-^2mv) 

+ &LC. 

cos 2 w a: COS. (2«? -- 2 m v) — cos (2v — ^<E;) 

+ 2 me cos (2x -- 2 mv + cv) 
S ^ 

, - -me^cos (2cv-^2v-2mv) 


1^2 ii ss ^ cos / m 
[s„ = _£cos.2^„] 

= 2 cos. jvJ’ 


3 

+ - ^ COS (£rtJ-“2t; + 2m*^) 

+ 2/ cos (2 i; — 2/wv— -/mj;) 
— 2 / COS. (2 u — 2 m i; + / ?7* t?) 


^7^ 


m7* 


cos (^2gx-^2v~-‘2mti) 


+ cos 2v + 2»zt;) 

4 

, %mQ 

+ ^ - cos (g'‘i; + 2 * 1 ;*— £ wi/) 

S cos. (mv — 2 v+ £ m v)* 

2 

+ &c 
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It is easy, after the manner of p 164 to increase the pre- 
ceding values by terms that involve e e, See 

We will .now proceed to deduce the corrections that are due 
to the terms composing n, and that arise from the eccentricity 
{a' /) ofthe Solar orbit , excluding, however, from the formula of 
corrections, those, terms that jnvolve the square of e or any rect- 
angle such as e /, e' 7 % &c 

1 Tm ^ U 

. ■ ' A*-;? ^ (seepp. 130, 142, 152) 

u 

■J- involves e, the simplest term therefore of the correction of the 

above term must involve ee' of such .terms, however, it is not, at 
the present, intended to take account, 

« 

:=z 3 ^ u' X COS d m V 

a a 

Therefore the correction of ~ ^ cos c ' m v, 

3m'u^ 

£ {w ^ . cos. 2 «) = 3 . S . cos 2 <0 + . S (cos. 2 .m) 

3 , , 

— ^ ^ . COS, c m*v X cos (2 1 ; — 2 m v) 

^ , 2/ ^ QJ 

+ —cos. {2v--2mv-cmv) — — cos. (2 — 2mvi-c'mv)y 

where cos {2v -- 2mv)y its first term, is put for cos 2 w, since 
terms involving e/ are to be excluded The last line is composed 
of the terms in t;he fifth and sixth lines of cos 2 (see p. l66 ) 

Hence, if we expand (see Trig p 26 Trf]) the first line of the 
preceding expression, and then combine tlie resulting terms with 
the terms m the kst line, we sh^ll have the required correction, 
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3 m > 


X mvfl 


■-COS ( 2 u — + 


¥ 


, (see pp 130, 14S, 154 ), 
u‘ 


3 nitJ^ 


Sin 2 0), and 


S(i/^sm 2w) = 3a'^ S?/ sin 2<o + z/’ S sin 2 « 

3 

= cos c' m ‘y X sin (2 - 2 -y) 

2 / 

+ [sin (2‘y--2 — sm. (2 + v)] 

~ 5^ (i ^^*1;)— Ism . 

Hence 


1 PTdv _3Ka , SwW^lm-cm) (2n-2azti-.'mt.) 

/zz J ~ ^ 1 

(. ni^iF+TF) (2®-2«^+/z»t)) 

Since is very nearly = 1 (it= 9999907779) the denominators* 
m the preceding expression are nearly 2 (2-«), and 2 (3 -2m) . ’ 
and, in all the preceding cases, since no account is to be made of 

terms that involve e®/, 7®^, &c \ may be written instead of -. 

and for the same reason, we shall have the correction due to • . 



Tdv 


I 


by simply dividing the preceding expression by a. 

Hence the whole correction due to O, on account of the ec- 
centricity of the Solar orbit and confined to terms that involve 
merely is of the form 

♦ I 

» ^ * 

Ae cos. cos. (2v— 2»zv-t'ffi'n)-l-Ctf'. cos {Zv—Zniv+cmv), 
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and of the same form (see p 100, &c ) is the correction due to u 
and obtained by integration. 

If we refer to page 154, we may thence easily infer that the 
arguments of the terms involving e e will be 

^ mi) — cv c 
2^) — — r^7 4• c'm Vy 

2 V - + cv + c^m v, 

9iV — %mv + CD — c'mv. 


Precisely after the preceding manner we may correct, the terms 
composing 11, on account of the plane’s inclination. But, when this 
latter condition is introduced, O will be represented by more 
teipas than in pages 138. 144 ; for in this case, see p 65 


P = 4- /)“ 




mu 


3 wf 


cos 


3 n o m u'^ 
sziT — ^ urs — - 




3 m' z/^ 
tl u 


cos 2 w, nearly, 


3 


= 4 - ~ cos. %gD- 

4 4 




cos 


Hence, see p 95 . 

d u 
u* dD 


n = L .L 


1 , 3v» St* 

— -I- — L. — cos 2 (r 1 


m' 3 m ' „ /eru , ^ 2 /*Tdv 

VX'J 

in which h^y instead of its former value, equals 
(I 


We will now proceed to deduce the several corrections, but, 

ry^ *y® 

instead of supposing ^ 2 / cos.S^i; (which is the in- 

4 4 


crement of the elliptical value of u when the condition of the in- 
clination is introduced), we will suppose 

. Q 

S z/ = ^ cos. q Vy 
a 

and thence obtain, by substitution, the correction we are m 

T 
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quest of , whether it is due to a deficient or to an acquired term in 
the value of u, 

1 T du , 

h? ■ u* • d7 ) 

-T. _ Q 

I _ — sm. 2 w , now, cos q v being the new term 

O a 

in u, sin q V will be the corresponding new term in — 

3,TlQ‘f tCChlllCElIy^ 

sin. qv. 

Now, by the rules for finding either the differentials or vanal 
tions * of products, • 

^ ^sin. du\ 1 du ^ 

. i . — I = -. — 0 . sin, 2 (a 

^ w avy u* dv 

- sin 2<« , <f« 

the two first terma will involve Q«, which, since it is, by hypo- 
thesis, a very small quantity, is to be neglected. The last term 
alone claims our attention 


Now, 


sin. 2 (a . sin. 2 w 


dv 


_ Qs 


sm qv 


sin sm. 

_ Qqa^ P 

gj [cos (yt? + cos -2^ + 2mv)], 

Hence, 


i B . (I = 


tions, ^ Woodhouse’s Calculus of Vana- 

&c IS sufficient ^ •5«fo*e alledged, pp, 167, 
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= ^Q£[cos (jo-Qd + Swi;) — cos {qv-\-o,v~2 tnv)]. 


^ ^ 153 , 167 ) 

”»'• „'3 g /'L\ _ _ 3«'o* j, 

2 A* \aV " 

Si: ^ 

If we do not wish to exclude the correction that involves Qe, 
m 

cos ru), 


^since + e cos.cv)'^'^ = «^(] ~ 4^ ^ cos. c v), nearly^ , 

consequently that part of the correction which involves Q <? is 
6K ^ 

<2 e . cos q V cos. cv^ 

SK 

or — <2<?.[cos {qv — ^ u) + cos (qv + r i;)]. 


^ 3 ^<7^ 2 « (see jppn 154. 167.) 

- /cos ^2 6)\ * 3 ^ 1 . 

I f — 1 S= cos. .hu + --0.008 2 « 

\ 

(n a \ r\ » Q f COS (qV + £v £mv)) ^ 

'C 0 S.( 2 v^ 2 mv) Qcos qv-h —< ^ 

** q (—cos (qv'-Qv+^mv)) 


- Qa’( 

(- 

9 ^ 

) cos (q 

-Qa^{ 


2 w^\ 

cos 


^2 

? ^ 


* See the two last lines of the value of cos. 2 m, m p. 166. 
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r 

’ 
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^jft 
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%ill* w 

#1 ♦ 

. tn m 

?K* 

» ■ 4 

illl 

fUl « 

s i 

y 1 

, yr^w 

f 

1 m, 

. .yi 1 

n 

V » 1 1 f 

y 

1 k ^ 

Mil* 

t 

t ' m i^il 


7 ) 

'«• i' 

Vi 

1 f‘ 

('i 

m \ 

$i / 

'411. hf , i 

Vi 

« V 1 *. 


tt-'S. i 


"tK J’jn '.V. 


* Uu.u> 



Hence, 


. d»Td^ 

C“ * 

♦ *i ^ w f) 

Lawly, Hince . - 1 ( , + ,» + l\ , t co*, 2^ »), 

[.*■*■?*'; 0”^ '’*■^4 +<• J (4|-‘ -DcM.a^w)). 

riie irari,iti<)ii, thtTefore, of tho whole 

will be(»,ef pp. I7<i, n.i.l 

, 1 f U 


1 

tlKQn)i' y lUw 

A- ) ) 


d 

4ir 


*T(iv 


i* o 


urn 


im {*2 V 2 m%f) 


^(1 //hw. ^ir X -'- / 2m , 


‘4 iff*' \ M i //l) 

( ♦i 


U w) ^ ^ I 


3JC 

I" 



' ~ Ste. 

■f'im 

(•M ‘-1'” 

1 

A -.Is' 

im 

\ y 


cot* (fit 2t> 2#|t0^ 


* 111 i!ii«( anti till! next Uthi, tlww teriii’i <i| J* ^ /* wiiidi^^ee 

i»J». 1 H, *(<.) niviilve I - <•*, a„., l,y r,.,,wii nf Hicir wimllutan, omitteti. 
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l + + 1 4- 

4 

^(1 ■— c^) e cos. cv’\- 

)4f^ — 1 ^ 

-s— 7- cos 2 gv 


If the tefhis of this expression are combined according to the 
formulae of Trigonometry, and the coefficients of like terms 
collected together^, the whole variation will be nearly equal to (the 
terms involving 2^^, £7* being rejected), 


a 


) '4(l=S) + “>• (««-«• 

2W2 


' 


+ 2?;zu)/ 


£ - 


) 


4 (1 -m) q COS (? d + 2 ®- 2mv)' 


4 . 

'iK 


- I'N 

1 + m 



£ 

— c 


3Z 

- 

- l)-_ 

1 --.m 



^ £ 

— £m+r 

+ 

Sec 





We will now exhibit, under one view, in a Table, and for the 
purpose of reference, the several corrections of O, as they are re- 
spectively due to the variations S«', S « 


, * These are the principal terms that involve 3 e other terms in- 

volving that rectangle would anse (see p 172 ) by substituting foi u-^ 
and U-* not a* and a* but (l -5 e cos c ®) and a^l -4 e cos. c v) 
and, by taking into account those terms in S . sin. 2<« which involve 
S e But the combinations involving such terms may be neglected 
since they contain 3 me, the product of three small quantities The 
terms which iifvolve the cosines of qv+2v~2m, gv+2v-2mv+cv, 
as being of no use, are also omitted 
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Table of Corrections 
7 COS c'mv* 


Su' = - 


Terms 

u-^ dv P 


m 

1? 

3 m' 


p. 167 


Corrections 
0 . 


3Z , 

’-r- e cos 6^ m v 

2a, 


^eos 2,», p.i68 


' u 


cos 


■'mv)^ 


cos (2v—2mv-t-dmv)^ 


C-7 cos (2 v~ 2 mv~^mv)'' 

“ « j _ cos (2v-2mv + cm v)i 

^ S — 2OT+ff'/M 






1 u 

Q 

= ^ cos. q V 
a 



Terilis 




Corrections 

1 

T 

«=> 

d u 
du 

j> 

170 

SJT 

s« f“ 

(j'li — 2 V - 

cos (^1^ + 2 

m' 
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Sir 




w' 

> 

p 


<2 cos. S'® 



iX‘ ®">P 


2 ^» 




j (1^7) ‘'°® I 


+ ("£-£2') cos (ji'+2®-2«»l))l 

V 2 J ^ 





(* nimtMii n 7 n * 


the tt*rm Inniig 


m/ I “ 

the t% 

f 


C:. '• ”) If';!.' 


i , I 






\ 



\ 


'/ , v 

/'• 


m fi f 

/ 

I « 1 1 rn 1 



, r , 

■/» ' 

' t 1 

*/ m # 

1 1 rri 


*, t 

m 1 i 

iV 



The l;t»t p*iH in tin* j^frrnhiig l^hh* i^tu‘ni4t» ^ riff^irjf fti r* 

I * ^ U f| 

tlie fiirwinni I fi r«iH fr imw* ^ 

ifi ¥« 

ternip With eirri unulifnm .iltniri itur ilr 1^1 m 4 %#tf 

nnall quantity* nu f i| . in:# n j^' »ii 4f»y t*i il ^ 

small terms m ihe falui* i»f' #i* wlrtlmf #11*1# i< rm h# 4 ih u% n iii » # 
swpprmed term ^Mippresiml fm thr ptirp ^ ^ I i* ilir i « ^ 

illtimw c?f the jmiMem mnii feimplr , m 44 nhhiimul 4^ * 

cimred liy appiiisiituimii 4nil ih- fin* iftllrfeiiliJ 

equatiofu Imi in the fit'll ilir f#|ii4iiiiii fV^t 

fewifig {mh*ii ai.umed (w p|n 1,41, 1 V$,) 

#/ ^ { I t I' I r M*^ . t I 

n 

atwJ tlif ml eijtwiimi hemg { .rr p \ 

M m I ^ 0 ^ ^ ^ !»#* nt% * I ^ < *r / r 1 

a \ 4 I ^ / 

iy< 

4^1 * ' 4 ^ ifu4^J nr ri /#pir#i| frfiii*#, In ifi*lri 

th<*u to wpply fh** TOirrwlkttn «h 4 J u,’ .Hti.* «•• ihm 

Kavt' nothing 4 m> »o tio thaiMti Itom ihr 'I'J*!. t 4 jv 17 *^ 

the corrcttions tiMt rettgeitivt'ly 4 »»m MiIwii ^ foi. f* ii m4*n 

*1 
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> to represent 1 ami ~ cob. iigv. In the first case, then, 
a must = ami y = o. 

In the stcotui, muat - ^ ami 

/ 

The following Table will exhibit tlie results (see Table, 
p. 175.) 


y 


Hyjfiothesis, 

H~=0. 


1 * I ll»H 

I 'r -/ u 
h u ii I’ 

m' u' ’ 

yA ‘ ■ «' 


< » ni » rttoiiH 

C ) 

‘I K 7* 
/ i ' 4 


II * 


c:i * ') ij 


“■,,1 


, , • * * lA m 

•i/i' 4 

j ) K ir * a 

• « » »* * CO $# * 

8 A * 1 - /« 





Terms. 


J. ^JL 

M u''' dv 


m' «'’ 


U*'u> 


„'i 

3 m' .-■ cos. 2 « 

3K 

u' 

sT* 

/d'u \ 

r 

0;» + 'Oi 

~ /’££!' 
kJ 

J 

vA 

(1 


I 7 H 

Jffy/tseiftis 

Q‘ ♦ <1 {.‘R. 

j!y' ( <•«». ( ',M' ^ j i| 

‘i ( ' cos, J -a ,, - ..Vwr,.S 

1 A' 

Hi \ 

'A*'' *-*’ + I mi} 

mi 'f ;,«/***"»• > .‘.Vf * 

" *i 'I, 

+ iC» ^ 

" H»ll m, + '-V "'A 


PP fesTrZ&f corrections ,«a t},,. j,re*i,„,s o,»^» «f 

posing n and add its new terms. Hut wc ,.»,„ „ul2T 

rection on account of the variation c.#, 

’«'* V"). 

s ^«ii filler 


„ » ana aim ,t» new terms. Hut we ,mn, add a,ir 

rection on account of the variation of 4‘, wliU h !f 

N.W..C, p on. , i, 

h* - (1 + e‘ + J, 

the vaxiation of A* II +11’'* , 

a,* thcfi fore* wf 

2PP will become 


K 

2ar, + V*“l»e.coi. &«:) 



m 


rejecting the terms involving , 7 % See.: the alteration therefore of 
2 j.-;jiWiIl take place solely in its constant part, which will become 


- • ( 1 + r* + 7*1. 


But by the preceding 'fable the correction in this term, from 


tiK , 


e M _ - , IS ~ ~ : tiic whole term therefore resulting from 

the two corrections (both originating from the introduction of the 
condition of the inclination) is 

s> t‘+' +’■ - it; - in;,(‘ + ' 

Agtifii the coefficient of cos* (% v 2 f/i y), in the tciiu 
^2 }? 14S ^ reason of the variation of (,iee p, 1 7 B.) 

and correction due to (jice l\thle, p, 177 ,) become 

..I')- 


Lastly^ the coefficient of co&»(%t/ — 2 mv) In the tciin 

CJ d^7r(i*v » *1 I X 

PiJ ~u^ ‘n*tpad of bring will become by the 

variation of A‘ (see p. 17H.) 

S K I + <.' <«* 4. 7« 

2«i, * I -»« ‘ * 


and, by the correction of the preceding Tahir, (sro p. 177.) 

i ^ , i ± _ ‘1£ 2 jl* 

tio, ‘ 1 -'«» '* ya * 4~ * 

5*+2^’‘+-? 

or I ^ , ,H..irly. 

If ^ wr now rollrct thrsr rorrrctioiis, wr may exhibit the dif- 
ferential etjuatioii under the following form (a-c pp, I44, 15«.) 
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sz / * 

— ^1 + -^..cos CV + 


3 ^ 

2 / 3 , 


cos, 2 c V 


^ jr - 1 “f* 3 




COS (£v — 2 m v) 


SK /c S+4m 2 ( 1 +m) , 1 — \ . 

-r ~ I T — - — - — — > -- X . -^ -(-■ 1 ^ cos ( 2 ti — Qmv — 

4 2-~2w2-^r ‘4(1"~»7)/ ^ 


^ /f. , 2 (l~m), 1 - c* 

V 4 


4 ( 1 -~» 7 )> 

^ 4 - 4 ■ 2 ^^+ 4 Ti^))^-"°® 

, SZ/a + iiOT 104 .i9/m\ „ 

+ r^A 2 571 ^ 2 + 2 «) ' (2^^-2^+2»«^) 


SjST /4 — 2 ?« + r m”\ , 

"" 7 T V 7 i ; — 7 — / ^ (2 W — 2 ;;2 V + ^' 1 ;) 

4 ^ 3 , V 2 — 2 ^ -f- c' ^ 

+ ~ • (4 - 2 /« - c'wA 

4^3, V 2 ^ 2m — (/ m ) 

+ ^ cos {d m v) 


e cos. (%v — 2 m V t c mv) 


4 a, 


- ^1 + <f cos 3gv 

— £g^ 4j-- — 1 

4a, \ 4^ ■‘■4n_OTS 


2 + - 
g 


4 g ' 4 (^— _ 2+2»2 

7® . cos. (2 gv — 2 V -{• 2 mv) 


^ S JT A - 2m + ^ IjfjlJ 

4^z, \ 4^^ ' 4 (1-m) 2^ + 2”Z^ 

7* cos (2 ^ -z; + 2 t) — 2 ^ -i;). 

+ &c. 


m 


> 


* 1 “I" 2wc =; 1 -[• 2 neai ly. 
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If we compare this equation with the former one of p 156. 
we shall see that the conditions of the eccentricity of the Solar 
Orbit, pd the inclination of the plane of the Lunar Orbit to that 
of the ecliptic, introduce six additional terms to the value of 
Hi even^when the terms involving e e 7 % e' 7 -, i:c are excluded 
from the result 

The ' coefEcient of cos c v remains the same as it was in 
p 157 The error therefore in and consequently m the pro- 
gression of the apogee, is not, in the slightest degree, lessened by 
this second approximation , and, it is easy to see that it is quite 
hopeless to expect the correction of the error from that kind of 
approximation which has hitherto been used, and which consists 
m successively taking account of small quantities rejected m a 
previous process 

It IS not therefore to be wondered at, that a panic should have 
, seized Clairaut and the mathematicians who had adopted Newton’s 
system, wheft, on, the first revision of their calculations, they could 
discover no source Of error to which so large an one as that in the 
computed piogrcssion could be traced 

"I 

Since the terms involving &c have been purposely ex- 
cluded^ the coefficient of cos. c d does not contain that quantity. 
If retained, it would, very inconsiderably, affect the numerical 
value of the coefficient, and would in no wise relieve it from the 
error it Jabours under with regard to the quantity of the pro- 
gression*^ But, for other purposes, it is quite essentiaf to retain it, 
since It enables us to explain, on theoretical principles, the 
sicuUt equation of t|ie progression of the Lunar Apogee. 

That the coefficient of cos cv will contain may imme- 
diately be seen by expanding, — now 

0+^-C03./.M1 + .‘ + ..COS 
(1 - S^cos + 

consequently, one term m the coefficient of cos. c v will be* 



which, since e is subject to alteration, will give rise to an alteration 
in the coefficient of cos. e v consequently r, on which the pro- 
gression depends#will not always result of the same value.. 

In like manner, if we retain the terms involving the constant 
part of «, as resulting from the integration of the differential 

equation, will contain a term = ^ (see pp 159, &c.) a 

4a, ■' ' 

term, if we regard its numerical value, of no importance, (since it 
never exceeds 0000012), but, on account of the of 

of considerable moment, since it is the exponent of the secular 
equation of the Moon’s mean longitude (see Astronomy, p. 312 ) 

We have now explaiiled the principle and the method of 
successivel^correcting the results in the Problem of the Three 
bodies The eccentricities of the Solar and Lunar Orbits, and 
the inclinations of their planes have been taken account of; and 
the hypothetical conditions of the problem have been made to ap- 
proach their real state in natqre. All material causes of error, 
ffierefore, in these respects are rescinded Still, from what has 
been just said (pp. 181, ), if Newton’s system be'true, the 

preceding processes stand m need of a farther correction And 
this is the case but the correction that remains to be made, is of 
a kind totally dissimilar to the preceding corrections It refers 
not to the supplying of any omitted or deficient condition, but to 
the very principle of that computation by which the valufe of u is 


If we refer to pp. 156 180. it will be seep that the value of 
eq^t integration of the differential 


for, not only are several terms in the expanded expression for 
P not retained, but the expanded expression must be im- 
perfect, since (see pp. 150, &C ) it is procured by substituting in 
n whi J IS a function of «, an approximate and imperfect value 
of u .That first assumed value is, as it has been ^ready stated. 
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the elliptical value of u, which cannot subsist with the hypothesis 
of a disturbing force and if there were required any farther 
proof of the necessary imperfection of the method, we have only 
to compare the assumed value of u with its resulting value . be- 
tween which values a difference, at least, exists 

It may, however, be said generally that the imperfection of the 
method for determining u is of that kind which belongs to every 
method of approximation, and which may, m the usual manner, 
be remedied With the last acquired value the whole compu- 
tation should be repeated. This method, however, in tfie present 
instance would be very tedious We will endeavour, therefore, 
m the next Chapter, to attain the same end by a shorter route . 
by applying,- in fact, the principle and formulae of the preceding 
conections 



CHAP. XIL 


Principle of the Method of correcting the Value of the Radius Vector^ 
obtained by an Approximate Integration of the Differential Equa- 
tion 


T 


HE general equation. 


d'^ u 
d 


f ^ 


O =z 0, 


where Q (see pp 98, &c ) represents the disturbing force, cannot 
generally be solved In order to approximate to its solution we 
assume that value of u which is the integral of the equation when 
= 0 , which value, in other words, is the elliptical value of 
and the true value when no disturbing force acts This value 

is substituted in z= ^ ~ , the equation integrated, © 

and a new^value of u obtained , which, since the conditions of the 
problem are rightly involved in the general differential equation, 
must be more nearly the true value than the one assumed. 

Still it IS not the true value in order more nearly to approach 
to It, we may substitute the last obtained Value in H, and again in- 
tegrate the resulting equation Now if \\ e attend to the process of 
p^. 169, &c we shall find that its effect is to add several small terms 
to the first assumed value of u Suppose, (for the sake of stating 
the case in the most simple manner), that the first integration adds 
one small term to the value of u then, if the process be repeated with 
this augmented value of II (see pp 170, &c ) will contain more 
terms than at did before , which additional terms are entirely due 
to the augmentation of u they may be viewed, therefore, as so 
many corrections to its value and, accordingly, we need only 
compute fhe corrections to the value of U. Now this we cAti do by 

ff * 
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the Table already formed (seep. 17S.\ for 5 cos. ju may re- 

a 

present any term either a deficient one m the elliptical value of 
or an additional one acquired by integration. 


We have supposed the value of u to contain, after integration, 
one additional term the fact is, it will contain several. The 
additional terms then in n will be corrections due to the additional 
terms of u * but, since these latter are/in the cases treated of, very 
small, we may deduce the corrections separately, one by one , 


and cos. q v which may represent any term, will thus serve, by 
repetition of process, to represent all. 


This IS a brief description of the principle of the method, 
which we will now exemplify 

The first principal additional term m the differential equation 
is (see p. 180.) 


3 K 5 

I 


1 +Se^+1L 


1 + (1 + 4 * 2 - + 


cos (2 V 2 m *y). 


If (^ee p 100 ) we divide this term by (2 — 2 7h)* - 1, then 
the result is an additional term in the value of z/, or is a cor- 
rection to Its first assumed and elliptical value , and, if we equate 

It with ~ cos qv, or — cos q v (since a and are nearly equal), 

we shall have 

Q [4.(1 -«,)»- 1]=|5 (^l + (I+2m).- + l+ 

and q = 2 — 2nf. 


In order therefore tb find what new terms will be added to n> 
or what corrections to existing terms, we must, in the Table of 
p. 175. substitute for Q its preceding value, and 2 2mior q. 

The results then will be (see pp. 175, 176.), respectively, 

A A 
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sjs: 

4A- 


Q . (2 - 2 «) [cos 


Ov — cos. (4i V — 4 v)]. 


SK 

2A« 


Qcos (2v—2mv), 




COS (4*1; 


4 / 3^2 ZJ)J 




1 - 4 (1 — m'f ' 
4.(i 

+ [4(1- 


cos Ot; 


m 


m) 


+ m 


1 


-m 


l—’im.—c 2— 2/w+e. 


:) 


tfcos 


Hence, there will be only one new term added to the value of 
n, the argument of which will be 4 » - 4 w w, and the term 
Itself will be 


_ ^ ^1 3 w \ 

“iF 2 “ 

the corresponding additional term in the value of «, after inte- 
gration, will be the preceding term divided by 16 . (1 — j»)* — 1 


The other parts are corrections of terms obtained by the first 
approximation and integration first, since cos. 0 r; = l, the cor- 
rection of the constant part of n will be (see lines 1, 3, 4, of 
this page). 


1A2 Q - ^ 


S 

4 


m 


1-4 (1 m)' 


^ ^ -m) 4 

— ^ ( 4 + 771 ^^ 

a \ 4 


) 


, nearly, 


and the corresponding correction that would be given to k, after 
integration, is (see p 100 ) the preceding term with the sign 
changed. ° 


Secondly, the term in the second line of this page, namely, 

~ Y/e ^ ‘ (2 -2 ?w v), 

IS the correction of a term with the same argument already ex- 
isting in n and the corresponding <;orre#tion to the value of «, 
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resulting from integration, is the preceding correction divided by 
4.(1 - mf - I 


Lastly, the term 

([4 (1 - ffi)*-l] (—L+E-.+ — 
a, ^ ^ g-sw+c/j * 

Is the correction of 

^ (i + 1 ) 

2 a, \ 


COS. C Vf 


e . cos c V, 


in the differential equation of p 180 so that, if we were now to 

apply the correction, the coefEcient of cos c v would become 

« 

^ 4 \2— c 2 — ^ J ^ 


and thus we may perceive that the correction due even to one ad- 
ditional term, has made a considerable alteration in the coefficient 
of that important term on which the progression of the apogee 
depends But the coefficient will receive corrections from other 
additional terms. 


For, as (see pp 1 70, 176^, &c.) ^ cos qv may represent any term 

a 

in the value of w, let us suppose«the differential equation of p. 180. 

to be integrated, and that ^ cos q v represents the term whose 

a 

argument is the same as that of the second principal additional 
term of the equation then, nearly, 

) +J-sLJ\ 

c 4 (l—mv ’ 


SZe 


6 = 

and yssg — gm — 


- 1 V4 . 


3+4m 2 (1 4-w) 




If this value of q be substituted m the Table p. 175. the 
arguments of the resulting corrections will be 


c V 


, 4 V — 4tnv ^ cVf 



18g 


%v — Q,mv cvj 


c V 
Ov 
^ cv^ 

and of these corrections, there is only one that of which the argu- 
ment is 4}V—'4imv^cv)y which after a second integration, will pro- 
duce a new term , the others are corrections of terms already ob- 
tained by the first integration. Now of these latter (and this is 
a point on which the determination of the progression of the 
Lunar Apogee depends) three have the argument c u, or serve to 
correct the coefficient of cos cvi and their §uip is 


* 


L (2 — 2w- 


Q. 


■ +L 


.(2 ~ 2/72- cf 


1 


tn 


8 

c 


8 m 


c (2 — 2 w — r) 


If we take S cos q^v to represent the term which would be 

added to the value of «, after the integration of the differential 
equation, and in consequence of that term therein contained^ 
which has for its argument 9,v - 2. m v c Vy then, as in the 
former case, there will result three corrections to the coefficiept 
of cos. c Vy and their sum will be 


^ ^ Q ^ ^ + 1— m 

* f 4" - + 

V c c % 2m c 

in which expression, must equal «the coefficient of 

cos (St; — 2 m V + £ v)y 

(in the differential equation of p 180), divided by 

(2 - 2 <» + f)* - 1. 


We may coitclude then from what has pi’eceded, that the 
terms 
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J . C08. t» '2 m v\ li . C01 (*2 »■ ~ <2 mv — r v), 

C . C09 f’2 r - V’ « p 'j- <■ roiultinjf from th • fir »t mtot;r.ttion of 
tho iHjiuiimi, would, by th' icptniuon ot.ihe pro- 

ce-iM'H of appiiOK!n.itum and inti'^fration, chicHy serve to conect 
the ot eos t’v ‘I'his lus been eHnb'nhed by the very 

tt’sult of th" process of Corretium \ but it e. easy to perceive from 
an inspection ui the 'r.ible of p. I'.i, that it mmtt happen 

'riiii is one iitipoitant fact: another curious fact, in the pre- 
t eiling.systein of Coirectioiis, i.s to he noted in the Correction 
which each term confer') on itself. Thus, the term being 

cos. q o, the second toirection of the 'I’able of p 17.j. is 

ii * 


■J h' 


ton, q If , 


but (see p. IH' i tiiat is the collection of If, and consequently 
the cot u'sponding couection in the value of // resulting from in- 
tegration will be 


but this being viewed .Is a new term in the value of «, the cor- 
rection of tfw* term involving cos. q e in U will be 


3A' 


*i /i* ( I 


n cos. q t>, 


and tl#c(irrecti<Hi of the like term in the value of u resulting 
(mm 4 repeiiietl Iniegratioii will bo p. &,c,)* 


'ii* ‘2 A*. (I 


1) 


a cos. q V, 


or, 




cos, q % 


a 


i4fi4 m Oft. If ^ cm. q v repre^eot .in sicldtfbmal term 


^» 4 «ce 4 bf uppro^irnuu* intcgT,aum of tlic differtntiil eqttit- 
lwii tilt 1110ft ctiftcl ¥ 4 lut 0f that ttriii will he 
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S + ( 


SKa 


si' iT-?))' ] '“ 

but the senes of terms within the brackets is a geometrical series, 
and accordingly if we make a = - ^ ^ _ (nearlvl, 

'3Ka , 3Jf 

(since a ==z neaily,) p; ^ , we shall have 


2 


^ [I - r) 


1 


Its sum nearly equal to — , and the corrected value of the 

1 — a 

term will be 


. (1 - a) 


cos q V 


This expression represents the term involving cos q v toge- 
ther with the whole senes of corrections derived from itself' but 
the term is affected with other, besides the latter, corrections, 
although less important ones The senes of corrections is, in 
fact, interminable for, every new term is a source of corrections 
which may be viewed as terms, and which, in that character, will 
give rise to ulterior corrections 


The term corresponding to ^ cos q v, in the differential 

a 

- Q 

equation, is — — ]) . cos qv and, for the same reason, the 

corrected term in the differential equation corresponding to the 
corrected term ^ cos qv is ^ . 5 i cos qv hence, 

^l~tt ^ ^ 

if ,p cos p v be a term m the differential equation, . 

P / 3K \ 

I a \ ~ pi' _ p '^) IS the corrected term . let 

then P , P''f P "i &.C. reprelent those parts of the coefficients of 

cos (2 i; — 2 wi t»), cos (2 w— 2 ot v-c-o), cos (2 v — 2 w w + t v), 

that are within the brackets (seep 180) the differential equa- 
tion, with Its partially corrected coefficients, will be 
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These expressions for the coeiEcients are very convenient in 
computation, and give, very nearly, their true values , but not 
exactly so, since they embrace only the ^selj denied corrections. 
Now a term must serve to correct, besides itself, other terms. 

For instance, the term ^ cos (2 v — 2 mv) will, by combining 

with the term e . cos (2 v ~^2mvq:cv)f produce a corfection of 

the term involving cos cv, (as may be seen in pp, 185 187 ), but 
this happens only when great exactness is required 5 for, the coef- 
ficient of the correction must involve the product of two small 
quantities, Q, for instance, and e. In like manner, if from the 

corrections of the term ~ (see pp 177 l78 ) we do not 

ur » 

exclude the corrections that involve the products of small 
quantities, there will arise, besides those we have stated, 
other corrections to the coelBcients of cos (fi v 2 ptv cv)^ 
for, since (see this page), 

SK F' 

2 a/ {i a!) [4 (1 - 1) 

0 


Pa' 

I -r a ’ 
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is the coefficient of cos, (2 v— 2 m v) in the equation which is the 
integral of the preceding differential equation (p 180 1 3 ), it 
will be what Q represents in p 185 and, accordingly, the correc- 
tion derived from it will be 


Sr P'a' r 

’-p- ^ 2 7 1 ^ [cos — r'y) +COS (2^;— 2 r t;)], 

the terms, therefore, m the third and fourth lines of the pre- 
ceding equation, will become 


SK / P" a' P' \ 

ZT' ; 7 /^ cos. (^v — 9>mv-’cv) 

xji — a 1 — a/ ^ 

%K / P-" a'P'\ 

T' V 1 _ + Y" _ a' /" cos (2v — 2 mv + cv) 

t 

If we refer to the Table of p 175 it will be seen that the 
terms involving See require corrections si^nlar to the pre- 
ceding. Thus, 


3£ 

4^, 


5/ 



COS {^v — 9»mv c' mv), 
cos (2 i;— 2 ^* 1 ; + c 


being two terms of the value of 11, or, which is the same, two 
terms m the differential equation, their corrections defived from 
themselves will be (see Table, p. 175 ) 


SK 

2 


SKS/ 

- 2 ~ c'mf - J] 


cos {2v 


tnv—emv)^ 


and 


SJE: SKTe' 

+ 1]^°' (2v- 2,»v+fmv), 

and consequently the corrected coefEcients will be 


and 


SKe 



SjSCS 


2 • L(^ ^ ^ — c w.f — IJ 


). 


%Ke 


•( 


r + 


KT 


2 . {(4 - 2 *» + / na)* — i]. 


) 


4 
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We have now, almost enough for exactness, and certainly with 
sufficient fullness for the elucidation of method, deduced the 
several terms, and their corrections, of the differential equation, 
from which, by a previously established process of integration, 
(see pp 99, 8 ic ), u may be deduced It is chiefly in the Lunar 
Theory that great accuracy is required not that the determination 
of the Moon s place differs essentially, or m the analytical mode 
of treating it, from the determination of Venus’s place distuibed 
by the Earth's action, for,# both cases equally ’belong to the 
Problem of the Three Bodies But, the Moon's irregularities 
carefully observed during a long series of years, and, from the 
circumstance of her proximity to the Earth, noted with superior 
exactness, furnish a surer and more eminent test of the truth of 
Newton’s System, than the irregularities of any other planet The 
4:est consists in the comparison of the Moon’s computed with her 
observed place , if the one be accurately noted, the other must be 
scrupulously computed The computation, however, after all, 
must be one of approximation Some quantities must be re- 
jected, and since by the operation of that peculiar process which 
is used (see pp i 6 £, 8 ic.) the values of quantities are continually 
changing, there can be no general rule, ‘founded on their mere 
minuteness, for the rejection of some and the retention of others. 
We cannot be sure of bemg'correct by any method that is much 
short of actual trial. 


* But, if we could get nd of this class of difficulties, we should 
still have to contend with another arising from the necessary com^ 
plication of the conditions of the problem, The disturbance of the 
Elliptical System is no other than that of all its laws ; and conse- 
quently itis their analytical expression which is subject to change. In 


the value of II, for instance, a term occurs (see p. 169 ) — - 

* £ 

and was assumed equal 7 ^ sm.^ gv , an assumption, in principle, 
not compatible with the existence of a disturbing force Instead 
of we ought to have assumed (r + B sf in which ^ s should be 
S'^PPOsed to represent a variation of s arising from the disturbing 

force And this assumption would have introduced — info 

the value of n But representing the variation of s from its ' 

B B 
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elliptical value, (or rather its value m the undisturbed system) can 
only be known by the integration of the third equation, 

* + D = 0. 

dv^ 

If therefore our object were scrupulously to compute the 
value of Uj it would be necessary, after the approximations already 
pointed out to be made, to obtain, by th6 approximate inte- 
gration of the third equation the ■wlue of s and to substitute it 
in the first equation 

In order, therefore, steadily to pursue the obvious method of 
successive corrections, it is necessary to deduce B j- from the third 
equation, to substitute its value in the first, and then to cleduce 
the value of u But we shall be content, at present, with having 
pointed out the source of this new correction, of which however 
the detail and application, since it is small m degree, would not 
be very tedious The design and scope of this Treatise call our 
attention to other points 

Of these the chief and most prominent is, the Progressston of 
the *Lunar Apogee , partly from its intrinsic importance in fur- 
nishing to Newton’s system one of the best and most satisfactory 
tests of Its truth • and partly from its historical importance , for, 
an error committed in the first computations of its quantity made 
those who had adopted Newton’s system to waver in th^ir belief 
of Its truth, and revived, for the same reason, the spirits of the 
drooping Cartesians 

This subject of the Progression of the Lunar Apogee has been 
already, in several places (see pp 146. 157 181) adverted to , and, 
in fact, the substance of the source of the error and of the means 
of correcting the error, are already in the possession of the Student, 


* The integiahon of this equation, similar to that of the fiist would 
assign to B 5 an expression ot this kind 

^ ^7 , cos (2i? — 2 7nv T gv) 

+ E ey cos (gv 4- cv) 

+ &c 
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It IS merely for his convenience, and for the purpose of a complete 
elucidation, that we collect its several parcels and arrange them in 
order, 

A second subject of enquiry, connected with the preceding, 
but, like It, digressive, relates to the determination of the Pro- 
gression of the Lunar Apogee from the consideration of one foice 
alone acting in the direction of the radius This, if the pro- 
gression be rightly determined on the condition of two forces, one 
in the direction of the radius, the other tangential, may be 
thought a futile enquiry , and, indeed, it deserves to be considered 
solely by reason of a sort of historical importance attached to it,. 
Since some mathematicians, fancying themselves treading on the 
very footsteps of Newton, have sought for the quantity of the pro- 
gression solely on the principles of the ninth Section 

These enquiries, if the main drift of the Treatise were merely 
the determination of the place of the disturbed planet, are not 
essential And as, under any point of view, they partake some- 
what of the nature of digressions, the Student will have the 
power of disregarding them as such, by passing over the next 
Chapter, which may be considered as separately assigned to them. 



CHAP. xin. 


The Method oj determining the Piogression of the Apsides in the simplest ' 
C^e of the Problem of the Three Bodies Clairaufs Analogous 
Method for determining the Piogtession of the Lunar Apogee His 
first Lironeous Result Its Cause, and the Means of collecting it 
Q^ntity of the Progression computed from the Condition of a Sole 
Disturbing Force acting in the Direction of the Radius Fee tor Re- 

rwkable Result obtained by the first Integration of the Differential 
Equation Dalemberfs Method of Indeterminate Coefitients, for 
fMing the Value of the Inverse of the Radiuy Vector, adopted by 
Thomas Simpson and Laplace 

The simple instance of p 109 , &c ,.and winch indeed is that 
which Clairaut {Theorte de la Lune, ed 2 pp 13 , See.) uses, will 
serve to illustrate that author’s method of determining the Pro- 
gression. 


The general equation (see p, 109 ) for determining «, m the 
Problem of the Three Bodies, is 

d^U a 

~ + u - -- 

if we make /u == i, and suppose the disturbing force to act solely 
111 the direction of the radius vector and to be proportional to the 
inverse of its cube, we shall have (see p 109.) 


Q = 


n/ 


m u 


^ IF^ 

and, accordingly, the differential equation will be 


Iff ~Jff — 


di) 
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This equation, if we make m' = 0 (which in fact is to sup- 
pose that there is no disturbing force), becomes the equation be- 
longing to the elliptical system, and its mtegial determining a 
IS of this form 

' a = (1 + cos v). 

n 


If thib be the form for u in 
d^u 


dv^ 


+ u 


we may suppose a similar form 
« = - H 

P P 



cos c 


to be the integral of 


u 


+ 


(■ 




Clairaut, (see Theorte de la Lune^ p 13 ) m order to verify the sup- 
position, substitutes the assumed value of u in the differential 
equation , then, after the method described m pp 99 , &c he 
integrates that equation, and compares the resulting value of u 
with the assumed , the former is 


u 



cos V + 


P 




m' e 


cos CV 



cos. r, 


which, compared with the latter, will give rise to three equa- 
tions for determining the three arbitrary quantities e and c - 
these equations are 



£ 


_ 4. — — 3: 0, 

pW' p (c^ - 1) 


1 — 
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From these three equations will result three values for p, e and 
such as must make the assumed and deduced values of u per- 
fectly to coincide 

The third is the important equation from that we derive 

r = v(i 

and^accordingly, 

1 p 

^ zz= dL , 

u 1 4- ^ COS ^/(l — ^ 

which IS not the approximate but the exact equation for the radius 
vector of a body, acted on by a force compounded of two parts, 
one varying inversely as the square, the other inversely as the 
cube of the distance, and both, strictly speaking, centripetal, and 
not perturbative of the equal description of areas , although the 
latter, from analogy of the language used on these occasions, may 
be termed a disturbing force ^ . 

The preceding equation (determining the value of r) although 
similar to, is not, m fact, the equation to an ellipse But, after 
certain conventions, such as have been explained in pp 119, &c. 
it 'Will serve to represent the fadius of a movealle ellipse , moveable 
in such a manner, that its axis-major revolves round the focus, as 
round a fixed point, with an angular velocity which is to that of 
the body revolving in the ellipse, as 

I ~ V(1 — IS to 1 

This angular motion of the axis is, in other words, the pro- 
gression of fhe apsides^ which are its extremities , or, in the case of 


^ By the discoveries of Kepler the oibits of the planets ap- 
peared to be ellipticab and when afterwards they were found not to be 
strictly so, mathematicians were still inclined to view the ellipse as the 
natural curve, and consequently would term the peculiar law of force 
producing it, the natural law of force othei forces therefore which 
disturbed the elliptical form would be termed disturbing forces. ^ Chaque 
planete dccrnoit naturellement une ellipse si elle n^etoit attiie6 que par 
le corps autour du quel elle tourne,-’ says Lalande, {Astron. tom III, 
p. 596 ) But, It IS easj- to see, these are meiely the denominations of a 
conventional language 
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the Moon revolving xound the Earth, it is the progression of the 
Lunar Apogee , 1 — V(1 expounding its quantity 

In the preceding instance then, but in that alone, there is a 
perfect coincidence of the assumed and resulting values of u 
there are three assumed arbitrary quantities, and three equations 
for determining them If the disturbing force did not vary as 
the inverse cube of the distance, but as then (see pp IQS, &c ) 
the general differential equation will not assume the form 

^ _ See. =0, 

except the eccentricity of the orbit be very small, or, which 
amounts to the same thing, the value of ^ such as (see pp 111, 
&c.) 

« = a cos JV // + L, 


Will be only an approximate value Moreover the value of N, on 
which the motion of the apsides depends, determined by the pre- 
ceding method (pp 109, &c ) 'will be only ^ near value or (to 
make the phraseology approach to similarity with that of 
Newton’s) the body’s place can be found, by the fiction of a 
moveable ellipse, only in orbits that are very nearly circular ^ 


But, as approximate solutions must be resorted to, when exact 
ones cannot be obtained, Clairaut supposed that he should obtain 
one of the former kind, when on the ground and principle of the 
exact solution *(see pp 102 197 &c*) he compared the assumed 
^ falue of u with its value resulting from the integration of the differ- 
“ential equation, m which, account had been mad^ of both parts of 
the disturbing force , that is, of the tangential as well as of that 
which acts m the direction of the radius The value resulting 
from Integration was (see pp 145* 156 ) of this form f 


ti 



JL 

Q 


S K 


2 


^ (■ ^ 0 


cos C V 




* Circulis fiiiitimis, Newton, Pune Sect 

i The following foipis which may be easily made to coincide with 
Clairaut’s aie yet not exactly his See Theone d& la Lum, pp« 23, &c 
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•4- cos (2t? — 
a ^ 

+ — ^ cos — 2,mv — cv) 
a 

+ &c 


+ (— 

. Vs ij, 


3 Ki 


&c 


2 . - 9 Li 

\ (<r* - I) a a 
Now the assumed value of u is 

« = J [1 4.^* + ^ (1 + ^'’) cos c i,], 


^ cos. 


which, compared witli|the former, gives three equations, (see 
p 197) 


i (1 + a =;i - A 

" Qa 


1 + 


SK 


and 


a o,a^ __ 1 j 


T5(-D 


&c. = 0, 


- 1) a a 

from which (as before), the three arbitrary assumed quantities, a, 
c and e may be determined The second equation ought, if the 
method were a right one, to determine c, and thence the pro- 
gression of the Apogee. 

Now if 

' ^ = 00S0107, 

"and (as it has been already shewn in p. ]47 ) 

K. 

-^ = = 00S595, 

there will result, very nearly, 

c = 99581, 
and 

(1 -c)360° = 00418 X 360», 

or the progression of the Apogee in a whole revolution, will equal 
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1» mr .ibmit h.ilf its real that is, half the quantity 

iletermiiircl by 

'Fhis, Iu)wi‘v«‘r, it m.iy h.‘ saitl, is only .m .ipproximate solution 
and necessarily int .irreet , hei ause, durm)>; tlie computation, 
several quantkie. di'pend mt on tlv ,.(}U.irc .uul cube of the eccen- 
tricity, on the ct centrichy ol the Solar Orbit, on the inclination of 
it» plane to that of the Moon's, J^c. are neiflected But we have 
shewn in pp. 181, 8>c. that no retention, of such quantities and 
account made of them, can ever correct the preceding error. The 
real correction consists in restating the integration of the tliflcr- 
ential o(|uation, 

if* #1 

yi f n + II « 0, 
at* 

after tbe appraicimate v.ilue of U b«i^i be«*iii formed, not by the as- 
siimeil iTiikeot i/, but by the value tliAtietmltn from the first in*- 
tegratiait {mu pp. IBs^, Scc.)t* 


^ (‘Uinuit I ompiiknb teeoriliiig to the promliugufusthod, the 

of r, drew thi« rom linion : * Ikiiu^ «m Pattnw’tion Neutouierme ne 
domie poitit fe vr*ii moiivemeut ou t«i ftolution precedente ifest pas 
prtiprt* a k deteritimer** C*kirawt| Thttmf de la LmCf ed* 2^ p* 27. 
He bad before itt the Memoirs of the Aeademy^ * Apres avoir mil 
ft re ealeul lotite IVKieiitode cpill dfimandoitu oil* biin etoual do 
Irouver reudoii le tiioiivemmif do Ikpopo iiu moiiis dou:i: foia plui 
tenl <jtie eebii cpihl a par ton observations o%it t dire quo la ptrlodo 
de fkpofw qiii miiffiiil de Iktliaitum reeiprO«ittitme»t jwportionolle 
itiit tjiiarr^ii deh di^taires v»roit d^'orivirmi liaas, an litii d^mi pea 
iiioiiw ile fH|uVlle eit reeUeiiieftt ami " Uae rtiiOlfat aawi eoatratre 
411 1 prtficipes tie M. Newtmi me poH«i ttuhnl a akmdmmr emu n mm 
taiifaeiimu Mem* Amd» I7I»5. pp. 354. 

t* We have been very iiiKioui to ifscpfaia partieuhuty and di‘'«rinetly 
in wluit the teal correellon loiisivts; beeaune it m frefpumtly stated 
(one aiilhor eopytttg after aiiothet) that Hinraut <‘ontmUted his lint 
erroi by neglurting to take aeeonnt of (utam ivwm, ot by not pwhiiig 
the approxntiiilirm hir enough; wlnueus* an it been shewn* 
(pp* III. &c ) It WtW not the negh*etiiig id’ teiiiWi but the repetition 
of the piocewof apiHmimatiou that wo# the catwe of the error. 

€ C 




The real mode, however^ of correcting the erroneous com- 
putation of the progression was by no means obvious One proof 
of this IS, that It eluded, for a time, Clairaut Dalembert and 
Euler, men of great sagacity and mathematical skill For, as 
the Moon’s Orbit was, very nearly, elliptical, the assumed ellip- 
tical value of the raditis could not differ considerably from the 
resulting value It seemed proT)able then that the comparison of 
the coefficients of like terms, which, in a simple hypothetical case, 
gave exact results, would, m this, give results nearly exact 

But, as it has been observed before, mere probabilities in such 
cases either determine nothing, or are fallacious What is true 
of other terms is not so of that term which involves cos cv 
The peculiarity of its formation subjects it to a class of corrections 
from which the former are exempt 

These corrections have been given in pp* 185, Sec and 
Clairaut, in extricating himself from those embarrassments into 
which his first error had thrown him, shewed that he could 
correct, almost, completely, that error by taking account of the 
correction which the term 

Q' 

^ e cos -y — 2 m D — ^ tj), 
would introduce 

This undoubtedly is, when numerically expounded, the 
greatest correction which the coefficient of cos. cv receives. It 
is (see p 188) 

2 - 2^ -^-3 

2 — — c I ~ y/i 

8 Sm 

c ^ . (2 *- 2 

and this in numbers, supposing 


* Thomas Simpson, the ablest Analyst (if we legard the useful pur- 
poses of Analytical Science) that this Country can boast of, affirms m 
the Preface to his Tiacts, that he himself, previously to any communi- 
cation with M Clairaut, found that the motion of the Apogee could be 
accounted for on the received Jaw of Gravitation. 
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Q' = .202, 
m = 07480 IS, 
c = 1, 


■will be, very nearly, 

'% K.e 


2 a 


(1 1002 ) 


If we use, therefore, this correction, we shall have, instead of 
the equation of p 157, the following 


1 + e* = 


3 JT 


^,0 


whence, 1 — == 


2 a (c* - 1) V 2 
ZK a 


V 


4- 1 . 1002 


). 

.(1 - e »)). 


(seep. 200) =1^ 2 09518. 
2 


The t correction, therefore, arising from one additional term 
is a little more than equal the term to be corrected and this un^ 


If c were really = I, the piogression of the Apogee would be 
nothing but we are compelled, as in like cases, for the sake of ap- 
proximation, to assume it at fiist of this value ior, c the quantity sought 
IS involved m the expression of its value we assume it, therefore, in 
the ktter, of some determinate value, in order to escape from a vtcious 
circle The Science of Calculation abounds with such instances. If 
instead of c= ], we had assumed it = ,95154801, which we know 
from other sources to be its value, then, instead of the coefficient^being 

— <?(1 1002), It would have been — (1 1009), so that the 

faulty assumption of c = 1, m the involved expression foi its value, in- 
troduces no gi eater erior than — .007. 

2a 

t Clairaut^s correction ( Theorie de la Lune, ed 2 pp 27, &c ) fdi 
the term S'<? . cos (2 » — 2 mv — c is nearly the same as what we 

have deduced , not exactly, since in findiifg the variation of ^ , 2-. 

^ ® 2F # 

cos. 2 w, he neglects to take account of the variation of cos 2 w. And 
the authority of Clairaut has served to entail this ener on some sub- 
sequent authors. 
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expected fact, if xna.y so call it, at once dispelled those douhts 
which Clairaut entertained of the truth of Newton’s Law pf At- 
traction. 


To be perfectly assured of the truth of that Law as esta- 
blished by this instance, it is necessary to add the corrections due 
to the oth^ additional terms, of which the most considerable are 

Q/t , _ 

—e.cos (2 tJ— 2 and 2 cos (2 v — 2 ^ v). 
a a ^ 


The correction due to this latter is (see pp 185, 186, &c ), 

Hg, [[* (1 (-i^ + CO. 

'’i L V2— 2i»— r 2— 2 ot + <?'J 

and this, if we suppose 


Q = 007092, 
m = 0748013, 


IS nearly equal to e x .05419. 


The correction due to — e 
a* 

(see pp 188, &c ) 


cos. (2 — 9tYti V + c v) IS 


3K 

Aa, 


'2 w + r- I 3 + 




-0 


Am 


2- 


-2m + c. 
8m 


:) 


1 — (2 — 2m 4- cf 


m 


8 


c c (2 ~ £ m + ^) 


I 


which, if Q be supposed equal to 003729, nearly equals 
^ e X .0004765. 


If therefore we find an equation for r, after having applied 
the three corrections which arise from the terms whose argu* 
ments are 


2 ‘y - 2mv — V, %v — 2mv^ and, 2 'ti — 2w v + 
we shall have 


l(l+e^).(l-r‘) = 
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2,Ke . 

V t 2 + ^ + 0004765^ ; 

whence, 1 - = .017132, nearly, 

and c = 9914, nearly, 

• ■ (1 ~ ^) 360“, or the progression in a whole revolution, is equal 
to 0085 X 360®, that is, to 3® 3' 18", which result is considerably 
within a minute of the true result, or of that which is deterhiined 
by observations 

This accounting for the Progression of the Lunar Apogee, or 
the exact computation of its quantity by means of the Law of 
Gravity, was the first great addition made to the system of Newton 
after the publication of the Prtnctpa it afforded, although not 
a complete confirmation of the truth of the Law of Gravitation, 
yet a strong argument in its favor for, as the perfect quiescence 
of the apsides is one of the most simple of the results of the Law 
of Gravitation, in the system of two bodies, so their Progression 
IS one of the most remarkable effects of the perturbation of that 
system when, as in the Lunar Theory, the interference of a third 
attracting body deranges the laws of elliptical motion 

It has been just said that the agreement of the computed and 
observed prbgression was the first great addition made to Newton’s 
system after the publication of the Prmcipia For, it must be re- 
marked that the quantity of the progression is not computed in 
any part of that extraordinary Work It vtas, in no other scientific 
treatise, attempted to be computed by Newton, nor, on just and 
intelligible principles, by any of his contemporanes Clairaut, first 
computed it, and by aid of what is called the Modem Analysis f 


t There are other corrections to the coefficients of cos cr, than those 
we have taken notice of, foi instance, the corrections due to the eccen- 
tricity of the Solar Orbit and to the variation of s have been neg- 
lected. 

t Amongst the many instances of results derived from the analytieal 
method, and, so it would seem, above the power of the geometncal, 
this IS one It appeals even difficult, on the grounds of the latter 
method, to shew m a general way, that the progression of the apsides 
must take place in consequence of the agency of a disturbing force. 
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If the progression of the Lunar Apogee be truly computed 
from the consideration of two disturbing forces, it»is rather in the 
nature of an idle discussion to enquire whether its right quantity 
will result when the condition of the tangential force is suppressed 
Still the question is not altogether unworthy of notice It has 
some historical interest , for, Newton computes the motion of the 
apsides solely when the disturbing force acts in the direction of 
the radius vector , and some waiters believe it to have been his 
opinion, that the progression of the Lunar Apogee could ^be 
rightly determined on that condition , and, the most celebrated 
of the Commentators of the Princzj?ta have endeavoured so tO 
compute it But besides this, the enquiry is interesting from a 
curious circumstance of computation attached to ^t 


Ij[ the perpendicular force T be made equal nothing, then (see 
pp. 169, &c.), we shall have this reduced value of 0, 

1 . 3 7 ^ 3 7 ^ 


n = ~ 




m 


A • rk tit u ^ in u - 

m ^ m + 7 ; - y> 3 + TTT 5 - cos. 2«. 

hr 4h^ 4 hr ^ 2k 2h 

Now, of these terms the only one that involves cos is 

, and (see pp 153 157 ) from its evolution there arises 



e cos c V 


If, therefore, after tjie first approximation and integration, we 
compare, as Clairaut originally did, the corresponding terms of the 
assumed and resulting values of u, we shall have, amongst other 
equations, this 




+ e'^) 


\Kt 


2 « (,1 - 



which (see p 157 ) is precisely the equation that resulted from 
the comparison of the coelEcients of cos c v, when both parts of 


* ' Though there are some who have, both before and since, under- 
taken to give the true quantity of that motion, from such principles, 
only, as are laid down m the ninth Section of the first Book of the 
BnrK%pia\ S^c. Simpson’s Tracts, Preface. 
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the disturbing force, the one m the direction of the radius vector, 
the other tangential, were amongst the conditions of the problem. 

Here then we have the curious circumstance to which (see 
pp 195 S06 ) we alluded If Clairaut’s first method of finding the 
Progression of the Lunar Apogee had been right, it would in- 
evitably have followed, that the progression was altogether inde- 
pendent of the tangential force or, m other words, that it de- 
pended solely on that part of the disturbing force which acts in 
the direction of the radius vector 

But, as It has been abundantly shewn, Clairaut’s first method 
of determining the progression was wrong A correction was 
omitted nearly equal to the quantity to be corrected Now the 
same cause of error which affected Clairaut’s computation must 
also afiect the previous computation of the coefficient of cos c v, 
and a similar correction must be applied 

Now the sole correction of tlie coefficient of cos c v, when 
the tangential force T is equal nothing, must be derived (see 

Table, p 175) from the term ^ cos. 2io. and that cor- 

2 A 

ruction will be had by writing respectively for -- c, and 

« 2 — and by designating by A and B what Q becomes in 

these cases the first part of the correction will then be 

^ /3 . 2m \ 

2^^’ \i 2 - 2m - c/ " 

the second, 

■ - 1 £b rf + V 

2 k* V2 2 — 9, m + c/ 
where A and B represent th% coefficients of 

e . cos. {9v Qtnv ^ £ v)i and ^ . cos (2 v 2mv + 
when T = 0. 

If we revert to pp. 204^^ &c we shall find on excluding from 
the formulae thoSe parts which are derived from T, or which 
depend on I] that 


t 
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B 


3K 


4 t(2— + 1] 

^ ) = 08636, 


(3- 4m) =- .0015. 


Hence, J. ( « + 

V£ 2 — 2 wi 


and 


bC- 


Q,m 


Q, - 


T-.) = 


.00232 


Since T zz 0, there will be no* correction due to the term 
<2 • cos {213 — 2 mv) the corrected coeiEcient of cos c v, there- 
fore, will be liearly 

- 1^^(1 08858 ), 

2a 

and accordingly the equation for determining c will be 
1 - 1.08858 X 996698 , 

whence c = 9954, 
and (1 — ^r) V = 00451^5 

if therefore we substitute 360® instead of u, the progression m a 
revolution will be about 1® 87' 12", a quantity somewhat ex- 
ceeding the half of the true result. 

Hence it appears that, on assigning to the parts of the disturb- * 
mg force their just values, the progression of the apogee depends, 
for nearly half its value, on the tangential force, and for the re- 
mainder on that, part of the disturbing force which acts m the 
direction of its radius , a conclusion widely different from that 
(see p 147.) which the result from the first approximation 
afforded. 

Th^ method of finding the progression of the Lunar Apogee 
by the comparison of the coefficients of the cdsmes of like ctrgU'- 
merits is capable of great accuracy It originated, as we have 
often said, from Clairaut but it hasmot been constantly adopted. 
M. Laplace, for instance, who seldom treads in the exact steps of 
his predecessors, has found the quantity of the progression, and its 
secular equation by a different method (see Mec Celeste^ ^de Par tie. 
Liv VII pp 212, &c) 

This Chapter, as we premised, is somewhat beside the mam 


I 



209 


course of investigation , and we will augment still more its di- 
gressive nature by briefly commenting on the method, by which 
Thomas Simpson and Laplace have obtained the coefficients of the 
general equation, ' 

~ + « + n = 0. 

» dv 

The method which these two mathematicians use may be 
characterised as that of mdetermmate coefficients It was first 
suggested by Dalembert {Theorte dela Lune^^^ 107^ &c ) who, 
however, does not adopt it, but employs for his practical solution, 
one of approximation and integration similar to that which 
has been described (pp 137, &c ) The method of indeter- 
minate coefficients Dalembert recommends as a good one, care 
being taken previously to ascertain the form of the series to be 
determined * , by which he means that the multiple arcs, or argu- 
ments (such as 2 2 mv^ Otv-Q^mv-^cvy See) according to the 

cosines of which the series is to be arranged, must be previously 
determined Now this caution is observed both by Thomas 
Simpson and Laplace The former m his Miscellaneous Tracts^ 
p. 148 first approximately integrates the diflFerential equation in 
order to discover f the arguments or arcs, the cosines of which 
would be involved in the terms of the series for the inverse of the 
radius vector («), and then assumes a series for u, the terms of 
which are the products of the cdsmes of the deduced arcs and of 
certain arbitrary quantities, such as JB, C, 8cc 


* ^ Cette maniere d'apphquer la methode desmdetermmb a la solution 
d^une probleme dontil s^agit, est sans comparaison la plus courte et la plus 
fkcile de toutes, puis qu' elle ne demande ni integration ni aucun addresse 
de calcul ’ p, 107* Again, ^ Cette methode exige quelques precautions, 
pour ainsi dire, preliminaires ; sfavoir^ de prouver que la forme qu^on 
suppose a Pequation est en effet la seule qu^ eUe doive avoir Or, j'ai 
cru quhl etoitplus couit de chercher directement cette forme en inte- 
gi ant i igoureusement et absolutement Fequation proposGe,^ P* 1 

t ‘ But, since the fprmer operation is made, more with a view to 
discover the form of the series, than to be regarded for its exactness, I 
shall have noTurther reference thereto, but proceed to determine the 
scveial quantities, e, jB, C, See. de no'vo^ by a method somewhat different 
from that used above/ p. 148. 

V u 
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Now, if we revert to pp. 184, &c it will appear that the ne- 
cessity of correcting the coefficients of the terms of the senes arose 
from n having been deduced from the elliptical and imperfect 
value of u The corrections successively arise on restoring to u its 
deficient terms they will, therefore, be of necessity superseded if 
the component parts of 11 be, in the first instance, deduced not 
from the elliptical value of but from that senes which, with 
regard to its form at least, rightly represents its value What 
will require to be done more than was done in pp 185, &c. is the 
determination of the assumed arbitrary or indeterminate coef- 
ficients and for this purpose there will be an equal number of 
equations 

The erroneous determination of c arose, as we have seen, 
from the component parts of n having been deduced from the im- 
perfect and elliptical value of u * That error, therefore, must ne- 
cessarily be avoided by this method of Simpson, which, n^ the first 
instance, is founded on what may be viewed as a complete re- 
presentation of the value of « , r, therefore, is determined with 
as much exactness as the method of approximation (for after all 
we are still thrown back on such methods) will admit of And 
this Simpson states to be one of the advantages of his fnethod 

L^phcelnhis Mfcam^ue Ce/este, (tom III pp. 191, &c ) although, 
m the mam, he follows Dalembert’s suggested method, yet follows 
it not so closely as Simpson has done He first, on the assumption 
of the elhpttcal value of deduces the values of the coefficients of 
the terms of the differential equation, and expresses them by 
means of the quantities w, &c. Observing then the forms 

of those terms that would constitute the increment to the ellip- 
tical value of « arising from the disturbing force, Laplace assumes 
(B u representing the above-mentioned increment), 


* Tt not only determines the motion of the apogee in the same 
mannei, but utterly excludes, at the^ame time, all terms of that dan- 
gerous species (if a may so express myself) that have hitherto era-^ 
barrassed the greatest mathematicians, and that would, after a gieat 
number of revolutions, entirely change the figure o£ the oibit/ 
Simpsoffs Tracts, Preface. 
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. COS. (9*1) — 2 mv) 

+ Q" ^ . cos. {2d 9 mi) ^ c v) 

+ cos. {%D - 9m V + cd) 

+ &c ^ 

The next step m Laplace’s process is to correct the value of 
previously obtained on the ground of the elliptical value of «, by 
supposing u to vary, and its variation (S u) to have that form which 
has been just assigned to it. 

The last operation of Laplace^s is to substitute in the differ- 
ential equation which resulted from the previous operations (the 
coefficients of the terms being compounded of w, /, c\ &c and 
of Qi &c.) for u, this value 

1 / - 7 * . 7 * \ 

w=: —I 1 + e 4- — 4- <?cos. rv — — cos. 9 gD 1 4- ^ , 

a \ 4 4 / 

thence will result an identical equation such as 

^ 4- jB cos cv + Ccos {2V‘^9mv) + De *cos {9v’-9mv-—cv)-i‘ See, 

in which, J., J?, C, &c. will be (to use a general term) functions 
of niyCi and of Q', Ql\ Q'", &c and, for the determining of these 
latter quantities, (for they being known the variation of u arising 

from the disturbing force will be known) there will be these 

equations, 

^ 0 , 

J5 = 0, 

C = 0, ♦ 

&c 

(see Laplace, Mec CeL Partie 2de. Liv. VII. pp. 215, &c.) 

From this brief account, besides for the reasons stated in 
pp. 209, 210, &c. It will appear that no error, nor any semblance of 


^ The additional terms due to the disturbing force have the same 
form m the diflerential as in the integral equation that assigns the value 
of u. For instance, if P cos pz be a teim in the former, then 

P 

^ . cos. pz IS the corresponding term in the latteu 
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error, in the determination of the progression of the apogee^ 
similar to that which occurred in Clairaut’s first Essays, can take 
place in this method ® 

Although the method of indeterminate coefficients is a sure 
and excellent one, yet it has r\ot been adopted in these pages. 
Instead of it, we have employed another less scientific, perhaps, 
but more simple and obvious, more in unison with preceding 
methods and better suited to the purpose and plan of the Treatise. 
Nor are these latter advantages counterbalanced by any mcor- 
rectness For by means of the Table and formulae (see p 175) 
the method is capable of receiving a series of successive cor- 
rections. 

We will now resume the main course of investigation, and 
proceed to the solution of the second equation (see p. 95.), 
thence we shall have t in terms of y, and* consequently, the mean 
anomaly m terms of the true , but the solution depends (see 
p. 95 ) on the tangential force T and on u The value of this 
quantity u, therefore, requires to be known previously to the 
determination of the time It is not, therefore, Without reason 
that the equation [^] of p 95 claims precedence of. consider- 
ation ; and the deduction of the value of u is, perhaps, of not 
less importance for collateral purposes than for the obvious and 
direct one of determining the parallax. 



CHAP. XIV. 


Expression for the Time firsts xohen the Body rewhing in a Ct) cular 
Dibit 1$ distuihed by the Action of a t'ery distant Body The Mean 
Longitude expressed in Terms oj the True the True thence ex- 
pressed m Terms of the Mean by the Retsersion oJ Series The Intro- 
duction of Inequalities in the Mean Motion by the Distw hing Foi ce 
the Elliptic Inequality, the Variation the greatest Value of the 
Jatfer m an Dibit neaiJy Cinulai. Expiesmn foi the Difeiential 
of the Time in an Elliptical Orbit, the Distui ling Body reuohing also 
in an Orbit of the same land The Expiwssion integrated, and the 
Mean Longitude expressed in Terms of the True Expression in this 
Case, of the Coefficient or greatest Value of the Variation The 
Secular Equation of the Mean Motion^ explanatoiy of the Acceleration 
of that Motion Digression conceimng the Properties and Uses of the 
Formula of Reversion By means of that Fonnula the True Longi- 
tude expiessed^m Terms of the Mean theTeims expound Inequali- 
ties the greatest denominated the V ai lation, the Election, the Annual 
Equation, the Reduction Causes of their Magnitude. Lunar Tables, 
tn what manner, improved by Theory 
* 

The general equation, (p. 95 ) 


'which expresses the difFerential of the time m a duturhed orbit, is 
reduced, when T the tangential disturbing force = 0, to (see 
p.QS) 


dt = 


d V 

hi?* 


and this latter (see p 14 ) is the analytical expression of Kepler's 
Law of the Equable description of Areas. 
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By means of these two^ expressions, the deviation from 
Keplers I^aw may he computed but, it is to be observed, 
their sole difference does not consist entirely in the last term of 
the denominator of the former which involves T, since m fact, 
is different in the two expressions 

The value of « in the latter expression, |f the plane of the 
body’s orbit be supposed inclined to another plane, and 7 denote 
the tangent of inclination, is 


4 ( 


1 + 


+ e . cos c « — 


IS. 2gv,^ 


and of h we have this value 
Ti- 

If the condition of the smallness of the eccentricity be such, 
that terms involving the cube and higher powers of the eccen- 
tricity may be rejected, then, by first expanding ^ and next by 
integrating 


there will result 


— 52^ sin CD 

4 


sin. 2 ^ V + ~ sin, 2 g i7, 


from which expression we may rescind the last term, if the In- 
clination of the planes of the orbits be very minute 

The preceding expression gives us, within certain limits of ex- 
actness, the mean longitude of a body describing an ellipse m terms 
of the true but, in order to compare the observed with the 
true place of a planet, or, m order to construct Astronomical 
Tables which will assign for any epoch the planet’s true place, 
we require a formula assigning v m terms oi nt Such a formula 
we may* deduce from Lagrange’s Theorem, (see Trig 'Appendix, 
p. 213 ), and by an use of it, similar to that which has been already 
made of it m pp 31, 32, when W was deduced in terms oi nt 
If we apply then such theorem, make ^:= 1, and reject terms that 
involve the cube of the eccentricities or products of the square of 
the eccentricity and tangent of inclination, we have 
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V nt -V sin. ^ + 


5e 


sm 2 nt -h- $m 2gnt 

TJ 4 


1 

If the approximation were continued, and more terms were 
taken account of, then the additional terms would involve in their 
coeflEcients, ^ e% e\ e y\ See and have for their arguments. 


S n tj 4nt^ 2gnt ± nt, &c 


But, as it has been observed, the above values of n t and *0 
belong to the elliptical system , m the disturbed system they will be 
changed for two causes , an alteration in the value of and m 
the denominator of the fraction expressing rfr (see p 213 ) 


/ T dx) 

have already been assigned m 


the preceding pages We might then, by one effort, obtain a 
general solution and assign n t m terms of v But, as it is the 
drift of the present Treatise to conduct the Student, through the 
more simple, to the investigation oT the complex cases, we shall 
first deduce an expression for the mean motion in terms of the 
true, when the body revolving in a circular orbit is disturbed by 
the action of a very remote body. 


Let B u designate the alteration in or its variation proefuced 
by the disturbing force, then 

dv / 2lu 1 PTdv\ , 

— -jV —)• 


Now, m a circular orbit, (see pp 133, See ) 

lu =: — E . COS X) + L" cos. (2 -y — B m v)^ 
and (see p, 130 ) 

4 . ( 1 m) 


COS. j » 



1 
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butj see pp. 133. 136^ 

S K /2 - 


_SK /2 - m\ 

2 a Vl - mJ * Ca « 52 


and E 


K 

a a. 


rri'' (2 

SK 


mf 


, nearly. 


m 


2 . (2 2 m)^ — I i — m 

if therefore we substitute in the preceding expression for d 
^ u expressed by means of the above quantities, and the value of 

^ ^ there will result after integration 


3 Ka^ / 2 ~ 




^ — 4* sin (52 V ~ 2mv) 
2 (1 — mfs/a^ \{% — 2,fnf ^ 

Ka^/ 3 2 — in\ 

I 1 — . 1 sin, tJn 


, 1 . 

Substitute - instead of , and 

» ■ s/2 


nt = i; — , sin (2v ^ 2mv^ + . sin v, 

q and p standing for the coefficients of sm. (2 v --2mv) and sm r 
m the reduced expression. 

'I’his case being intended, almost entirely, for illustration, we 
have assumed only that increment (B u) of u which results from 
the first approximation and integration In consequence of this 
assumption, nt has been increased by only two terms * instead of 
being equal to which it would be in a circular orbit, n t now 
equals — q sm (2 v -- 2 mv) p sm v if the middle term 
were rescinded, the equation, 

n t = V + p sin Vf 

would express the relation between the mean and true anomalies 
in an ellipse of very small eccentricity (see pp 31, 32 ). But, as 
it IS plain from I 8, 9, the coefficients are, with regard to 
magnitude, of the same order The disturbing force, then, (under 
such conditions as have been explained ml. 15, 16 ) affects at once 
the mean circular motion with two tneguahties ; one elliptic, of 
which the argument is r, or, nearly, nt ^ the other (§ee jistronomi/, 


* 
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pp 326, 8cc ) technically called the Variation, and of which the 
argument is 2 ® - 2 m », or, nearly, 2 « r - ^mnt. 

From the first approximate solution then of the equation [a], 
(see p 95.) as well as from that of equation [^], (see pp. 95, 134 ) 
It follows that a circular orbit is not changed into an elliptical by 
the influence of the disturbing force 

nt — mnt expresses the mean angular distance of the re- 
volving and disturbing body In the Lunar Theory, accordingly, 
it denotes the mean angular distance of the Sun and Moon, 
and it IS frequently thus symbolically expressed, 

21 - 0 ; 

to the sine of double this quantity, that is, to sm 2(5 - Q), the 
Lunar Vanahon (see Astron pp. 326, &c ) is proportional , or, 
more correctly, the principal term of the Variation involves 
sm 2(5 - O) 

The Variation and other equations (see Astron Chap XXXIV ) 
are applied as corrections to the mean anomaly for the purpose* of 
deducing the truk In order, therefore, to deduce analyticallj 
these equations or corrections, we must, by means of the formula 
of Reversion, express v in terms oi nt and of other quantities 

In the simple case we have taken (that of the perturbation of 
a body revolving in a circular orbit), 

« f = n + jj . sin. V — j*. sin (2® — 2 ot®), 

and, if we examine the formula (see Trig. Appendix, pp. 213, &c.) 
by which v is to be expressed in terms of n t; &c., it wBl imme- 
diately appear that, to every, argument m the (^ginal expression, 
there mtist be, at the least, a corresponding argument in the re- 
versed expression This is effected by the second term (^ X) in 
the formula of reversion which necessanly introduces terms such 
as P . sm nt, Q sin. (Qn t — ^ mnt). But the third term of the 

( fi V 

~ introduce additional tei ms depending 

on new arguments, involving, however, smaller coefficients than 
the preceding terms. These new arguments will be * 

Snt -- 9^mnf 

E IE 
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If we stop at the third term of the formula *, 

v—nt — .sin nt + q sin." (2 nt —2m nf) 

+ sm. 9.nt -h - Q»m). sm {A,nt — ^mnt) 

+ O (1-2 ot). sin {nt - 2 « « t) - £i sin. (3 nt—2mnt\ 

and the values of p, q, being those which are assigned at 
p 216 it follows, that the four last terms are much smaller 
than the three preceding 

The argument of the elliptic inequality (see Astronomy^ 
Chapters XVIII and XXXIV) is and, of the Variation, 
2(3 — @) IS the argument , and, were the preceding value of n) 
an exact one, - ^ sin nt^ and^-sm 2(3 - ©) would be the 
principal terms of those inequalities But, as it has been already 
observed (p. 217.) they are not the sole terms for, it is usual to 
consider the terms that involve the sines of multiples of the argu- 
ment of the principal term of an inequality, as ,belongirfg to, and 
partly expounding it so that, in the present instance, 

— ^ . sin « ^ sm %nU 

would expound the elliptic inequality, and, 

^.sin 2(3 - G) + ^^(1 ~-w2)sm 4(3) ©), 

the V ^nation » 

The Variation (which is Newton’s Acceleration of Areas, see 
Prtn Prop, xxvi Lib III ) originates, as we see by the pre- 
ceding case, from the disturbing force , and, almost entirely, from 
me tangential disturbing foi'ce The disturbing force in the 
diiectioii of the radius has some influence in producing it, in- 


* In order to obtain, what this formula enables us to do, v in terms 
of &t Clairaut, in his Theone de la Lme, ed. 2 pp. 50, 60, 6J. 
propounded, but without their demonstrations, tliiee Lemmas, and, 
for the same end Lalande has investigated a formula m his Calcul des 
Inegahtes de Venus par V am action de la Terre, sec Acad des Sciences, 
1760 pp. 326, &c 
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asmuch as the variation (S«) of «, m part, arises from such force, 
(see pp, 124^ &c* &c ) 

An inequality, such as the Variation (although that term has 
been m a way appropriated to the Lunar Theory) must alFect the 
motion of any body, revolving round another, and disturbed by a 
third Venus, therefore, Jupiter, a Satellite of Jupiter, must, m 
their motions, be subject to such an inequality , and, indeed, to 
several of the same sort to as many as there are disturbing bodies 
Venus, then, taking that planet for our instance, is subject to 
varzatwnshomtheEmh, Mars, Jupiter, Saturn, and the Georgmm 
Sidus , of unequal magnitude indeed, and some so small as not 
to be worth considering 

In the Lunar Theory the coefSeient q of the principal term of 
the Variation is considerable . it equals (see p. 216.) a, being sup- 
posed = a, 

S K / 1 \ 

2 .( 1 -- \( 2-"2 w )^ — 1 4 -^ 

Now, (see p 132 ) AT = .005^595, 
and, tSince m =: .074j8013 ; 
q = 01022, nearly , or, m degrees, &c. 35' 4", 

and, accordingly, the principal term of the Variation is 
35' 4" . sm. 2(3) - 0). 

This coefficient of the principal term of the Variation is much 
nearer the true value than one would have been led to expect 
from the preceding imperfect value of nt. so imperfect, indeed, 
that of all the noted Lunar inequalities the Vanatton is the only 


* Mayer in his Theona Luna, p. 52 represents the Vaiiation by 
T- T 55" . fain D, 

+ 35 47 .fain 2D, 

+ 2 fain* S D, 

® + 1 4 sin* 4 D, 

D being the same as J — ©* ^ 
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one deducible from it : for it is plain, from the nature of the 
formula of reversion, if 

nt s=z V + p ^ sin. V — q sin (2 t? — 2 w v), 

that the arcs involved in the terms expounding the value of v (or 
the arguments of the equations correcting its value) can only he 
those which are formed by the addition and subtraction of 

n ty 2 t Q m n fy 2nty 4*nt--4mnt, &c. 

which combination, although it will produce an indefinite number 
of arcs, will never produce the arguments belonging to the Evectiott 
and Annual Equation (see Astron Chap XXXIV ) 

These inequalities, like the Variation and others, affect the 
motion of the Moon revolving round the Earth and disturbed by 
the Sun that case, however, ;s most inadequately represented by 
the preceding instance for, to go no farther, the orbits were 
there supposed devoid of eccentricity and inclination It is not, 
however, the mere omission of these conditions that is the sole 
cause why the true anomaly v (see p 218 ) is so inadequately re- 
pr^esented. 

The main reason is the deduction of’ n t from that first im- 
perfect value of B « tvhich results from the first approximation and 
integration. If tibese latter processes be, as they ought to be, re- 
peated, then such a value of I u will result from them, as sub- 
stituted in the expression for f d t (see p 215 ) will supply to nt 
(and consequently, seep. 217, after reversion, to v) those terms 
that analytically expound the equations that are used in correcting 
the Moon^s mean longitude, (see Astron. Chap. XXXIV.) 

In deducing « + S and , u (see pp. 130, 131.) was 

supposed constant ^ consequently those terms, which in- 

volve the eccentricity and on which several of the Lunar inequalities 
(the Evection for instance,) depend, could not result from the first 
processes of approximation and integration : but they would have 
resulted had, in the first instance, an elliptical value been given to 
u : they must result then when the process of integration is re- 
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peated, or when a second value of S « and a second value of 



IS deduced, by substituting in their expressions, 


1 

a 


E 


cos V + L 


cos (2 V 


2 m 


which IS the value of tt resulting from the first integration for, the 
two first terms belong to an ellipse and, therefore, the substitu- 
tion of such value of u must give rise to, at least, as many and as 
various terms as the substitution of «’s elliptical value would. 


The effect of the disturbing force (as we have seen in p 217 ) 
does not change the circular into an elliptical, but, as we may 
consider it by reason of the value of u (see p 130 ), into a dis- 
turbed elliptical orbit : there will be then, from this mode of con- 
sidering the subject, as many different terms in the resulting value 


of«, and ri4^ 
J tr 


and consequently as many diiFerent terms in 


the yalue of n jf, as if the orbit, before perturbation, had been sup- 
posed elliptical. 


But, although the disturbing force will render the circular 
orbit eccentric, it can never render its plane inclined to that of 
the disturbing body, if the planes be originally coincident. No 
repetition, then, of process can ever introduce into the values of u 
and V terms depending on the mchnation ; such must originate 
from the first substituted value of when it contains a tjerm 
dependent on the inclination. 

i * 

This value, in an elliptical orbit, is 

“ FoTT) 4" +'*co«-^~|-cos 2gv,) , 

if we substitute it and deduce S « by the methods described m 
pp. 159i we shall have 


* Laplace m expressing the value o?a^u by a senes of terms, uses 
coefficients such as &c. in which the figure at the top 

denotes 
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« S a = ^ m . cos (S w - 2 mv) 

+ . e cos. (Sw — Qmv — cv) 

+ e.cos (9, v~9,mv + c v) 

+ e' cos. (2 v — 9m V — c ill •u) 

+ e cos {,9v — 9m'u c' mnJ) 

+ &.C 

+ 7* COS 9 gv 

+ A / COS c m V, 
and see pp. 155 168. 




1+9 


COS. {9v - 9m v) 


-hf 


Tdv ^ 


2 (2 — m) 
+ &c 

there^re, 5 ince (see p.2l5) 


2-2^; 

2 + 2^ 

^9m-c 

~9:^^c ( 2 ^- 2 «^+ 4 ^) 

sjfe t ^ / y* 

+ 2_(2_3^) ^ COS (2w-2»m<i;-c ra») 
^ COS. (2t? — 0 w *1; 4* 


1 « p Td’v \ dv 91 u 

-hJ -^) -^T»- “ 

^ ilif i_ PTdv 

h u J ^ 


(where the last term is very small), we shall have, by si^stitutmg 

for 1 ~ ^ and 3 u their preceding values, and then inte- 

gratuig, a more correct value of / , in deducing which, as it is 
plain, not solely the conditions of the eccentricities and inclination 
are taken account of, but the correction to the value of 3 2 ^ arising 


denotes the order of arrangement, and the figure at the bottom the 
degree of minuteness which, m a Work like his, is a convenient 
method (see Mec Celeste , Liv VII p 200 ) 

2-3;w, 2-7W are written instead of 2-2w-c'w, 2--2w+cm, 
to which they are nearly equal. 
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from a repetition of the process by which it Is found rsee 

pp 1845 ) 

The expanded value of d t will consist oi dv multiplied into a 
constant coefficientj and, besides, oi dv multiplied into a series of 
terms involving the cosines of arcs, such as t v, 2 v - 3 w -y, &c 
consequently of a xiOTi-penodtcal and of a pertodtcal part. W^ith 
regard to the former, the constant coefficient of dv, if we reject 
terms that involve the square of the disturbing force, will arise 
(as It IS plain from the ihspection of the terms composing d t) 

from the expansion of 

~ ^ ^ 1 + g ^ ^ cos, c V 

T — COS. ^ 

2 


+ ^ cos, 

— &C 


the time therefore of a revolution (which is independent of the 
terms that involve the cosines or sines of arcs) is equal to 


• (l +1^* + fv*), 


but this same tinje (see p. 147 .) = P iZ. = — . 

J h «* ’ 






(‘ a''”)’ "‘“'y 


2 2 


Hence^ the whole value of is thus to be expressed. 


a -2. 


h if* ts/ 


0-?) 


^ dv ^ 


^ ^ cos cv . cos * %cv i 


+ — cos, *d,gv 
+ 8cc 
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this (see p. S22.) is to be multiplied into i 
quantity to be multiplied into ^ is 


¥ 


The 


^ dv^ __ dv 

hu^ s/ 


.2 — 6 e» cos c V i 

2 

3 

“b ^ 7^^ . cos 2 ^ y 4- 8 lc 


1 

If we make — ^ ^ ^ perform the necessary multiplications, 

and then integrate the expression for dt^ we shall ha\c 
nt s=z V + B e sin cv £' sm 2 c v 
+ C . sm (2 tj - 2 mv) 

•h C'e sini (2 V — 2 mV’—cv) + » sin, (2, V — 2 mv + cv) 

+ C / . sm (2 y — 2mv — c' wz t?) + Q, e\ sin 2v - 2mv + cmv) 
+ D 7* sin 2gx? + &c. 

Ee sm, cmv + 8cc. 

+ &c. 


and the values of JB, B\ &c C, C', 8cc. may easily be de- 
duced from, the preceding formulae, (see pp, 222, &c ) 

For instance, if we omit the last term (see^p 222 ) of the ex- 
pression for then 



c 


and if, for the sake of greater exactness, we retain it, * 

2 

Ti — _ ^ 4(1— w) 

the argument {c v) of the additional term being introduced by the 

«ul„pl.ca« of fat t™. of („e p. 222.) 

tihe second term of a S «, since 

fos. (2w - 9.tnv) cos. (2v — 2mo | cos. + &c. 
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C IS the coefficient of the term on which (see p 217.) a prin- 
cipal Lunar inequality, namely, the Variation^ depends Now it is 

"I Tl d 

plain, that the multiplication of the first term J — with 

the constant terms of -i-, , and of the second and third terms of 
h 

1 iT^T d 1 

— / Z with the second term of - — (that which involves 

h^Ju^ hu^ ^ 

cos. c v) will produce terms dependent on the angle or argument 

2d — 2 mv. Terms dependent on the same angle will also be 

2 

produced by the multiplication of the constant part of (see 

pp 222. 224 ) with the first term of B r/, and by the multipli- 

2 

cation of the fourth term of with the second and third terms 

h 

of B u. If these operations be carried into effect, we shall have 
3 w^(l + 2^') 


(2 — 2m) C 3 : — 


4 . (1 — m) 


- 


/ 1 +fn 

V 2 — 2m — < 


1 — m 




-c 2 — 2m + 

- (1 +- --)+3e« + J% 

V 2 4 / 

and, similarly, the coefiicients of the other terms may be deduced. 

In the preceding process for deducing the value of d tf the 
constant coefficient of d n, on neglecting the squares of B « and 

/ ■££Z , IS expressed by ; m this coefficient, a is the semi- 

axis of the Lunar Orbit, and (a quantity to be determined by 
calculation) the semi-^xis, such as would belong to the Moon’s 
orbit, were it not disturbed by the Sun’s action. Now, (see 

pp. 180. 182.) 

t \ „ £.(1 

So V 


-=-( 
a a, \ 


1 + e* + 


, y* S 
1 + « + ^ + 






i 
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consequently, 

^1 — -I- very nearly, 

Qjr 

— — d V, therefore, must contain a term such as — - d v. 

V S ^ 

But, as It will be shewn in a following Chapter, / the eccentricity 
of the Solar Orbit is, from the disturbing forces of the planets, 
subject to a secular Variation the teim, therefore, just obtained 
must be separated, in the integration, from the other part of the coef- 
ficient of V Making, therefore, (which is nearly true) 1 , 

n 

we have, independently of the terms that involve the sines of 
arcs, 


3 IC 

nt = V + — — fe'*.dv + correction, 
2 ■' ' 


m* being (see p. 132.) nearly equal to K. 


e 


In reversing the preceding expression of « r in order to obtain 
V, the two first terms in its resulting yalue will he (see pp 217 , 218 ) 

^ /[(*'* - E'^^ndq, 

the mean motion, therefore, which depends on these two first 
terms, will not be constant, but will be subject to a seculaf^ Varla-- 
iiofiy of which the second term is the exponent. And this iS the 
mathematical explanation, on Newton^s Principle of Gravitation, 
of that phenomenon which is called the Acceleration of the Utoon^s 
Motion (see Astronomy ^ p 312.) The explanation was first 
given by Laplace, and it is to be reckoned amongst the most ex- 
cellent of the results which the analytical method of treating 
Physical Astronomy has afforded 


* By this IS meant the method which originated with Glairaut, 
Dalembert and Thomas SiBhpSoft, atid which has been so successfully 
followed by Lagiange and Laplace. 
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In the first instance^ the value of n tf m consequence of the 
disturbing force, was increased by two terms, on one of which the 
inequality called the V ariation depended , and, it was observed at 
p 219. that, although the conditions of the case differed, in so 
many respects, from the real conditions in the Lunar Theory, yet 
the coefficient of the variation (m other words the greatest value of 
the equation), was nearly of its just value The value, there- 
fore, of that coefficient must depend, m a slight degree only, on 
the elliptical form of the orbit and on the disturbing force 
which acts m the direction of the radius The actual difference 
of the two coefficients may easily be computed from the preceding 
expression, (see p 225 ) for, ‘since (rejecting the terms that 
involve n? 7*, &c ) is equal 






, we have (see p. 225 ) 


C = 


2 

3 3 . (2 - w) 


- + ) 

-c 2 - 2m + c' 

+ il®). 


S 

/ 1+m 

4(1 -my 

2(1 — wi)* V2 — 


-€\ + 3 ^* 

l-m 

V2 4 / 2(l-m) 

Now here the two first terms 


3 m* / 2 — m 




(l-fnT 


but (see p 132.) m*=sK nearly 5 these two first terms, then, are 
the value of (see p. 219), or of the coefficient of the Vari- 
ation in the first simple case : the remaining terms of C, there- 
fore, express the defect of its j'ust value. 


The quantity C does not strictly represent the coefficient of 
the Variation : m the first case it did, sinoe then the coefficient of 
Q»v -- 2m V and ^of2«jf — 2 nmt were the same but m the 
present case, if 


See Newton, Prop 26 29. Book III 

t With the sign changed for, jf -\-A sm c & be a tei# m the series 
for nt^ — A sai. ant will be the conespondmg teim in the senes for p* 
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svt V + Be .Sin cd + C sm. (2 v - 2 m 

+ C' ^ . sin. (2v — Smv — cv) + &c. 

V, by the process of Reversion, will not be justly represented by 
fit B e sin cnt — C sin. (2 « / — %m nt) ^ 

for, the combination of sin cnt with sm. {%nt ^^.mnt—cnt) 
which takes place m will produce one term involving 

d(X^ 

cos i^nt — SLmn t) in / ; there will, therefore, be a term 
nat 

involving sm {2nt -- %mn t), and the coefficient of this will, as 
it IS evident, serve to augment the value of C 

In the first case, the true longitude v was expressed by means 
of three terms , one the mean motion , the second expounding the 
first or elliptic inequality, the third expounding the Variation , and, 
in other language, wq might say, m such a case, that, m order to 
find the true longitude of a body, it ,is necessary to correct the 
mean longitude by two equations, one the Equation of the Centre 
(see Astronomy^ p 322 ) the other the Variation, and of which 


^ If w ^ contain no other terms than what are stated ml 1, then 
(see Tng pp. 213, &c ) 

C C 

Z=:sm cwjf + xr- sm (2 sin (2nt--^mnt’-cnt). 
Jlj e Jo 

Now, with othfer terms will contain this, 

C' * C' 

2sin. — sin. (2 = ^ cos. (2n^~2mw^-^2 c w^) 

— ~ cos, (2nt — Qmnt)^ 

Jo 

X — T7 contain — ■ . -55 (2 — 2 m) sm. (2 nif — 9,mn t), 

^ fl cL t 2 JtS 

d(XY 

which IS the only term m ^ that involves sin. (2 w«-2 w«i)' 

2 71 CL t 

Hence, 

•ozs^nt—B e . sin. cnt^ [C— BC'e*. (l^wi)] sm (2nt , 

and the nei^ term ^ ■ will produce another small addition to 

a 
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the argument is twice the angular distance of the disturbed and 
disturbing body In the last case we have taken, n t, being ex- 
pressed by a series of many terms that are functions of v, v, by 
the formula of Reversion, will consist, (see p 2l7 ) at the least, of 
as many with similar arguments it will, in fact, contain more 
with new arguments so that the form of v will be thus ex- 
pressed, 

v=.nt - —/(/> - JS'*) . ndt 

P e sm, cnt + P sm. % c nt 
+ (2 . (sin. Q^nt — %nmt) 

+ Q' ^ (sm %nt ^ %nmt — cnt) + &c 
+ JS 7* • sm 2 ^ ^ + &c 
+ S / . sm d nmt + &c. 

+ &c 

m which P, P', (2? will differ from the values of 
C, &c , the coefficients of the largest terms but little, the coef- 
ficients of the small terms more, according, however, to no rule 
or formula oi^ difference. 

The additional terms will be introduced by the third, 
fourth, &c. terms of the formula of Reversion : for instance, 

will introduce terms mvolving the sines of 
^ ndt ° 

4}nt ^ 4nmtj 

%nt — %nmt qp cnt c nraty &c. 

The forms of the several arguments of the terms by which n i 
IS expressed, i;nll, it is evident, be all produced m the expression 
for Vj by means of the second terin JT) of the formula of re- 
version • they will again be produced by the fourth, sixth, &c* 
terms of the formula for suppose 

P sm jc? •!> + Q . sm 

to be two terms of the expression for n jf, then, 

- P sm.^f2 2f — 
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are produced by the second term . 1)ut the fourth term is 

f d\{Xf 

2.3 * (ndtf 


Now, will produce, besides other terms, 

P ^ sin .^ pnt Q® sin.^ qnt 
+ SP^Qsin.^jo wif sm y + 3 P sm*“ K sm pni^ 

or, see Trig p 54,' 

Q 3 

Z sm p n t sin ^ &c 

4 4 

+ 5 P® Q ^ (2^P sin. j:? ?z ;f — &c 

. _i_ ^ will produce, in the expression for v, 

2.3 {ndtf 

- (^ + 2 ^) 

Hence, (swce will produce no term involving sin ji? w jf, 

ndt 

or sm. qnt\ if we go no farther than the fifth tetm of the for- 
muj^, vfp shaW have, supposing 

nt = ^ + P sin V + Q sin ^ t;, 

_o(i 


ut 


and if we add to w ^ an additional term R sin r *u, then 

■e(‘ 


* This agrees with Clairaufs formula P* ^1« Theone de la Lune^ 

p. 61. 
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in which expression, we have the corrected Coefficients of sfa.pnt, 
sin. qnty sin. rnt, on the condition that, in the process of Reversion, 

we do not go Ifeyond the term . The succeed- 

2 3 {nd tf 

mg term of the formula will not produce a term involving sm pn t : 
but the next following will for, to go no farther than the first 
term of which is sln^^?^^ this (see Tng p 54.) 

contains a term sin, jt? w t , and consequently, will 

produce a term P^ ^ . sin, jti n t. Other terms of will also 

produce terms involving un pnt ^ but, in the case we are treating 
of (the expression of the true anomaly m terms of the mean) the 
coefiicients of these terms are so minute as not to be worth taking 
account of 

If the process of Reversion be nqf carried beyond the fourth 
term of the formula, then, as we have seen, 

\ 8 4 4 / ’ 

IS the coefficient of sm pnt It is also its complete coefficient, if 
no combination of the other arcs ((/ n r ri t, See ) such as 
gnt ±1 rntf n t ± rnt^ &c equals p n t, or can produce it, 
Hence, if in p. 224, nt were correctly expressed by the senes of 
terms there given, since no combination of the other arcs could 
possibly produce 2 ^ t?, tjbe coefficient {R 'f) of the corresponding 
sine (sm, ^gnt)f would be similar to the above coefficient of 
Bin pnt' 

The same may be said of the term E e' /sm c' mv for there 
18 no combination of the other arcs that can produce c mv y but, 
as we Jh^ive seen m pp 224, 225 the case is quite different with 
several of the other terms. The arc, for instance, which is the argu^ 
ment of the Variation, can he forrped by the combination oiev with 
2 /wd — cv, and 2 1 ; — 2 -f cDy and also by the com- 
bination of c mvwith.%v — 2mv --c' mvy and 2 -z; 

In the process of Reversion, therefore, (2> besides that value 

■ [of the form - p(l - 5^ - _ :®y)] 
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which it would have, did the combination of no other arcs 
form 2 1 ; — Q v, must have certain additional terms, involving 
the coefficients of r t;, 2 V -—2 v — 2 v — ^ mv + cv^ See Let 

the series for n t and v be those that are stated in p. 224, then 

Q=-c(i- 91 _ g-! (IzUlt - &c ) 

+ (BC - BC") . (1 - m)e^ 

+ (£C, - ECJ (1 - my\ 

in which, as we have stated, the first line on the right-hand side 
of the equation, is of that form which is common to the coef- 
ficient of every term in the reversed expression the second and 
third lines are peculiar to the coefficients of those t^rms alone^ 
the arcs or arguments of which can be formed by the combination 
(the addition or subtraction) of other arguments. 

These observations on the process of Reversion and on the 
method of expressing the trite longitude in terms of the mean, are 
here inserted, not because the subject is very abstruse, but be- 
cause it IS rarely and imperfectly treated of. The subject is indeed 
of an analytical nature, and related to the present investigations 
in no other degree than by belonging to one of the Sciences that are 
auxiliary to Physical Astronomy 

We will now resume the investigation of the mam sub- 
ject of this Chapter, which is, (if any other be in Such re- 
searches,) very interesting, and which directly bears on some of 
the most essential points of Newton's System 

We have already seen in the simple case, in which the body 
was supposed to revolve originally in a circular orbit, that the 
disturbing force added two new terms to the original equation, 

nt V, 

or caused w t to be thus expressed, 

nt V +JJ sin. — y sin. (2 1 ; — 2 mv), 

in which p and q are coefficients dependent on the disturbing 
force ^ 

The Reversion of this expression produced (see p. 218.)>. 
(neglecting the squares, &c. of^, q) this equation, 
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D =znt psm nt q sin {Q:n t — 

or^ V the true longitude no longer equal to the mean, became un^ 
equal to it by two inequalities^ one expounded by - jti . sm n t, the 
other by q sin. - 2 wi wif) ; the first called the Elliptic Ine- 
quality the second the Variation^ 

These and like inequalities are said, in technical language, to 
be corrected by their corresponding equations, for instance, corres- 
ponding to the two inequalities just mentioned are the Equation of 
the Centre and the Variation (which is an equation) of which, m the 
case we are now speaking of, the terms p sin nty q . sin. 2l ( J — ©) 
are the mathematical exponents. 

According then to the conventional language just described, 
the body’s true longitude is to be found by applying to the mean 
longitude the Equation of the Centre^ and the equation called the 
Variation the argument of the former equation being the Moon’s 
anomaly, of the latter, twice the angular distance of the Sun and 
Moon. 

In the more complex case (see p. £ 29 .), (that in which most 
of the real conditions that obtain in nature are introduced) v is 
expressed by a great variety of terms, each of which, like the term 
p . sin. 2(3)-— @), may be said to denote an inequality or to ex- 
pound an equation the coefficient depending on the disturbing 
force, and the argument on the Configuration of the Sun, Moon 
and Earth. 

The body^s true longitude then in this case is to be found (on 
the supposition that the senes of terms in p. 2£9. truly re- 
presents d) by correcting the mean longitude {n t) first by a secular 

equation f(J^ — nit^ , and then, by othtr periodical 

equations of which the coefficients are P P' e\ g, g' and 
the respective arguments * 


* In this instance p sin. nt which arises entirely from the disturb- 
ing force, IS not stuctly the Elliptic Inequality since that term is ap- 
propriated to the deviation from equable motion which ensues from the 
merely elliptical motioipi. 


Q Q 
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, cntj %cnty 9,nt %nmtf ^nt 9,nmt c nt^ &c. ; 

or, making A to represent the Moon’s mean anomaly, the argu- 
ments will be 

A, ^(2)“-G), 2(1) - Q) - A, 

M But, it IS plain, if we look merely to the mathematical or sym- 
bolical exhibition of terms, their number is infinite. Except, 
then, several should be eminent above the rest for their mag- 
nitude, or, to state the matter more correctly, except after 
certain terms, all succeeding terms should be so minute as not to 
be worth considering, the true longitude could not be computed 
either directly from the preceding senes, or by its aid, 

The fact is that all terms, saving about thirty, may, from their 
minuteness, be rejected , and, if we examine the senes we shall 
perceive the causes of the minuteness , since, past a certain term, 
the coefficients involve the cubes of the eccentricities and incli- 
nation and their products. 

The terms then to be retained and to expound equattons, aref 
considerably the greatest of the series, and their magnitude, or, 
rather, that of their coeflficients depends, if we regard the differ- 
ential equation subsisting between dv and dt, on two causes, the 
magnitude of that modification of the disturbing force which pro- 
duces the inequality ; and, the duration of its agency Thus, if 

dv zindt + &c. + P .cos pnt x ndt^ 

then, d v will, in a given element of time (dt)y be the greater, the 
greater P is ; P being a function of the disturbing force and 
other quantities such as the eccentricity, &c. The difference be- 
tween the true longitude and the mean will continue to increase 
whilst P cos p remains of the same sign. The whole excess, 
therefore, of the true above the mean longitude, will depend (P 
being given) on the length of time that P cos pnt continues of 
the same sign j and, that must depend on p the smaller p, the 
greater will be the period of cos pnt passing from a given positive 
value to an equal negative one the larger jt?, the quicker will be 
the transition from the positive to the negative values of cos pnt. 

This i$ to view the subject on certain jntelhgfole grounds of 
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cause and effect • but, by the mathematical process, we may 
arrive, and in a more summary way, at the same result for if 

dv :=z ndt + &c. + P cos j>nt xndt, 
nt + &c + 

P 

and V will be the greater, the greater P is and the smaller p 

The Variation then, which is one of the principal Lunar Equa- 
tions, must derive its rnagnitude from that of the modification of 
the disturbing force producing it since, Qnt -^2 nmt being its 
argument, the divisor 2 — 2 m introduced by integration is 
greater than ] Or, in the other mode of considering the matter, 
we may say that the intensity of the disturbing force must be con- 
sj^derable, since the whole period of its action does not exceed 
fifteen days 

If we apply the mathematical mode of estimating the mag- 
nitudes of the terms to the expression for d t, we shall easily see 
what are the kind of terms that give rise to considerable equations. 
Jfow the expression is 

dv dv PTdv dv 


* The exact period is 14,76529^4^ or half a synodic peripd Dunng 
this, the variation passes through all its degrees of magnitude, positive as 
well as negative the time^ theiefore, during which the Variation either 
continually augments, or continually diminishes the longitude, can be 
only one-fourth of a synodic period In order to deduce this resuH, we 
may observe that sin z passes through all its positive and negative 
valpes, whilst % passes from 0 to a value =360“ now, 2 
when / = 0 and, in order to find that value pf t which makes 
2nt ^mnt^ 360®, we have, n denoting the Moon^s motion m a 
given tune (a day foi instance), 

360“ n \ period . 1 , 

% 2nt 2 mnt n , period, and 

* ~ i (D’S synodic penod)^ 
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Here the last term involves 8 the variation of a arising 
from the disturbing force , and this variation is obtained by in- 
tegrating the equation. 


u 

51? 


+ + n = 0, 


and if P cos. pi) (see p. 101.) should be a term in H, then 


P cos pv - - 

— ^ would be the 


corresponding term introduced by inte- 


gration into the value oi u li p then should be nearly equal I, 
there would be introduced, on that account, into the value of S w, 
and consequently into that of 1, a term with a large coefficient. 
Now, if we examine the expression for I Uy we shall find the third 
term somewhat under the above predicament • the argument of 
that term is 


(2 — 2?n — 


In the Lunar Theory m = .0748033, 

= .99154801, 

and consequently, 

2 - 2 m ~ ^ = .85885, 

the term therefore in ^ w that involves the argument (2 — 2 m— r)n 
must have received by the integration a small quantity as its 
divisor 5 when the integral oi dt is taken, the second integration 
will introduce the divisor 2 •— 2 which will not, however, 

much affect the value of the coefficient. 

#The term we are now speaking of expounds, in the Lunar 
Theory, the equation which is called the Evecttony and which, tcK 
gether with the Variation (see Astron. Chap XXXIV.) was dis- 
covered long before the rise of Physical Astronony. 

The second integration, we have just seen, introduces, if the 
term m d t be A cos. (2 v — 2 m — c v), a divisor 2 — 2iw — c. 
That quantity diffenng little from 1 does not much alter the re- 
sulting coefficient ^ but, it is plain, if in P cos pv 

a term of rfi, p should be very small, that the coefficient of the 
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resulting term would be considerably increased by integration : 
now the last term ^'®V.cos cmv in the value of iiS«(see 
p 222 ) IS neaily in this predicament , for, since 

c = .99999077965, 
and m = 0748013, 

/ m = .07480059 , 

consequently the term .4®/ . cos. which is very small 

in the expression for dt, will become of softie magnitude 

/ e' sm. c m , , 

^ — J in the integrated expression. 


The term that we have been just considering expounds, in 
the Lunar Theory, the Annual Equation, (see Astrongmy, 
Chap XXXIV ) discovered, as the Variation and Evection were, 
long before the rise of Physical Astronomy 

Thus, the simple consideration of the divisors introduced by 
integration has helped us to the mathematical explanation of the 
magnitudes of two of the principal Lunar Equations The mag- 
nitude of the Variation is. derived from that of the modification of 
the disturbing force producing it Almost the whole of the tan- 
gential disturbing force is so expended (see p. 218.) 

. The cause however of the magnitude of the annual equation is 
earfly to be discerned without the aid of the mathematical ex- 
planation, It is owing to the duration of that modification of the 
disturbing force which produces it which duration is half the 
period of a Solar Anomalistic Year^. The r^agnitude of the 
Evection arises not from any acceleration in the direction of the 

* For reasons already stated m the note of p 235 the whole 
period of the annual equation is to be determined fiom this equation, 

c'mnt = 360“ = n J,’s period ; 


^ 5 ’s period (^’s period „ , . 

* 'ITZL ~ V — Solar Anomalistic 


the annual equation, therefore, increases continually, or diminishes 
continually, during only half an Anomalistic year, the longitude. 
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tangent, but from alterations produced in the ellipse by that 
portion of the disturbing force which acts in the direction of the 
radius There is an inequality due solely to the eccentricity of 
the orbit. The equation of the centre becomes greater by the 
ellipse becoming more eccentric. If therefore the disturbing force 
introduces any periodical change m the eccentricity, there will 
be a corresponding change in the equation of the centre , some- 
thing superadded to, or taken away from that equation^ which is 
independent of all disturbing force, and which is solely due to the 
original ellipse : and this periodical augmentation and diminution 
is a new Equation it is, in the case we are considering, the 
Eviction^ arising from the disturbing force in the direction of the 
radius altering, what some mathematicians have been pleased to 
call, the Natural Centripetal Law We see by this, why we must 
look for the magnitude of the Evection in the integration of the 
equation [3J of p. 95 which determines the radius vector. The 
merely mathematical cause of the magnitude of the term ex- 
pounding the Evection consists, as we have seen in p 230., m 
Its receiving a small divisor (2 — 2 — 1 . 

The principle that has enabled us to assign the cause of the 
preceding Lunar equations will serve to guide us in our search of 
others The Annual Equation, as we have seen, although OBgin-p 
ating from a small modification of the disturbing force, yet be- 
comes considerable by the accumulation of its effects A slight 
modification of the disturbing force corresponds, in the ditferential 
equation, to a small coefficient and the accumulation of effect? 
depends on the period of the inequality. W^e must, therefore, in 
reducing the differential equation by the rejection of small terms, 
be careful to examine those terms that expound inequalities of 
periods The lengths of the periods may always *be deter- 
mined on the principles laid down in pp. 235. 237. 

The three equations, the Variation, the Evection and the 
Annual Equation, have claims to particular consideration from 
their historical celebrity. They have received, unlike the other 
inequalities that depend on the disturbing force, a technical deno- 
mination If they be viewed solely with regard to their magni- 
tude, they will be found to belong to the second order of inequar * 
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lines - the eUiptic inequality being reckoned of the first of a 
superior order It certainly IS for, its coefficient is 6o ISWhereas' 
the coefficients of the Variation, Evection, and Annual Equation 
are 35' 46 I “• 20' 29", and 1 1' 1 1" respectively But these ine- 
qualities do not exclusively occupy the second order for of the 
same order, (always determining the order by the magnitude of 
the coefficient) IS the ineyWi/y, as it may be called, 

of which, A bcmg die MWs Anonaly, 2 J .. Ae argument 
and the coefficient (the greatest value of the equation) 12' There 
IS also another inequality of the same order denominated the 
which, hke the two elliptic inequalities, is almost en- 
entirely independent of the disturbing force The two latter 
principally depend on, or are derived from, the elliptic form of the 
orbit , whilst the redMtian is owing to Ae inclination of the 
plane of Ae orbit to Aat of Ae ecliptn;. 


There are then five inequalities of the second order, and one 
of the first , and the true longitude expressed by the six terms that 
are their exponents, would be (reckoning the anomalies from 
perigee,) 


^-nf.+ (60 ir 54') sin.^ 


Second Inequality 
Variation 
Evection . 

Annual Equation 
Reduction 

a representing the Sun’s 


+ 10 / sin. 2^, 

+ 35' , 46" .sin 2 ( }) — q)^ 

+ P.20' 29" sin 
+ 11'. 11". sin 

^ 7' 31" sin 2 dist J from Jl, 
Anomaly. 


These are the principal terms of the senes expressing the value 
oiv If we continue the examination of the terms, ve may 
select and arrange, into a third class or order, fifteen other terms 
expounding inequalities of which the arguments would be 

Q) + A, 2(2> - O) - 

^ ( 3) — 0) — A 4- 43r, A — a, 3 A, 

3) — 0, &c. &c 


After this third class we may carry the approximation still 
farther and form a fourth , and, as it has been observed (p. 234 .) 
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there can be no end, m a merely mathematical view of the subject, 
of the terms composing the value of v , or, to use a different phra- 
seology, an infinite number of equations result from theory to be 
appbed as corrections to the mean longitude for the finding 
of the true Of these it is sufficient to retain twenty-eight, the 
others being rejected , the sole rule and guide for rejection being 
their ascertained or Computed minuteness ^ 

The coefictents of the terms (which are the greatest values of 
those terms) are constant But the Moon, and Earth, the places 
of their apsides, and nodes, the inclination of the planes of their 
orbits , or, V^hat technically is so called, the Configuration of the 
Earth, Moon and Sun, continually varying, the arguments which 
depend on such configuration, must continually vary they must 
change from day to day The Moon’s place, therefore, if assigned on 
tlie principles of Physical Astronomy^ would require every day the 
computation of nearly thirty terms (such as the terms of p. 229 ) 
This would be very laborious. But in this, as in like cases, the 
labour, although it must always remain considerable, is lessened 
by the construction of Lunar Talks f 

Lunar Tables are not constructed solely by means of Physical 
Astronomy*, nor,* in fact, do they * essentially require its aid. 
Three of the principal equations were determined, their coef- 
ficients as well as their arguments, long before Newton’s dis- 
coveries As they were determined so might the other equations, 
although the requisite labour of computation and observation would 
have been very great. Theory brings us sooner to the proposed 
end. It gives both the greatest values of t^e equations and their 
arguments in furnishing the latter it chiefly tends to improve 
Ae Lunar Tables ; for the coefficients are most accurately deter- 
ngune^^by observation 


* We cannot have a surer guide than the computed exactness • but 
it will be oftentimes easy to see that terms, when they are multiplied 
by certain powers and products of the eccentricities and inclinations, must 
become too ipimute for any practical purposes of exactness. In such 
cases a formal computation, (oftentimes a troublesome one) may be 
dispensed with 

i See Mason’s Lunar Tables the Tables in the third Volume of 
Vince’s Astronomy : and Talks de la Lme, par Burg, 
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The arguments of equations that have, hke the Variation and 
Evection, short periods, may be determined by the scientific ex- 
amination of observations alone There is no great difficulty in 
this the difficulty is to detect, without the aid of theory, ine- 
qualities of long periods Take, for instance, that equation 
which was discovered by Laplace, and by which, within these 
few years, the Lunar Tables have been improved. It is at least 
problematical whether, by mere observation alone, this equation, 
whose period is one hundred and eighty-five years, would ever 
We been detected. The same may be said concerning the Secular 
Equation (see p.^ 182 ) (in fact, a periodical equation of an ex- 
tremely long period) discovered by the same Author Previously 
to their being discovered. Astronomers were much embarrassed 
with certain Anomalies in the mean motion for the secular in- 
equality, and any inequality that slowly passes, by minute degrees, 
from Its first increase or decrease, to its state of maximum or 
minimum, must necessarily blend itself with the mean motion, 
and perplex its determination. 

The terms that represent the value of u (see pp 180, &c ) 
expound the equations by which it is necessary to correct the 
Moon’s mean parallax in order to obtain her true , and, in the 
present Chapter, we have given the mathematical explanation of 
the equations that serve to correct the Moon’s mean longitude 
It remains to find the Moon’s latitude, and, since the latitude as 
well as the radius vector and longitude is affected by the dis- 
turbing force, to find the terms fliat expound the inequalities 
in latitude that is to be done by solving the differential equa- 
tion [f] of p. 95. Now, setting aside the labour of computation, 
this IS a matter of little difficulty, smce the equation is similar to 
the equation which has been already mtegrated. 

In the present Chapter we have spoken of the terms, that form 
the expression for the longitude, and of the corresponding equcr- 
tionsy which they expound, as belonging to the Lunar Theory. 
That IS, indefed, in Physical Astronomy, the theory of the greatest im- 
portance But, it is plain, that inequalities and their corresponding 
equations, similar to the Lunar, will exist for every case of planetary 
disturbance . for Venus disturbed by the action of the Earth, and 

H H 
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one of Jupiter’s satellites disturbed by the action of another ; and, 
with still stricter analogy, for any of the Satellites of Jupiter and 
Saturn disturbed by the Sun. There will be found to belong to 
these cases, equations the same, in the form of their arguments, 
as the Variation^ Evection^ and Annual Equation not, indeed, so 
denominated, since the above terms have been appropriated, chiefly 
for historical reasons, to the Lunar Theory , nor always deserving 
to be distinguished on account of their magnitude : since the 
equations corresponding ^ to the largest in the Lunar Theory are 
not necessarily the largest in an instance of the Planetary Theory * 
the magnitudes of the terms expounding equations depend, often 
as we have seen (seen pp. 2S6, &c.) on the proportion between 
the mean motions of the disturbed and disturbing body j which 
must vary with the instance. 


* By this term is meant the equations that have similar arguments j 
^2 . (9 — for instance, m the case of Venus disturbed by Jupiter, 
IS the argument corresponding to that of the Lunar Variation. 



CHAP. XV. 


0» the Integration of the EquaUon on which the Moon's Latitude de- 
pends Formation of Equations correcting the Latitude Regression 
of the JV odes Secular Equation of the Regression, 

If X be the tangent of latitude, 

y the tangent of the inclination of the plane of the orbit, 

6 the longitude of the node, 
g - 1 the regression of the node 
then, when no disturbing force acts, the finite equation 

X = 7 sin. (g V - 0), 

IS the Integral of the equation [7] of p. 96. 


When a disturbing force acts, of which the resolved parts 
are, P , S and T, the quantity s must be determined by the inte- 
gration of the equation [c] of p. 95. which equation, reduced as 
the equation [b] was in page 138 ., is 




j,ds S 

JrtF 71 


Ps 


0 , 


This equation is to be integrated exactly as the equation [1^] 
has been* m the preceding pages. The several parts, such as 


^ To suppose, m this place, a regression, and to substitute an arbi- 
trary quantity to represent it, is to anticipate a result ; but the violation 
of the order of legitimate deduction is very slight, since it can be yery 
easily shewn, (for what can be more simple than the reasonings of the 
tenth and eleventh Corollaries of the eleventh Section of the Pnncipia)^ 
that the nodes cannot remain at rest whethei the m<^on be pro** 
gressive or regressive does not affect the assumption of the term. 
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^ dv’ deduced by first assuming for s its imperfect 

value (such as belongs to it in an undisturbed system), and then 
by correcting the results on the supposition that r varies, or has a 
variation such as S s The method will be better understood by 
being exemplified ^ 


First, 


^a/ue of 




T ii 

d V 


Assume for s that value which it would have, were there no 
disturbing force then, 


and 


= 7 sin* (g V 

ds 


dv 


0), 

g 7 cos (gv - 6) 


Now, (see p. CO ) = - 


S 


sm. 2 ( 


^Ka 

2 


2 

(1 + / cos, d mvf 
(I -h ^ . cos cv)^ 


sm 2 m 


S K a . , 

^ ^ ^ (1 + 3 ^ . cos, dm v 


4<?.cos c<v) sin 2 w, 

e?ccluding the terms that involve the products ed, &c and the 
second and higher powers of . and e' Substitute now for sm. S «. 
that part of its value which is contained in the first, second, fourth 
and fifth lines of p 166 and there will result, combining, ac- 
cording to Trigonometrical formulae, cos zv — 0, and 1 4 - 
3 / cos. f'lw » — 4 i? cos cv, 


1_ 

K- 


r 


dv 


%Ka 

4A» 




2 cos (g i; - 0) 

^ ^ 4 . cos. (gv — cv -- 6) 

4 c . cos, {gv cv — 6) 

I + 3 / . cos {gv — d mv — 6)\ 
+ 3/ .cos,(gv + dmv 6) 


X 
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Sin (2 — 2 m tj) \ 

- Q.me.sm (2o — 2»?w — cv) f 
+ 9.me sm (1 v - Si mv + cti)\ 

+ 2 f sin (2 ® —■ 9. mi)—c' mti) 1 

- 2 f' sin {Q,v — 9,mv + c m v)J 

The combination of these factors will produce twenty-five 
rectangles, each of the foim sin. ^ cos H, consequently, by 
the development of the rectangles, (since sm. A . cos B = 
I [sin (A+B) + sm (A — jB)] fifty terms, each the sine of an 
arc, supposing each arc different but this is not the case • several 
of the terms, being the sines of the same arcs, with equal coef- 
ficients of opposite signs, destroy each other for instance, the 
second and third terms of the first series of factors of the 
preceding expressions combining with the second and third teims 
of the last senes of factors,' ought, were there no relation 
between the arcs, to produce eight smeS of arcs . but they pro- 
duce only four . since the second term of the last series, com- 
bining with the second and tlurd of the first produces, with 
other, two terms equal 



Am e 



sin. (Oil) -- 9>mv A' gv A- 0) 
+ sin 9>v — 9imv gv — &) 




and the third term of the last series combining witli the two 
same terms of the first, produces the same terms but with 
coefficients equal - Am The same kind of reduction will 
take place on the combination of the fourth and fifth terms of 
the last series of factors, with the fourth and fifth of the 
first senes A reduction not unlike the preceding, but less 
m degree, will take plac6 amongst those terms that involve 
the sines of the same arcs with unequal coefficients. 


These considerations are useful in abridging the process of 
computation when it is intended to be carried to great exactness 
which IS not the case at present, since the terms that involve 
/», ee', are purposely excluded If we retain then no terms 
that contain powers of e, beyond the first, and make, for that 
same reason W — a, ^ we shall have 
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1 ^ S 

dv~ 

sin (^v ~ Qmv - gv + 6) 

+ sin (2®' — 2mv+gv — 6) I 

— 2 . (1 +»!)£. sin {QiV —2 mv -i-gv — cv—B) 

+ 2 (l+m)e .sm. (gv + cv-Qv42mv — e) 

— sm (Q,v — Q,mv-gv+c v + B) 

— 2.(l-m)e sm (gv + cv + Q, v~2 m v — 6) 
3 K « J 7 , 

4 * a ^ ^ 2 ^ ~ 2 mv — gv — c'm V +6) V 

7 

+ ~ e' sm (2 V 2:mv + gv — e' mv ■— 6) 
d 

— - . sm [2 V — 2 m V — gv c' m V + B) 

2 . sin.{2v — 2mv + gv + e mv — B) 


We will next find 

S _ Ps 

«■* A* tt® ’ 

which (see pp 6 S, 169 ), equals 

. m! stP Zm' su*‘ , ,, 

i*« (r+..)4 ■" -F? + TJy 

— ^ . ni u^s , 3 nl s , . 

+ 2 l^+ 2 l^ cos.( 2 ®- 2 »). 


In the Lunar Theory - = is very small, if therefore we 

f" 

reject the last term in the first line of the preceding value, since it 
contains ~ , and reduce the other terms, we shall have 

h'u^ ~ + T h^'u* ~ 

First, with regard to the first term if we exclude the terms 
that involve the squares, cubes, 8tc. of tf', &c. we shall have 
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8 Ka 


.7. sin (gB-e) (i_4 

€ C0S,CV){1 


+ 3 / cos 





sm (gt? — 0) 

Q sin (gv + cv -- 0) 

2^ . sin (g V ~ r V — 0) 

3 / 

sm (g» + - 0)1 

37 . . 

— sm. (gt> - c'mv -- 0)' 


If the terms involving e^, &c had been retained, then 
(1 + — 7^ — cos c v), 

instead of (1 — 4 ^ . cos. r 1;), would have represented the value 
of and the value of would have been represented by 

1 / 3 \ 


an^ the value of by 
h* 


L (1 + 4. 

m which case, the coefficient of the first term within the bracketSi 
namely, sm. (g 7; 0), would have become 



and m the Lunar Theory, where great exactness is required (and 
IS mdeed.practised), it is necessary to attend to such terms, espe- 
cially on account of e'\ which varies from the disturbing force 
of the planets, and on which the Secular Eq^uation of the Node^ as 
well as the Secufar Equations of the Mean Motion, and Progres- 
sion of the Apogee, depend. 

In order to obtain the second term of the preceding expression 
of p. 246 (1 S from bottom), it is merely necessary to multiply 
the last series by the value of cos. (2v - 2 v% and, in the present 
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case, by that part of its value m p 1 6=6, which is contained in the 
^rst, second, fifth and sixth lines if this be done, there will result 


M t 

4 


S ni' s 

^2 h^~iF 


cos = 


sm (2 ‘y — 2 m -y ^ — 0) ^ 

— sin — 2 mi) — gv 

— 2 {l+in)e,sm (2i)‘--2mv+gv — cv---&) 
2.(14'^)<? sin (gu-^-cw mv’—Q) 

+ 2 (JL>-m)e sm {2 mv — gv+*cv + 6) 

— 2 (1 — , sin + — 0) 

7 

^ e' • sin. (2t; — 2m v gv — d mv +0)j’ 


+ " .,sin. (2y — 2m V gv — mv ■ — B') 
2 » 


+ - . sin. (2 V — . 2mD — gv c* mv + ^) 


I c * 

— “ . sin (2 0 “ 2 »» » +^t) 4- c' m v — 6) 
What remains to be done is to find the value of 


/d^s, \2 pTdv 

0 iJ IF 


Now, since 


j* = Y sin, {gv — B\ 
ds ^ * 

^ « S' 7 cos (§• » - 0), 


urS 

8in {gv - fl) =S _ gSy, 

5o» ~ Sf*) Y . sin. (gv - C). 

If this last rahife be multiplied iftto the valiK? of — /* — 

given m pp,154«« 168* there will result 


m 


+ pTdv _ 

Vdti* ^ ) h^J 


SK a gs _ 1 -g» + fl)j 

~4~*« ■ ~ m i ®“*(2®~2'w»+g»-e)V 
;+&c 




of which terms it will be sufficient, on the score of exactness, to 
detain the first. 

The differential equation, if we now collect its several terms, 
will be of this form 

. S K a / ^ Se^\ 

• % K a / 1— 

“T' ^ V ■*■ ^'^ T ~ -m ) YSin.(2t.-2»*w-|rB + a) 

3 K. 

(2v-2»«v + ^w-0) 

\ 

— 3 jST . ~ ^ 7 sin {gv a V — 

rr ^ 

- 3 a - ^ 7 sin (g i; — ^ V — 0) 

3jff a . -V/, V 

tfVsin.(2v - Stmv-gv^cv Jt 6) 


(g+ 1) (1 +^) ^7sin, — 2mv — g v—r v— 0) 


+M 

^7 



SK 


^ T" 


, 3K 


+ Y'‘ 


+ 11 

a 



9K 

a 

4> 


+ 1E 




+ M 

a 

^ 4 


_3K 

^7 

4 


+ &c. 



— /y sm. (2v — 9tmv^gi) + 


I T 
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This equation is similar to the equation of p, 156^ and admits 
of a similar integration ; of such^ indeed^ as was explained in 
pp. 100, &c TJie integration gives the value of j*, and, in the 
case before us, will express it by a series of terms of \ibich 
the arguments are the same as m the preceding differential equa- 
tion, namely, gv ^ 6^ 2ro ^ % rrtv — gv — gv + cv — 

&c. &c , and the coefficients, the corresponding coefBcients in tji^ 
difierential equation divided respectively by 

g* — 1, (2 - 2 - g)^ - 1, (g 4- 

(see p 100 ) 

The terms representing the value of s mathematically ex- 
pound, as in the preceding cases of the values of u and r, cer- 
tain equations that serve to correct the latitude. Under a merely 
mathematical view, the terms, and, consequently, the equations, 
are infinite in number But it is sufficient to retain a few : those 
that are, on account of their magnitude, eminent above the rest. 
And, as in the former cases, when the parallax and longitude 
were determined, so in this it may be shewn why some terms are • 
much larger than others The two first terms, for instance, that 
by integrating the preceding differential equation, will express x, 
are 

SKa / • 3 

a 1 

4 2 * ^ -gf - 1 V ^ ^ 

Now each of these terms IS large, by reason of the smallness 
of its denominator. The first expounds the Equation^ the argument 
of which IS termed the' Argument of Latitude • the second expounds 
tb^^principal equation of latitude, and which, from mere obser- 
vatiom alone, was discovered by Tycho Brake. 

Ite coefficient of the first term may be used for determining 
the Regress^ cf the Lunar Nodes, just a§ the coefficient of 
COS. m the v^ueof was used by Claitaut for determining 
^ ^ the.valu? of s m the undis- 

system JS 


J = 7 Sin. igv - 6). 
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Equate tins with 
SKa 


S Ka / , . ^ „ 55 y*\ 

1) V 7Sm.(g« - e), 

and there results 

*=\/[‘+iT ('+“•-¥)]■ 

For the purpose of deducing the arithmetical value of jp. 
have “* 


we 


/ = .016803, 

« = 054873, 

Ka 

,= .005595; 

whence g = l 0042, nearly, 
and g — 1 = 0042 


This, for reasons such as are assigned in Chap. XIII. must be 
an inexact value but, it is not so enormously inexact, as the first 
resulting value (1 -r) of the progression of the apogee since, by 
a repeated process, g - 1 = 0040105. The cause of the in- 
exactnew of the first resulting value, and the means of correcting 
It have been fully explained m the preceding pages . since what 
iTOS there observed on the method of deducing the {Hrogression of 
the apogee is strictly applicable to the present case. 

It IS difficult to find any very simple mode of treating the 
Progression of the Apogee. ClairauFs method is as obvious as 
any other ; and, as it has been observed, the preceding method in 
the text is analogous to it. But that, when the Regression ‘of the 
Nodes IS the object of investigatioti, is far from being the most 
simple method. Newton’s is much more simple , and, which is a 
rate excellence, it at once shews the regression to be an obvious 
effect of the disturbing force, and affords the means of com- 
peting Its quantity. This kind of excellence, however, depeinds 
in a great degree, on the nature of the subject of research, 
and consequently, in PJystcal Astronomy^ is very limited. It 
cannot be expected to be found, (as the very terms, indeed. 
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signify) in abstruse subjects But the method described in p 250. 
although less simple than Newton’s, has yet its peculiar advan- 
tages. g — 1, which expresses the mean Regression, is equal to 

\/[-- IT 

Now, as it lias been before stated, the eccentricity (/) of the 
Solar Orbit Is rendered variable by the action of the planets It 
IS subject to a Secular Equation , consequently the mean Re- 
gression of the Lunar Nodes is also subject to a Secular Equation* 
A Similar inference was made in 181. from the value of 
I — Cy relative to the Secular Equation of the Progression of the 
Lunar Apogee , and such inferences are more easily made from 
Clairaut’s than from Newton’^ method 

Laplace has still a different method, )but one resembling tha^ 
which he uses for determining the Progression (pp Q12 223 2nde 
Partie, Liv, VII Mec. Cel) and it follows also immediately from 
this method that the Regression of the Nodes is subject to a 
Secular Equation* 

^he preceding pages relate principally to the periodical ine- 
qualities of the Moon, those inequalities which prevent her 
parallax, longitude, and latitude, being what they would be were 
the sole force acting on her the Earth’s attraction But the Pro- 
gression of the Apogee, and the Regression of the Nodes, belong 
to a distinct class of inequalities, such as affect the very orbit 
Itself, Its dimensions and position in space. These inequalities 
are technically denominated the Variations oj the Elements, One 
element is the position or longitude of the Apogee ; another the 
longitude of the Node the Variation of the former is the Pro-" 
gression of the Apogee^ of the latter the Regression f the Node • and 
these have been treated of at least, their mean quantities and the 
Secular inequalities affecting them. A third element is the 
(lentrii^ty of the Lunar Orbit This, Newton, m the eleventh 
Septioit of his Principioi shewed to be subject to change from the 
Sun s disturbi^ force : and, on grounds and by considerations 
similar to those which we used in speaking of the cause of the 
EvectioUk But Newton gave no method of computing its qu^ii* 
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tity as he did m the case of the nodes Indeed, the variation of 
the eccentricity is not, like the progression of the apogee, and 
the regression of the nodes, a distinct phenomenon • it is com- 
bined with, and influences, other inequalities It could not, 
therefore, by the agreement of its computed and observed quan- 
tity, readily serve, like the two other variations, to confirm the 
Law of Gravitation. 

A fourth element is the inclination of the plane of the Lunar 
Orbit In his eleventh Section, Newton shewed the Variation 
of this element to be a necessary consequence of the Sun’s dis- 
turbing force : and, in the third Book of the Pnncipia he com- 
putes Its law and quantity A fifth element is the semi-axis of the 
Moon s Otbit, or her mean distance If we look to phenomena 
that element has no variation Newton, thercfoic, in the third 
Book of the Pnncipia, could derive no confirmation of his principle 
and Law of Attraction from the agreement of its computed and 
observed quantity The Moon’s mean motion was found to be 
invariable, and therefore her mean distance would be so Still it 
IS remarkable that, the other elements varying, this should remain 
constant . that it should be so, both when the disturbing force acted, 
and when it did not This is, in itself, a kind of phenomenon 
which requires an explanation It is necessary to shew, at least 
for the purposes of curious inquiry, that a disturbing force cafi 
make no alteration in the mean distance There cannot be a less 
self-evident proof of the Sun’s attraction than the invariability of 
that element. It affords on first views, if any thing, a presump- 
tion against the principle of universal attraction The mvariability 
therefore, of the mean distance is a thing to be established on 
Newton’s principles and being establishel, is, at least, equally a 
proof of their truth as the Variability of Apogee. 

Newton has given nothing on this sulject in his Pnncipia it 
was not to be expected that the founder of a great system should 
have had leisure to attend to all its details. Investigations of a 
nature so abstruSe as those that have been just described, would, 
during the establishing of a new system, be postponed, and made 
to give place to others more obvious and important The mathe- 
maticians, however, who succeeded Newton had leisure to 
attend to this subject. 
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They have (and this is one of the usual effects of progressive 
Science) considered the variations of the elements under a geneial 
point of view, and reduced the expressions of their values to six 
similar differential formulse From one of these it results that 
the major-axis of a planet’s orbit is subject to no secular ine« 
quality and consequently that the planets, notwithstanding their 
mutual action, will constantly preserve the same distances from 
the Sun 

This IS one of the points oi permanence or stability of the 
Planetary System , a subject of considerable importance and 
interest and, the periodical inequalities of parallax, longitude, and 
latitude, having been investigated, this might now seem to be the 
proper place to consider the changes produced by disturbing forces 
in the dimensions and position of a planet’s orbit. And so indeed 
it would be, were the preceding solution of the Problem of the 
three Bodies immediately applicable to the case of any planet re- 
volving round the Sun and disturbed by another planet. But the 
fact is otherwise The instance, indeed, of Venus revolving round 
the Sun and disturbed by the Earth resembles, m its geneial 
character, that of the Moon revolving round the Earth and dis- 
turbed by the Sun To each case belongs the same differential 
equation, and the same method of integration There is, how- 
ever, a difference which is to be found in the detail, and which 
IS entirely mathematical We will explain m what it consists 

The value of P which is given in page 6o, and which was 
used m the succeeding senes of solutions was derived from the 

general value of page 57 by expanding L (see p 59 ) and by re- 
jecting, m Its development, all terms after the second. T^ow this 

rejec^on is founded on the minuteness of — , and I in the Lunar 

r' r' 

1 

“'“T “ 456'’’"* m the case of Venus disturbed by the 

Earth - — 7233'3S . therefore, , (^^ , &c. cannot be 

rejected and consequently the analytical expression for P can- 
not remain the same as it wa? m the Lunar 'theory. The pro- 
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cesses and results, therefore, of Chapters IX, X, 8cc wdl at least 

require some modification, or, as we shall soon see, the inven- 
tion of new methods . 

In the less simple exjpression for P, then, the planetarv theory 
seems more complicated than the Lunar , but in other respects it 
IS much less so. The chief cause is, the smallness of the dis- 
turbing force of any planet compared with the Sun’s dis- 
turbing force The Lunar perturbations require thirty equa- 
tions, but three are sufficient ta express the inequalities of 
Venus produced by Jupiter’s action. For the simple cases, 
the^ %t occur in the Planetary Theory, the apparatus of for- 
rouJae and processes, that has been used m determining the Moon’s 
place, IS too cumbrous and complicated. The formta® wjl serve 
Clairaut in the Memoirs of the Academy of Sciences for 
1754 pp sai, &c made them to serve, for determining the 
Earths place disturbed by the Moon, Jupiter and Venus. But 
he method is not an expeditious one and the first result, the 
expression of the mean anomaly m terms of the true, is not the 
mam object of investigation That object is, the true longitude in 
terms of the mean and in order to obtain it, the Reversion of 

Senes (see pp. 328, &c.), an operation of some difficulty, must be 
used. , 


A shorter method of solution, for the more simple cases, 
bas been obtamed hf alaaiidtoniug the ©fuations [a], [t] of p. 
for equations expressing r and its difibremtials, v and its diAr- 
entials, m terms of nt,ndt, and other quantities. The equations 
of solution when obtained, are, indeed, more easy of application 
than the former, but they are deduced by less obvious pro- 

We have stated then two points of distinction between the 
Lunar and Planetary Theories, and which entitle the latter to a 
separate discussion. 

The case that bears the strictest analogy to the theory of the 
Lunar perturbations is that of a Satellite of Jupiter distiirbed by 
the Solar attraction. The problems in every particular are pre- 
cisely the same The Satellite’s mean longitude, in order that 
Its true may be found, must be corrected by the three equations 
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cesses and results, therefore, of Chapters IX, X, 8cc. will at least 
require some modification, or, as we shall soon see, the inven- 
tion of new methods 

In the less simple exjiression for P, then, the planetary theory 
seems more complicated than the Lunar , but in other respects it 
IS much less so. The chief cause is, the smallness of the dis- 
turbing force of any planet compared with the Sun’s dis- 
tur ing force The Lunar perturbations require thirty equa- 
ls, but three are sufficient to express the inequalities of 
Venus produced by Jupiter’s action. For the simple cases, 
then, % occur m the Planetary Theory, the apparatus of for- 
inufae and processes, that has been usedm determining the Moon’s 
place, is too cumlwous and complicated. The formulae wtU serve 
indeed, as Clairaut in the Memoirs of th Academy of Sciences for 
1754 pp. 521, &c made them to serve, for determining the 
Earth s place disturbed by the Moon, ■ Jupiter and Venus. But 
the method is not an expeditious one and the first result, die 
expression of the mean anomaly in terms of the true, is not the 
mam object of investigation That object is, the true longitude in 
terms of the mean : and in order to obtain it, the Reversion of 
Series (see pp. 228, &c ), an operation of some difficulty, must be 
used. , 

A shorter method of solution, for the more simple cases, 
has been obtaioed by abandoning the equations [d], [6] of pw 95. 
for equations expressing r and its differMitials, w and its difier- 
entials, in terms of nt,ndt, and other quantities. The equations 
of solution, when obtained, are, indeed, more easy of apphcation 
than the former; but they are deduced by less obvious pro- 
cesses. 

We have stated then two points of distinction between the 
Lunar and Planetary Theories, and which entitle the latter to a 
separate discussion. 

The case that bears the strictest analogy to the theory of the 
Lunar perturbations is that of a Satellite of Jupiter disturbed by 
the Solar attraction. The problems in every particular are pre- 
cisely ■ the same The Satellite’s mean longitude, in order that 
Its true may be found, must be corrected by the three equations 
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of the VanatioHy the Evection^ and the Annual Equation^ But 
these are very small corrections, and the other equations that cor- 
respond to the Lunar exist only theoretically, and are insignificant 
when numerically expounded. 

The instances that resemble, but less closely, the Moon dis- 
turbed by the Sun are, ^ it has been already stated, Venus dis- 
turbed by the Earth, or by Mars, or by Jupiter , or, Mars dis- 
turbed by Jupiter ; or, one of Jupiter’s Satellites disturbed by an- 
other more distant Satellite. To these cases, that solution of the 
Problem of the Three Bodies which was used in the Lunar Theory 
does not immediately (see p. 254.) apply We may presume also 
that It will not, without some modification, apply to the pertur- 
bation pf a planet disturbed by another, the orbit of which is 
interior to that of the former For still less closely than either of 
the two preceding instances, does that of the Earth disturbed by 
the Moon, or by Venus, resemble the Moon disturbed by the 
Sun. It would be a loss of time to attempt to describe, in general 
terms, in what the difference consists We must descend into 
the details and view it nearly. 

The succeeding Chapters then, will be specially appropiiated 
to the Planetary Theory, which, in many respects, is less com- 
plicated than the Lunar , and, in some of its instances, we shall 
find ourselves thrown back on the most simple cases of the 
Problem of the Three Bodies The Planetary Theory, however, 
IS not without Its peculiar difficulties. 


* 



CHAP. XVI. 

ON THE PLANETARY THEORY. 


Diff^reniial Equation for detet mining the Radius Vector Expression for 

R its development into a Senes of Cosines of Multiple Arcs Con- 
ditions on which the Comer gency of such Senes depends Application 
of the Differential Equation to the Imcitigation of the Rerturhations 
m the Radius Vector and Longitude of the Earth by the Moon’s 
jiction. 


The first object in this Chapter is to obtain differential equa- 
tions from which the radius vector and longitude may be obtained 
more concisely than from the equations [n], [3], of p. Q5 that 
have been employed m the Lunar Theory 


^ If in the equations [4], [5], of p 92 we suppose the body’s 
latitude to be nothing, and substitute instead of P and J, their 
values such as are given in p. 66, namely. 


tL 

dr* 



there will result 




r ~ rd^'v ('^ + —') dP = 0 
VP dr A 


dr - 

dR 


2 dr r , d^t = 0 

r.dv 


• [ 1 ], 

[ 2 ]. 


Multiply fl] by dr, and [2] by rdv, and add the results, 
then 


# 


0 = 


idr,d^r-\-rdr dv^ 


(dJR 

\dr 


+ r'^dv fjL 


d r 


dR 

dv 


dv^ dp 



K K 
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from which equation integrated and corrected there results 
0 = i ^ + 2/di2' . [3] 

Since, J'(^dr + ~dv^ =fd.R* 


For the purpose of eliminating d v from this equation [3], 
substitute, instead of r^dv\ that value which the equation [1]^ 
multiplied by r will give, then 

— mrf + rd-r-] -t+ !i + QfdR+ = 0. 

Up r a dr 


Now, 


(d + r d* r = i d* (r^), 
!2 


and if B r be made to signify that variation of r which arises from 
the disturbing forccj then, on neglecting (Br)^ and the products of 
(see p. 66.) and B r, there will result 


~[^(r-)Ar d-{%rlr)1-t + + t^^/dR + r^^ = 0 . 

r a dr 


2dP 


But, when there is no disturbing force, and r, accordingly, 
has its elliptical value, 

-t+!t=o. 

2 r a 


Hence, since i = ^ (representing by 

B a that variation of a which is due to the disturbing force), we 
have 


iV?.rSr + 2/4/i2 + r ~ = 0, 
dr dr 

in which equation, 

We must now consider whether it is possible to express 

— ■' I,- 

* Anal Calc, ^p 78 
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+ — — by a series of cosines such as ^ cos qnt. for 

Aen we should be able immediately to integrate the equation by 
the method of pp 97, &c. 

The value of R (see p. 66 ) on making s — 0 , and p —r 1% 
thus expressed, 

R = {v -v) ^ 

»• cos. (r/ -i,) + ‘ 

Now, supposing e, s' to denote the epochs at which the bodies 
are in the perihelia of their orbits, we have (see p. 32.) 

V =: nt + e + 2 e sin. («t + s — x) + &c. 
n/ssn't+e'+Qe sin (n't + x'), 

r = a — ae cos. (« f + e — t) + 8 lc 
— de' cos («' r + e' — x') + &C. 

let us begin with a simple case, and suppose the orbits to be so 
nearly circular that the terms involving /, may be neglected, 
then 


R 


m a 


cos (w' t — n t + s' — s) 


_ nt 

— Saa'.cos. (n't— «t + c'-£)+a*) ’ 

which may always, whatever are the relative magnitudes of a, 
be expanded into a series of terms such as 

^( 0 ) ja) _ cos (nt — n t+s'— . cos. 2 («' t—nt + e) 

+ &c. 


For, make to zz n't — nt e' — e, 


then 


~ o'’ 

and y = >J(f!^ - 2 o o' cos. » + o*) , 


1 1 

^ ~ 2o cos. « + o®)- 
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^making a? + i as 2 cos 

= 5^(1 0 --“)"'• 

Now (1 - = 1 4- 2x.aa; +l£Jii-±i2a*a* 

1 . ^ 

+ + Sec 

1 « 2 • 3 

y aN-2' Qsa , 2s (2 S+1) a® 

V-~xJ =^ + -7' + -^r“2 — 

, 2f (2.f+I) (2 j + 2) 

12 3 ■ 

and their product is equal to 

1 + (2 J)® a® + 


(2sa 


(2j+1) 


r + l)».(2^+2) 
* 2‘ . 3 


a« +&C. 


(-1) 


1) (2^+1) (2/+2) 
1.2 1® 2 3 

, (2sy (2j+I)® (2 j+2) (2.14-3) . , 

1* 2* . 3 4 “ etc. J 


• The coefficients of this product may, and rathei more regularly, be 
thus expressed (see 3Iec. Anal 2de Partie, Sect VII ) 

1 + (2 s)® a®+ ( — . y + c<4 + &c 

4.aAs4-^® . 2i;S!±i)„aa.?f_^+l) 2 s(2s+1)(2s+2) 

^ V ^ 1 1.2 ^12 TTI — “ + ^ 

+ <2i-2i±il^) + fa). 
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butseeTng'. p 42 

^ ^ cos 2 a, 

^ 1 

^3 «}. =2 cos. 3 w, 

ora > 

&C. = &c. 

consequently, 

JL - * 

yis ■“ N ■ COS. « + 0 . Cos. 2 w + &c ) 

, , IV 0 . 

^ 2 ’ ^ representing the coefficients of ], a? + i. 

X 

1” the preceding product (p. 260 ) 

On account of the importance of the formula *, we have de- 
duced Its most general expression m which j- may designate any 
liumber In the instance that gave rise to the investigation, 

4j- — 1, and 2j' == i 
2 

and if this fraction be substituted, we shall have the same series 
as Laplace has given m p 272. of his Mec, Celeste 

It appears then, if we regard merely the analytical expression 
and not the convergency of the series as dependent on the value 
of a, that R can always be expressed by a series such ai 


• The development of or of (r'»-2rr'cos 

during his researches on the perturbation of the planets, deduced 
by Lagrange and by the aid of impossible quantities. In this method 
he has been followed by Laplace and other authors (see Mem Berhn 

^ des Sciences, 1785, p. 6$ 

Mec. Celeste, tom I pp 271, 272 Vince's ^slron. vol U p. 191 . 

he demonstration in the text is obtained with an expedition quite 
equal to that which the use of imaginary symbols is able to confer 
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^0 + ^( 1 ) cos «i + «'-6)+ .cos.2(«7-nf + £'-e) + &c. 

and consequently, ZfdR+ f ^ , or, in this case, ^fdR +a.~ 

dr da 

can always be expressed by means of terms Involving the cosines 
of arcs tie multiples of ^ 4 - 6 ' — e ; in which case (see 

pp 259, 8cc ) the equation of p 258 can be integrated by the 
method of pp 97, &c. 

We must now consider whether the method, is an easy prac- 
tical one and that must depend, as it is plain, on the convergency 

of the series that expresses the value of R. If or^^- be 

a small fraction, the series will quickly converge , and a few of its 
terms will,*with suiEcient exactness, represent its sum. 


If the fraction ~ , should be as small as it xs r=-i-Vn 

a V 400 / 

the Lunar Theory, the series would converge so quickly that it 
would be sufficiently exact to retain its two first terms There is 
no reason why we should not use the series when it has been once 
invented • but otherwise it would have been an useless refinement 
to have invented it for so simple a case The binomial theorem 
see p 59 immediately affords the proper result 


In the case last alluded to, a', which expresses the radius of 
the orbit of the disturbing planet, was the radius of the Sun's 

orbit • and, ~ , being very small, the series converged very 

rapidly but we may still obtain a converging series, if con- 
tinuing to represent the radius of the orbit of the disturbing body, 
should be less than a . in other words, if the orbit of the disturb- 
ing body should be interior to that of the disturbed: 



or 



and consequently, the same form of development would belong 
to each case and, if the first converged, d being greater than 
a, the latter would converge, and ought to be used, d being less 
than a • and, as it is plain, the convergence would be the same, if 

^ should equal - 
a q ' 

As far then as depends on the facility of computing i? fand 
consequently of computing P and P, see pp 66 ) by the conver- 
gency of the senes expressing it, the problem of Jupiter’s pertur- 
bations by the action of Mars is equally easy with that of the per- 
turbation of Mars by Jupiter 

Hence too, that application of the series, which in the* case 
of the Earth, Moon and Sun, we stated (p 262 ) to be most 
simple, the Sun being the disturbing body, will be equally so, 
when the Moon becomes the disturbing body and, since this is a 
case the most simple of any in the Theory of Perturbations, whether 
the orbit of the tkrd body be without or within that of the dis- 
turbed, we will apply to it the formul® of this Chapter. The 
results miy then be compared with those which have already, on 
dilFerent principles, been previously (see Chap VI ) obtained 


If we make 4 j-= 1, 2 ‘s will = i , 

2 ’ 

and ^ (see p 260.) will =ri ^ 

, 1 T'*' ^ I 3 /d\» 1 


+ &c. 


’ + &c.] 
cos (a 


and if we reject, which we may do in this case, since 

d _ rad. J) ’s orbit i 
a ~ rad 0’s orbit ~ 400 ’ 5^’ 


the terms involving (^ )* , (£ , &c. we shall merely have 


1 

y 


— - , and, accordingly, 
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~ + e' — c) - 

a a 

Now, In the differential dR^ they are solely the ordinates x, of 
the disturbed body which are supposed to vary consequently in 
the above expression n t alcftie vanes, therefore 

a jj Tk an . 

2 . « ie = — — — sm. {n t — nt + e' - e)dti 
but 

n r j T> drri n a , . 

9.J dR = — cos (w ^ 4* e' — c) + corn 

a * \n — fi) 


which correction we may suppose equal to 


a 


Again, sine? 


rdR __ a dR 
dr da 


, we have 


dR ryjf iyI a 

^ '17 ^ ^ - «2f + c' -- e), 


and, accordingly. 


^fdR = 

dr 


tn %% w! a / ^ %n \ 

+ — + ( 1 + 1 cos («'/ — -f 6' — c) 

a a a* ^ n — n' / * 


If we now divide every term of the equation of p, 258 by 

and, /w being supposed = 1, write instead of , there will 
® or 

result 



{rlr) , iV* 


rlr fti 




+ 


c' - c). 


Now this equation, as it was stated m p.*262 is precisely 
under the conditions requisite for that peculiar method of inte- 
gration which was described m pages 97, 98, &c.. and, according 
to that method, 



S65 


rSr 


~ + 2 + 


1 2« \ 

ad' ' (^-n'f-JSI^ * + «' - 0 , 

which IS a result independent of the eccentricity of the orbit. 

The last term in the preceding expression is periodic. On 
the first depends the alteiation produced in the constant part of 

the radius by the disturbing force : let 8 a represent that alter- 
ation, then 


8 a / _r 8 r 

a a' 


a 8 _ 

J ~ 


n' 

N' 


(m' + Qi), 


k being an indeterminate quantity The coefiicient of the last 


term may immediately be computed for since — = 0748013 

n' ’ 


1 + _ 775596 

n-n' 925198 ’ 

hnti = ?Lll( = 1. nearly^ 

. n 10661 V 400 ’ 

and (m representing the Earth’s mass), 

m' _ 1 

m + jm' ~ 59 6 ’ ' 

a result taken from the theory of the tides Moreover 


_ ^ + »»' 


and 


m 


^ ^ tri 7^^ a' 

a m-i-m' a ^ 


and lastly, since nearly s!= n% 


1 

(«- ^nn' j _ 

n' 

conaputing from these data, we have the periodical part of Sr 
namelyi « ^ 


la la 
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Wk a 


( 1 4- — — COS. (n' ^ 71 ^ + c' €), 


= ^ X 000042199, cos ^ ^ -- e) 


The coefficient of cos (y — v\ or, since the eccentricity is 
neglected, of cos (w'jf — 7^^ + e' — e), is, by p 85 , 0000428, 
which latter result was deduced from the doctrine of the centre 
of gravity so that we have, very nearly agreeing, two results ob- 
tained by different methods and both methods of approximation. 


We will now deduce a general expression for the inequajity 
in longitude. 

If we eliminate d from the two expressions, 


1 ? 


lii -j-. ^ 

r a 


+ 2/^ J? = 0 


[1]. 


1 

i 


df' 


- ^ + ^ + 2/die + 



= 0 


there will result 

^ ^ 4 . ^ ^ A 

dt^ dt^ " 77 “ 


[Q]> 

[Si 


* The computation is thus effected 


log 8504 ^ 

= 1 

. « / 

= 3 92962 

log 10* ... 
log 7756. 

4 

3 88963 

log 9252 ^ 


= 3 96623 

log 27.2 ., 


log 59 6 ( 


1 = 1.77524 


9 32419 

13 69888 

log. 10661.. 



= 4 02779 


5 62531 



13 69888 , 

and the corresponding number 


IS .OOQ04219, 

Laplace’s coefficjent^seeilfec. Ctl tom II p. 108 )is — 000042808; 
but his argument IS (7 — 1 ?, m which TJ is the Moon’s longitude seen 
from the centre of the Earth, and v the Earth’s longitude seen from 
the centre of the Sun, n therefore, m the expression of the 

text, corresponds to 180+17, and/ accordingly, cos. (w'/— w^+e'— c), 
or cos. (o'-©) corresponds to cos. (ISO+U^o), or - cos.((7-»). 
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''' 4»« be 


r^dv^ 

dt^ 


1 d*r ji 

dt* '^'i- 


[4], 


values When therefoie, the disturbing force acts, the terms r, 
V, dv, drmzj be feigned to consist of two parts, r and S r, t, and 

L? '1“'^ Idr, respectively the first.part in each 

beingthe quantity’s elliptical value, the second arising entirelyfrom 
the Jsturbing force, and involving, since ij involves it, the mass 
of the disturbing body Substitute m the equation [3], these 
augmented values of r, c, &c. then, by virtue of the equation [4], 
and by the ngglect .of terms involving (Sc)», (g^)*, 

~dr ’ equation after reduction, will be 

^dv dlv . Qrlr.dv^ 

- H- 


dt^ 

r I r Jr I r r 
- 


df' 

dR 

-r — T" + r 


dr ^ 


or, substituting, instead of d that value of it which is con- 
tained m the equation [4], 

2r* ,dv ,dlv 


r d^ ^ r ^ r d^r 

de "TF 


3 nr^r , d R 

->- + '•77 


In this last equation substitute, instead of til. , that its 

value, which, according to the method just descnbed (1 10, &c.) 
may be derived from the equation [2], and then there will 
result 

2 r* dv.dSv _ 4rePir + 2d^r.lr + 6drdlr 


df* 


dt* 


+ 4,r.4£.+ 6/dR. 


Now the first term of the right-hand side of the equation 
equals 
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Q d{dr .hr + %r dhr'y 

. _ , 

and, consequently, 

d{drhr ■^Q.rdlr) + df(sfdR + ^r 
. ^ dr dr ^ 


dlvz:: 


now the last* term, niay be rejected: for, the process is 

founded, partly, on the rejection of terms involving the square of 

the disturbing force, but U, and consequently 4^ , contains m', 

d r 

d R # 

so does S r j therefore, ^r contains ( 972 )^, Rejecting it, then, 
and integrating the resulting expression, 

= frsdR ' " ^ 

r* a V 

_Q,d(rhr)~dr hr 


f^d 


-Jy 


r^dv 




dr 


ndt 


since ^ = 


■V — Jfndt dR+~fndt 


d V r'^ dv 

A V'/A a 

r’^dv 

j ^ 

V ft 


X a = 


(neglecting /) 


r^'d V n a 


We have now obtained a general expression for or, at 
least, an expression which is so, on the assumed rejection of the 
squares of the disturbing force, the eccentricity, &c. If a more 
explicit value of S v be required, it will be necessary to substitute 
for R, th© senes (see p. 262 ) which represents its value , or, if' we 
adhere to tlie present subject of investigation (which is the Earth’s 
perturbation by the action of the Moon) by merely substituting 
for R the value (etee p. ^4.), 

COS. («< - «^ + . 



269 


Hence, 


3 a 




(k being an arbitrary quantity introduced for the purposes of cor- 
rection) Again, 

Qafr „dt=SL(Q nt-^ ^ sin {n't- n t + e'-.)) , 


and 

% d{r 
n 


Q dirlr ) _ ^ ^ 


If i<^e substitute these values in the expressltm for S and 
then reduce the expiession by the ordinary methods, there will 
result 


Iv zn 

fSknt %ni 7it * 

^ n ^ 

m'n ^ n - 7i' d'^ ) 

a*\ ( - « !t+ - e). 

^ (w - «')■“— iv ^ m' ■ y 

StJis, in this expression, the variation or inequality in longitude 
arising from the^ disturbing force but n t expounds the mean 
motion no term then of n t can possibly enter into the expres- 
sion for 8 V and accordingly, we must haVe 

• Sknt -1-2 m'n t = 0, 
whence, k = — 

3 

If, which is nearly the case, we make -n\ and besides 

write m instead of - (see p. 140 ) 

d 

I for ( — 2> ’s mass \ 

59 .6 a'3 \ j ’s mass + 0’s mass/ ’ 

we shajl have 



370 




ov zz 


1 

59 6 /«* 


f 

a 

a 


m 

\ — m 


X 





a!ii<l^ if according to the numerical wlues of a\ as given in 
p. 26s. we compute ^ the coefEcient of the preceding *term, 
■we shall have 


m = 0748033 
a' = 27 2 
a = 10669'h 


Computation* 

f 

, l-3?n 


lo^. (1— 3»i) 1 . 88963 .. .. log (1-m) . ] 96623 • 

log 2m*.... 2 04883 . ....‘..log (1 — 2m) .. ..T 92972 


3 93846 (a) 7 89595 

I . 89595 (a) 


2 . 04251 .... No. = 011028 (») 


2dly, computed. 

log. m .2 87391 

log, (1— m)...l 96623 , 

2 90767 . No = 08084 
(»)= 011028 

^ m 2 m* 1— 3»^ 

• • iTTiTls^ • r=^ = and log = 2 84397 

log. a = 1 43457 
log. arc = rad 1 75812 


2.03666 
4 64317 


3 39349 

and the No is 002475 
or, in seconds, '^'.9 . 


3dly, ^9.6 am (1 — m) computed 

log m 2 87391 

log. a ’.. .4 02779 

log 59 6 . 1 77524 

log (1-m) T 96623 

4 64317 (6) 


\ 
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8 ® = 8".9.sin.(«'# -nt + ,'- e), 
or, zr 8 ^^ 9 • sin (v' — 7 ?), 

Since, the eccentricity being supposed nothing, the mean and 
true motions are the same 

The above value of S,; agrees with that which, derived from 
different principles, was given in p. 85. 

•If, m the preceding expression, we write, as in p. 

180“ + U instead of v', we shall have 

Swr: 8" 9 sm. (180® + U ~ v) 

= - 8" 9 . siir (U - v), 

which, very nearly, is Laplace’s expression (see Mec Cel tom. Ill 

p 108 

The perturbations then in the Solar parallax and longitude are, 
after the establishment of the equations of pp. 258 268., very 
easily deduced. One cause of the facility of deduction is the 
abstraction of the condition of the eccentricity, which abstraction 
IS arbitrary or hypothetical another, and which must always 
exist, IS the minuteness of the radius of the Lunar Orbit, com- 
pared with that of the Solar a minuteness such as to render un- 
necessary, as a compendium of computation, that formula (see 
p 262 ) by which R is expressed in a series of terms invohnng 
the cosines of multiple arcs 

The deduction, in the present Chapter, of the perturbations of 
the Solar Orbit by the Moon’s action is intended principally to 
illustrate the use of the newly derived differential equations but 
the results serve, besides, to confirm, or are confirmed by, those 
results, which, m Chap VI. were obtained by the method * of 


* This method of determining the peiturbation of a pnmary by the 
action of Its satellite (for such is the case of the Moon disturbing the 
Earth’s motion) originated with Dalembert (see Recherches sur differem 
points dans le systhne du monde tom 11. pp 20 4 . 7 , &c) In the same 
treatise, however, that acute wnter shews that we ought to prefer, in 
investigating the peiturbation of the planets, a systematic integration of 
■the differential equations or, in other words, a direct solution of the 
Problem of the Three Bodies. 
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the centre of gravity : a method, (if we look to its use m the 
Theory of Perturbations) partial, and restricted, almost completely, 
to the case to which it was applied. 

The uses of the diiferential equations of pp. 258 268. are not 
sufficiently illustrated by the preceding case They will be more 
adequately illustrated by the research of the Earth’s perturbations 
from the action of Jupiter, and especially, if we retain m it, thfe 
condition of the eccentricity of the Solar Orbit This case will 
serve too, more fully than the pieceding, to shew the utility of 
developing H into a series of terms involving the cosines of mul- 
tiple arcs and, will, accordingly, illustrate one ground of dis- 
tinction (see p. 254.) between the Lunar and Plapetary 
Theories But it will not serve as a characteristic illustration of 
this latter point. 



CHAP. XVIL 


On the Development of R tn terms of the Cosines of the Mean Motions 
oj the disturbed and disturbing Planets On the Method of Com- 
puting the Coefficients of the Deoelopment, when the Radius of the 
Orbit of the Disturbed Bodp differs considerablp from that of the 
Disturbing Application of the Formulce to the Case of Jupiter 
disturbing the Earth New Pormulm necessary when the Radii of the 
Orbits of the two Bodies are neaily Equal. 


If we revert to p. 66, we shall find that, when the incli- 
nation of the orbits of the disturbing and disturbed bodies is 
neglected. 


I? ^ ^ ^ / V 


m 


— / cos (* 1 ;' - -ii) + r*) 


In the instance given in the preceding Chapter, great facility 
was afforded to the computation, by assuming the orbits, both of 
the revolving and of the disturbing body, devoid of eccentricity 
In consequence of which assumption, we had 

» r ssi a j a\ 

V zz ^ V ^ n' t ^ 


This was one source of facility another (and, m an Elementary 
Treatise, we cannot well insist too much on the important points) 

was the minuteness of — By reason of that minuteness the 
r ‘ 

senes for - (see p 26 1 ) converged so rapidly,* that it was suf- 


M M 
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ficiently exact to represent R (seep. 263 ) simply by 

m' a ^ , > 

__ cos («'/ - « « + C' - e) - — 

^ a 

There will then be, almost in every case of planets^y disturb- 
ance, (for scarcely any case is equally simple with the preceding) 
two causes of change in the value of R . namely, the eccentricities 
of the orbits, and the slower convergency of the series repres^ting 

1 juf **' 

- , by reason of the less minuteness of - , or ^ . By the effect 

of this latter, — JJ, instead of the foregoing simple expression, 
would be represented by a series such as 

*^-A^ + B.cos (,+r cos. 2 ft) + &c. 

in which, if we abstract the eccentricities, A, B, T, &c. would 
solely involve, or be functions of, a, d, and would be 

nit — « f + e' — . e. 

If the eccentricities be taken account of, and be represented 
by e, /, we have, for estimating A, B, T, &c and cos < 0 , 
cos 2 a), cos 3 ft), &c the following equations (see pp ^ 1 , 32 ) 

■ / \ 
r =a^l — e . C05.JJ + — — - cos. %U + &c. I 

~ -cos. 17'+^ — cos. 2 17' + &c.) 

« 

V = nt e Qe sin. 17+ ^ sin. 2 17 + &c 

4 

itzz n't + €' 4- 2 / sin. Z7'+ ^ sin. 2 17' + &c. 

4 

17, U' beinf respectively equal to « t + e - ,r, and «'< + «'- d. 

Smce cos. <», cos. 2 6», cos. 3 •), &c are required, it will be 
most convenient to deduce at once a general expression for 
cot p ft), or cos. p{v'- v), from the values of v' and ®, that have 
just been given 
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• cos jt? (v' - * 

COS {pn't ~ pnt + p - p e)\\ p>. ^ ^ 

+ /<? (p n' t ~ p nt + p e - p e - nt — e v) 

— pe.cos {prit — pnt + ^ e' ~pe + nt + e - w) 

+ P‘ - COS {pn' t ~ pnt pe' — pe ■\. ti t e — it') 

— pe' CO& {pn't ~ pnt + pe'—pe - ^ + w') 

^ cos ipnt-pnt+pe'—pe—n't4-nt~e':\-e + ir—n) 
+ p'^e/ 3 + *^°® (.pn't-pnt+pe~pe + n't-nt + ^-e—„' + ^){ 
y —cos {pnH—pnt +pe'—p6 + t^t + nt + ^ + e—ir'—ir)^ 
( —cos {pn't—pnt +pe—pe~n't — nt — e—e-{‘ir'-^tr) 

^ (yn<-i3M’#+p6'-/»«-2nf-2£ + 2w)| 

(^~ COS.(j»n7-^««+j»e'— j?e + 2Mi+2e — 25r)l 

(-1) cos {pn't - p nt+p e' -pf+Qn't+Se' - St/) i 


+ i’ 


+ 0 cos (jti n't - jpni+jt;/ e - Q,n't - Se' 


r-2T/)l 

.'+2,r')j^ 


We must, now attend to the other point, namely, the values 
of P, P', P" &c.mthe senes 

I P + P' cos. w + p " cos. Q w + &c. 


^upposiiig that to be the development of 

ts/(i^*—Qrr' cos. w+^^) 

If there were no eccenthclty, or rf r, r' were equal to a, zj', then, 
the coefficients of the terms of the preceding series would (as it 
twas explained in p 274.) be functions of ii, a', and their values 


* la deducing the value olcos. jp w, since account is made of terms 
involving e% &c. we must write for cos (2 e sin. z) (z being sup^ 
posed to be an arc) not 2 e sm^sj, as m pp. 103 104 of TngommetTy ; 


but 1 


(2 e sin. z)^ 




c* 4- cos. 2 z. 


2 
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would be assignable by the formulae of p. 260 > but the orbits 
being eccentric, a, a', become r, r', or, a ~ae. cos. + 8cc 

a ~ / cos Cf ' + &c and, accordingly, we may conceive a, a', 

to become a + A a, a' Aa\ 

Aa being = — a(ecos + ~ cos 2 Cf) , 

Aa' = _ ^'(.'cos + cos 2 C7) , 

and in such a case, we shall have, (see Principles of Anal. Calc. 
pp 86, &c ), supposing that • 

1 ’_1 . _ 

-v/fa'*— 2 a a' cos. m + a*) 2 '^ + -° • cos 2ft) + C cos. Sm + &c. 


P * A *4- ^ A 1 A / 

- ^ + Aa +_Aa' + 




P'= 5 + 


^ a 


Ja' 

dB 


d^A 
1 2 da^ 


C + &c 


Aa+ ^,Aa' + 

a a 


l.2.da^ 


(Aa)% -i- &c. 
(A a)® + &c 


These expressions wiU be'much abridged if we neglect, which 
we may do inmost of the planetary theories, the terms that in- 
volve the squares and cubes of / If such terms Be neglected, 


P = A 
P'= B 

P" = c 
P"= D 


dA 

o -r- e cos U 
da 


d~e' cos U', 


dB ^ A T> 

--^e.cos.U - a'^e' cos U', 


e.cos. U ^ a'^/ cos u , 


dC 
da 

TT >dD 

U ~ a e> ecos. U'. 


‘f -y— e cos 
a a 


means 


The value, of A, B. C, D, are to be determined by 
of .he fornnd, of p. N,o J .. „ be.„g , ^ 

i«bed bv*j .loo'ease in the case of 

Venn, disturbed by Jupiter, .i„ee » = 1390,1,6, ^rey woiUd so 



l!Ol H-» 


^77 

% 

«p.dly decre.se ,ha, „ 

.hree, needy . 1 , JJ. c „d, .. .. enough for e.ecee” f 
when J„p.,e, disturbs the Earth, end e = ,925646 1 , w Ike 
eecount of four or hue end Cle.ra.t, who first computed d^s 

mZ '2d ; “ ™ ““ 

But’ be very small, cos U, cos 17 will be 

much smaller, ®by reason 6f the minuteness of / and, m the 
case just adverted to, that of the Earth’s perturbations by Jupiter, 
mL'p«= sufficient exactness, we may 

» "S tbis case, and neglect the terms that involve the 
^9 e i e\ &:c there will then result, 



,s/(r'^ Q^rr' cos w 4- 

A + B cos (n'i-nt + ^-c) + C c6s ^(n't ~ nt+ 

+ D . cos. 3{n't - nt +6' — e) 

^ d A , , a' A yil 

-5 c cos («+,_,)-2 . ^ 

I / n d J 3 \ 

7J/ -2>l/ + c'-2£ + 7r) 

/p , ^ ^jB\ 

■^2- 

’ ■ J. rn dJB\ , 

V 2 • - 2m'# + 6 2*' + ^0 

_ /r J. 2 . ^-8\ / 

2' X’'/ ® ("if + ^ - ’r') 

^ ~ 2 “^)^‘^°®*(2«'#-S«/ + 2e'— Se + ff) 

~ ^ 2 ‘^) '^•®us. (2«'/_ 4.2g' _ 

j. / a n Ad C\ , 

\ 2 77')^ cos (3«'#-2«r + 3c'~2e-^') 

“ (® ^ + 2 COS.(»'f -Qtii+ e'-2£ + 
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the succeeding terms involving the products D D 

from their minuteness, he neglected 

But m order to find the value of JJ, the value of the last tri- 
nomial (multiplied into m) must be (see p 273 ) subtracted 

from cos. (v — v\ 

Now, 

^ m r , , ^ 

— cos (v - v) 

. TV m a 1 — I? . cos (w ^ + e — tt') , , v * 

= (nearly) , A ^ . cos Ox/ - v) 

a'^ I - 2/ cos (w ^ + e' -tt') ^ ^ ^ 

= COS.(nf + €— 7 r) 4 . 2 ^ cos. (w'/ + €'-~7r')]c08. (/ — t;) 


» « / f s 

— . cos. (v - i)) 


a 

tri a 

2 d 
m a 


- /? cos (w / — 5 nif + c' — 2 c + 'tt). 


^ • cos (7/ Jf 4. e' — tt) 

Ad* 

4. / cos (n ^ — 2 / + € — 2 e' + tt') 

” \ 

m a , > . , 

+ — ^ ^ cos. (« if + € - -TT) 
a * 


(see p, 275.) 


^ . cos {rii — 71^ + e' — e) 
a'** 

o, . , ^ / J 

+ ^-75 . COS. ( 7 ^^— 2w/ + e — 26 + tt) 


3m'/* / / N 

— —-75- ^ - <^os. (/i'^ + €' — tt) 

^2 a i 

IS § * * 

2w! a j ^ ^ , 

+ ( • cos. (n J? — 2 w' jf + 6 - g e' + tt), 

the coefficient of the other term which involves d being nothing. 

If we now combine this result with the preceding, we shall 
have 
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» in'- A ^ r a 

2 ^ Va'-* ^ ~ ^ ^ Hh ~ e) 

— « C . COS, {2n' t — 9.nt + 2 «' — S e") 

— >w' D . cos (3 «' f — 3 n / + 3 — 3 e) 

, »i' dJ. , ni H A 

+ - « — . cos (»# + e _ ^) + . cos (n'i + 


■'■ g- + fl— ) ^ . cos. {n't-9.nt + €'- 26 4-^) 

2 - 'S' ^ ^ -f . cos (w'f + e' _ ,) 

"2 ~ ^ cos. {nt-2n't + € - 2 c' + t') 

:os (n f +• € — tt') 


, wz' 

+ — 1 

( 2 s + a'—) 


V da'y 


(4>C - a—') 1 

Q, 

V da/ 

+ ?'( 

^4C^ai^)^ 

2 ' 

^ da/ 

-?'( 


2 ^ 

< da'/ 

+ ? ( 

[4C^a'^\d 


^ da^ 

+ 8cc 



« cos. (2«'f — 3«? + 26 ' _3e+^) 


The above is the developed expression for R, and such as 
must be used, when, in a specific instance, it is necessary to com- 
pute, arithmetically, the coefficients of the equations But, if we 
make certain conventions, R may be much more abridgedly ex- 
pressed for instance^ * 

-» p . {n't ~ nt + e' — c), 

IS a general exprission for aU the terms composing the Variation 
(seepp 218,219.). and 

p {n t -- nt — e) + w / + 6 — tt', 
or^ . {n't nt-h d ^ e) + n't^ e' ^ tt', 
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are two general expressions, under which all the other arguments 
are comprehended, p being intended to designate the numbers 
0, 1, 1, 2, e, &c. " 

The coefficients may also be generally expressed for instance, 



on making ^ 2, represents the coefficient of the term in the 

ninth line of the preceding value of R and the same formulaj^ 

on making ^ = 2, represents the coefficient in the tenth line . 
but 

p (n' t — nt + € --- e) nt + € IT, ^ 

on making^ rz — . 2 and 2, represent also respectively the argu- 
ments m the ninth and tenth lines, therefore 

2 ^ + a e cos'[p(n' t’-nt + € - e) + w t+e-^r)^ 

(p standing for — 2 and 2) will represent the terms in the ninth 
an<f tenth lines 

4 

Again, if we except the parts m the fifth ajid 

sixth lines, 

^ (^^pB +a ^ cos [p(7i't-nt+£ ’-e)+nt+€---'jr]^ 

(p representing — i and 1), will represent the terms in the fifth 
and sixth lines 

— (2pA+a. cos. p [(«'<_« t + e' - e)+n ?+e— ir], 

making p zz 0, will represent the first term in the fourth line 
Hence, generally, if represents the coefficient of cos p w, 
the terms of which we have spoken will be all #Qinprehended m 
the expression, 

+a -j—^e.cos [p (t/t - nf+ e’-e)+nt+,-wl 
and, iti like manner, it may be madg easily to appear that 


t 
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2 V .'TZ' “® O' («'^-»^ + e'-6)+«V+£/_^'), 

is the general representation of the terms in the seventh, eighth 

e eventh, twelfth lines, and of the second term in the fourth line 
of the preceding value of R 

R, therefore, by virtue of the preceding conventions, &c. may 
oe thus more concisely expressed ^ 

# 




m 


. cos. p (n't - w/ + e' ^ e) 


I ^ ^ 

+ . cos. . nt + e' ^ 6) 

/I ’ / 


£l 

m' a 


iz ^ - 2 « ^ + 6' - 2 e + ,r) 


+ 


3 

^m' a 


e cos + e' — tt) 

i COS# {fit ^ HI t — 2 6^-|- 


2 ^ 4 . ^ ^ , cos Ip {fit - nt+6'~ e)+„t + i-.yr] 


the symbol 2 (significant, of summation) denoting that all the 
values of the terms it affects are to be taken, such values arising 
on writing 0, 1, - 1, 2 , ~ 2, &c £orp. 

It IS cohvefiient to use this general expression, when analytical 
operations are performed on R for instance, in deducing 

* This value hf R, will, on examination (an operation in the present 
case not very easy) be found to be the same, m effect, as Laplace's 
although less abndgedly expressed but the advantage which that 
great mathematician has procured, is balanced by a drfect of generahtu 
in the expression of some of his terms. His expression, for instance 
of .fw in terms of &c ,s not general it fails when i= I and 
although the exception is formally made, yet it is an exception, and in 
the detail of computation not a little embairassing, see Mec Cel Liv. II 
Premiere Fartie, pp. 272. 27-6. 


N N 
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dr 

which are the two last terms of the differential equation. 

These terms are easily deduced, whether we use the first or 
second expression for i? : if we take the term contained in the 
second line of its developed value (see p. 279.), namely, 

- ~ C. cos (2 w < — 2 » f -1- 2 s' — 2 e) 


We shall have, with regard to such terra ^ , being equal 

2/<2i?+r.^= : 

dr 


^ r ^ dC\ 


Oe), 


and if we take the first term in the less explicit value of i2, 
namely^ 


^ X . . cos, ^ ^ + e' — e), 

(see p. £81 ), there will result. 


9,f dR + r . 


dR 

d r 


m 


^ Pint -nt + e'- s). 


and the corresponding terms in the value of after Integra- 

tion, will be (see pp, 97, 98 ) the preceding divided respectively by 
(£ « — 2 and (jt? » — jd n'y' NK 

We will now examine a little more minutely the values of J, 

B, C, jJ, by means of which the preceding value of R is ex- 
pressed . Now, 

V (a'^- 2 im' cos fl, + a-*) ~ ^ • cos.2« + D. cos. Sai. 


s 
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ft) representing, in ■ 

this case 

, n't — 

nt e' -- 

ingly, see 

p. S60 




Ia=.1 

2 a' 



n 3\ 
^.2 4 / 

* 

■ l/S * 

II 


a' 

• — — ^ 

1 3 

1 3 5 

a 

V £ . 4 


2 4 

2 4.6 

c =fl, 

a'^ 

\4^ 4 

1 3 

" 2.4 

. 5 

6 • 

j + &c. ) 

D = ~ 

a'* 

(LJl + 
V 4 6 ^ 

&c.^ 

« 



and accord- 


&c,) 


Here the terms, within the brackets, successively decrease 
from the minuteness.of J , &c. and, for the same cause, 

the terms themselves, C, D, successively become less and 

In the Theory of the Earth’s perturbation by the action of 
Jupiter, 

a = .192264!61 j 

. . a* = 0369656, a* « .0071071, a* = 0013664, and accord- 

\ A zz 1.0094385, 

2 ^ 

B = .19496, 

C = 02788, 

B = 0045 

In the Theory of the perturbations of Venus by )upiter, the 
terms A, B, C, Z), and the terms of the series representing their 
values decrease more rapidly in this case 

a = .13907116, 

And 

^ = 2 00977, B = .14008, 

C =. 01462, D = .00169- 

and still more rapidly than either of the preceding cases would 
the terms decrease, if, Venus being still the disturbed planet, 
S^urn should be the disturbing 
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In the cases then we have just enumerated, there is no real 
difficulty in computing the perturbations in longitude and parallax, 
by means of the differential equations of pp 258 268 and the 
value of iJ. The series of terms expressing that value of R will 
not extend, by reason of the deci easing values of Ay B; C, 
eyond a certain limit nor will the terms of the several series 
t at express the values of Ay By C, D But we must now con- 
sider cases before adverted to, namely, those in which 

a yadius of the orbit of the disturbed planet 
radius of the orbit of the disturbing ^ 

should not diiFer so much from unity, as it differed in the pre- 
ceding cases. Let us suppose an extreme case, and that two of 
the newly discovered planets, Juno and Ceres, whose mean dis- 
tances are 2 667163, 2 767406, are the mutually disturbing 
bodies In such a case, it is clear, that the terms J, B, C, D, 
&c would neither decrease rapidly, nor wquld the terms of the 
series that severally represent their values The solution of the 
problem would, witliout some new device, become impracticable. 

But the preceding case may be thought too unimportant to 
shew the «ecessit^ (practically speaking) of some new method of 
cornputation It is, otherwise, however, with the Earth’s pertur- 
bations by the action of Venus, which are required to be known 
in the construction of the Solar Tables Now, in such a case 

a = ,723323, 

and the terms of the series of which we have spoken, in the above 
value of ai decrease so slowly as to be, at the least, extremely in- 
commodious Some new artifice is requisite for their exact 
summation. 

The above remarks apply to the cases of the mutual pertur- 
bations of Mars and the Earth, of Jupiter and Saturn, and of 
Jupiter s Satellites acting on each oilier. 

Euler, investigating the mutual perturbations of Jupiter and 
Saturn, perceived the failure of the ordinary methods for cpm- 
puting the coefficients A, B, &c. and first invented a new 
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method Qairaut^ on the subject of the perturbations of the 
Earth by the action of Venus, invented a different method, but 
for the same end as Euler’s Other methods have been subse- 
quently invented, and. Science being progressive, the last invented 
are better than the preceding But of such methods there are 
none that are simple and obvious and the least simple, and least 
obvious, but, by many degrees, the most commodious, is the one 
which will be described in the next Chapter. Besides its im- 
mediate and practical importance, it will illustrate the manner by 
which the refined and abstruse formulae (as they are called) of 

Analysis, may be made subservient to the ends of Physical 
Science ^ 


* Lorsque I'orbite de la planC-te troublante est consideiablement 
plus grande ou plus petite que celle de la planbte troubl^e, Jes senes 
qu’ expnment la distance de detix planetes et ses puissances, se pre- 
sentent tout , natuiellement sous une forme assez convergent^, inais 
dans les cas ou Jes rayons des deux orbit^sont un rapport qui ne pelmet 
pas de negliger les puissances ^levees, ies monies series decioissent si 
peu, qu"il faut avoii lecours a des at izjces pa? izcukers pour determiner 
avec^ precision les termes dont on a besom Telle est la question 
e 1 action de Venus sui la terre, qui nous reste a traiter dans ce 
Memoire Telle est aussi celle de faction de Jupitei sur Saturne que 
M Euler a consider^ dans la piece que PAcademie couronna en 1748, 
c"est cet habile Geom^tre qui a trouv^ le premier laieduction des series 
de Pespece dont nous aroris besom maintenant \ Jead. des Sciences. 
1754, p. 545, 



CHAP. XVIIL 


On the Method of determining the Coefficients of the Devchpment of 

(r'*- 2n'cos «.+r*)-2' when the F, action L does not differ miffi 

from 1 Application of the Formnlce to the Mutual Pertui bations of 
the Barth and Venus * 

The investigation in the pres.ent Chapter, will consist of two 
parts ; one, the deduction of the coefficients C, £>, and from 
the two first A and B , the other, the numerical computation of 
A and B this latter point will be first considered 

Make t = P then, 


a' {I 2 p . cos, (o + p'^) 


^ — I A + B cos. £0 + C . cos. 2 0^ 4- &c 


and, multiplying each side of the equation by the differential of « 
and integrating 

j r dco . . ^ 

2/ cos sm2io + Scc 


let TT designate the semi-circumference of a circle, the radius of 
which IS 1, and suppose the integral of the above equation to be 
taken within the values of a, = 0, and <« = ,r, then 


— A,^ = f* ^ 

^ ^ \/(l — 2 p' cos. co+p^) * 


and the difficulty now (seep 284), under somewhat of 
terent shape, is to find the preceding integral. 


a dif- 
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1 - 2/ cos. » + = (1 +p 0* . ("l cos " 5 ^ 

lUtalrA ^2 — _ , , 

lYidKe p _ , or, which is the same, assume 

- ^/(l - p^) 

1 + V(1 ~ 

and, besides, let x represent cos ~ : then 

— j 4 5r = 2 ^ j« 

2 1 + / ^v/(l - ar") (1 — ‘ 

Now, the differential expression on the right-hand side of the 
equation is such, that if we assume 

//1^\ 

there will result 

- — ^rr- 7^^ ^ P' du 

v'[(l-a?*) 2 * ~(1 

and, accordingly, if we continue to make like assumptions, viz 



V 2 

■vy — 

«V(i-0 

1 + ^(1 -o’ 

^ 1 . // 
i + p 

< 

1 

1 

> 

1 

I— ( 

II 

,r - Q 


1+V(1-P''“)’ 

i+p'" 

V(1 


P" = &c 
we shall have 


L+jp' ^ 1 +p" 1 + p'" 1 -f P 

2*2 2 ■' 2 • 


+ f f» dv 

^ 'J — F*)' 


P and r designating respectively, the «th terms of the series o', 
/, p%&C &c. ^ 

The advantage of this last form will be obvious, if 
sider, that. 


we con- 
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since / = = />- ■ 

1 + VCI - />") [1 +V(1 -/)]"’ 

(/ must be less £han the square of p, less therefore than the 
square of a fraction, for such p is always supposed to be : 
similarly, must be dess than the square of p'^, p"\ less than , 
and so on * the series, therefore, />', p'", &c must be a rapidly 

decreasing one , so that, a term P will be soon arrived at, so 
small as to enable us to neglect P* F'^ 

Now if we may neglect P^ V^, the difficulty of finding the m- 

’ tegral of —jfp. will be reduced to that of find- 

V L\ * P ^ u 

ing the integral of the quantities p'\ p"\ &c 

are easdy computed. 


The integral of 


dV 
n/(i ~ 


however, between the values of 


= 0, and V = 1, is equal to (tt = S 14159 ) • the only ques- 

JU 

tion, therefore, that remains to be decided, is concerning the 
values of X, corresponding to the values oi F = 0, and F= \ . 
and, in order to determine it, we must examine the values of 
&c 


Now, ti 


Q X . v/(l - x^) 

^ + p' \/(l — p* X*) ’ 


consequently, «' = 0, both when ar = 0, and when a; = 1, and 
it IS at Its intermediate and maximum value, when 

T - 1 

v'Cl + ^/(l - 
and, accordingly, the value of 





V[(l - «'») (1 - p^u^)-] 




between the values of a? = 0, and ar = 1, is twice the value of 
the same integral between ti = 0, and u-\ m like manner. 
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du" 

VLCl - «'*) (1 




contained between i/ = 0, and «' = i, is twice the value of 
the same integral contained between m" as 0, and u' — \ , and 
consequently, the value between * = 0, and a; as l, is four times 
the value of the • same integral contained between u" = 0, and 

u" = 1 and so on for succeeding integrals The value, then, 
of 


/: 


dF 


_ r*) * 

contained between the values of a; =a 0, and x = 1, is (2“)th of 
the vilue ^ of the same integral contained between F 0, 
and F = l Hence, (see p 287 ) 


2 _ I + pj ^[(1 

2 1+/ P du ‘ 

1 +/ ^ J V ( l -»'®)(1 

= &c. 

_ Q i+p' i+p' i + p"' i+P 

1 +/,' 2 ’ 2 ‘ ~i~ • • — 

= [(1 +p") ( 1 +n (1 +p"o - . . 1 + p] . 

and, accordingly, 

^ = (1+ p") (1 + f') (1 + /V) (1 ^ 

which, considering the nature of the investigation, is an expres- 
sion of remarkablei simphcity 


We must now determine j 5, the coefficient of the second 
term. 


Multiply each side of the equation of p. 2186- by cos. 
then * 

‘ 1 cos <0 d ta ^ 

a' * a/(1 — 2 |o' cos. m + 
o o 
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i . 

g-l?.COS.w.fifai -|. 5 .cos®<« d^+E cos.Sa. .cos 41 + 8 (,C. 


But (see Trtg p 26 ), 


cos « 4 , . cos. 4 , = ^ [cos (n - 1)4, + cos.(« + 1)4,] , 

.* / cos. »a> . roR- 4.. (” - 1 )“ L S*" (» + 1 ) 4 ) 

« - 1 ’ 

and, consequently, the integral on the left-hand side of the pre- 
ceding equation between the values of 4) — 0, and 4) = v will 
equal 0 in every case, except in that of w = 1, and in that case, 

since cos. (1 1 ) 4) =s cos 0 4) = the above integral would be 

expressed by ^ 


1 </4>-.-r:g(4) becoming =■ w). 

Every term then, except the one excepted, m the right-hand 

*1! ^ ^ nothing after the in- 

tegral has been supposed to be taken between 4, = 0, and 4.=.. 
there results ’ 


Bn! 1 ~ f cos Oil.dw . 

2 J VL(1-2/>'cos 41+/*)] “®twcen 4, = 0, and 4) = 9r, 

LtgT’ “ “”s “ 

If w. make the former sutotutioa, name!,, that of '» = 
COS. - , we shall have 


_ r (.2x^-l)dx 

2 1 4. p'^/ v^(i — a^*) (1 -I ’ 

and from 

we may deduce ^ 

"*■-'= i - V[(. (, 
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therefore, since (see p 287 ) 

dx 1 + jo' 

** ) (I 2 v[(l~ «'») (] - /*«'*)] ’ 

(2 «'*-!) !/«' 

/[(I - 0 ( 1 -/.* a?*) 2.2 • 7 [(-l- 0 )(l-/.'V*')i 


+ 


1+/ p' 


du' 




2 *2 ^Ul-w'*) (!-/.'*«'*) 2 

Now the first term on the right-hand side of the eouation 
involves a dilferential precisely similar to the differential ^n the 
-hand side, and from which it was by transformation derived 
The process, therefore, as in p 289 may be repeated and 

ike results, or similar differentials, &c obtained, by meins of 
hose values of u" u'" and a" i. I ^ means ot 

. 287 ,„.r<l.„gry; “ • 8 " > >n given 

^ 1 + /' p" ( 2«"2 - i) du" 
s/(i « ; (1 - OO) ■" 2 • 2 


JL±£! 


du'' 


-L±X,duf' 


2 ^[(1 — «"*) (I _ O'w'O 


imilarlj. 


3 that 


(2«"* - 1) du" 


= &c. 


VLCi - «/'*) (! - p '»»"») 

(2ir*- _ 

^L<?1 - O (l--/)»a;^)J 


L+ pO(1 + p") (1 + p'") (1 + P'1 o' a" o 

a . o 0 "S'- • —~ 


2 . 2.2 2 
2 2.2 

'^ py' (i+/>o(i4-o 
) 2.2.22 
' yp"p"' (i-fpo 
2.2 22 





V(1 - r*) 


- (i^;. In' + 
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Now, It IS to be observed, of the preceding terms the fiist term 
will disappear^ (or may, from its minuteness, be neglected) by 
reason of the factor. 


. 2 . 2.2 % 

which becomes very minute and, besides, the last term will dis- 
appear, when the ^^hole integral is taken between the values of 
or = 0, and ^ = 1, because all the quantities 2^'", &c. will 

then become nothing. The middle term then solely remains after 
the whole integral has been taken ; and, since 


/: 


dr 


there results 

IRclit 

!+/>' 


^/(l - F*) 


:=_L (i 

!+/>' Vs 


2 3 2 "*"2 . 2 . 2 ' 


-&c)(i+pO(i+/0 (1+PK 


or, 


Bd=(i+p'') (1+p"') (I+P) (p'+S-J- t &c.') , 

\ 2 2.2 y 

an expression as remarkable as the preceding one, (see p. 289 ) 
for Af and admitting, in specific cases, of an equally easy 
. numerical computation. * 

We have now gone through that part of the investigation by 
which the two first coefficients A and B are found The re- 
maining part, namely, the derivation of C, D, JS, &c. from the 

two first A and JB, is of a less intricate nature We will now 
. enter on it * * ^ 


Let the coefficients of cos (fw-Q)«, cos. (w— 1) cos fw®, 
be Ky L and M. respectively, then, according to the methods of 
p 290 . 


Ka\ 

ltd 

Md. 


Z ^ f* cos (m — 2) 
^ >/(l—2p' cos. 


dta 

p' COS. M + ^ 

ijtn — 1) . d 0) 


Z _ P co s 

2 ^(1-2/ .cos7ir+ />'«) ' 

z 3. P cos, m to .dig 
S ^ n/ (1— £ jo' cos 0) +/>'*) ^ 
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the three integrals being supposed to be taken between the values 
of w = 0, and w = TT. 


Now, 


y'[cos (m—l)w cos. w + p'^) cl w) n 


sin (m - 1)0) ^ 2 p' cos <0 4 - p'^) 


^/( 


sm (w— l)w sm o> 
v/(i - 2p' SlIK <» + /2) 




apd, since 


sin (m — 1) (a sin 'z [cos (^—2)6) — cos w], 
/ /Ysin (m — l)ca sm m d(a\ . 

P 11.26,28) 


t KJl -LMp' „ 
2 2 2 2 


Again, 

/[cos (m — 1) (0 . ^(l-2p' COS„<o 

(1 + p'2) f ()»—!) (0 du> 
nJ v^(l — 2 p' cos 

j /y pos mw + cos (w — 2) 0 ? , \ 
c/ \ y/^1^2/ cos «+/^) / 

•nr 


= {l+p'<^)L^l-Ma'p'l- Ka'p'.^. 

Now, sm (m -l)io = 0, when ® = 0 dividing, therefore, 


each term by o ' we have from 11. 10, 15. 


L.(l+p'^) - Mp' - Kp> 


Mp 


Kp' 


2 .(»>- 1 ) 2 (»* - 1 ) ’ 


whence. 


2^2 

2971—1 2999—1 p' ’ 

which, as it is evident, is a general formula for any coefficient in 
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terms of the two preceding coefEcients ; and which, consequently, 
enables us to determine all the coef&cients of the expanded form 


1 

V — 2 a y . cos <0 + a^) ’ 
from the two first JuniB: for instance, if 
m = 2, 



m = S, 


£) = -tB + ^ 

5 5 


w = 4, 


— •Cl 


£ = - ? C +.5 . 
7 ^7 

&c. 





These are the values of C, D, JE, &c. , but, if we revert to 
the values of and of see pp. 279, 8cc we shall find 

that It IS necessaty to know the values of ~ 

, iic In order to determine their values, let us resume 
the equations of p 286. 

7V^I_2p' cos 10 + p'^) - 2 • cos. w + C . cos 2 0 ) + &c. 

Oi " “ 5^) 0 ~2p'. cos. ® = 

1 dA dB dC 

da 2 6, + &c. 

from which equation it is plaStf that the differential coefficients 

djD 

da' ITa’ te determined, if the expanded form of 

( 1 - 2/ . cos. a + p' 2 ) - ^ were known. Assume 
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C „/3 


“V ^(l-Vcos.a.+;i^) <=08 “+C' COS So-h&C. 

then, as before, (see pp 290 292 ) 

M' a'^ ~ /*cos OT <0 j 
2 ,/ p 

the integral being taken between the values of „ = 0, and 

w m TT ^ 

Again, as in p. 293, 

/ cos (m - 1) _ 

+ — £l_./^8in (/« - 1) . sin „ 

(«-]) y m~lj p- , 

er, see p 092, &c 

L= p' __ M' p'c/^ 

~ €.{m — 1) H- 

But, 

cos (rn~\)m _ cos {m — ] ) « ^2 

y -p 


=f Ulf^ _ 2/ cos (>» — 1 ) 


cos <0 


consequently, 

/ cos 1 )^ 

ij 


d<0{= La') = (1 + p^yz'a'^ | _ 


Kp'.a'\^ . 

9. 


of Mo 7 ““““ °< f»™» 

(1 + p'®) L' — 'M'p' —K' P' = ^'p' __ M'p' 

2 (« _ 1) i’ppzri) » , 


jjf' = (1 +p'®) 


iW— 3 


^ — I ;jr, 

2m ^ 3 
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If we combine this equation with the equation [a], and re- 
spectively eliminate M' and K', there will result, 


1 . ~ _L' (1 + p'^) a'2 

2 m -3 2 m — S 

(14- p'^) a'^ % M' p' a'2 

2»?— 1 2 ff ? — 1 ’ 

or, L = _ i'JfH-fl) 

2 m — 3 2 ot— 3 ’ 

and L - 

2m 2ff»— 1. 


M. 


If m the equation {b) we write m instead of »« - 1, and Jl*', 
L instead of i, K', and L', -we shall have 

M =^-^L-fL^ _ r T 

Sw- 1 2 >k - 1 

and lastly, if we determine L ' and M' from the two equations 
(b) .and (c), there will result, ’ 


JJ = (2 #» — 

•i)( 

fL (fl2 + fl'2) 

S M a a! 'Y 

< (a® - o'®/ 

_ ^2)2/ 


1)1 

^ 2 Laa 

M + a' 2 )' 

^ - d^f 

(a2 _ . 


• W. 
[/•]• 

and thus the coefEcients of the terms of the development of 

— j are expressed in terms of the development 

% aa , cos w 4 - ^ 

of 5 I 

V -- 2 a cos ta + a^) * 


If in the second of the equations (b), m = \, L will be A, and 
-Jr, M'i Will he A! and S' respectively, and thep 

A= A1 (a2+ «'2) - 2B' .ad, 

^ make « = 2, and fjrom the first of the equations (i), we shall 
have 

which values agree with those which Lagrange has given in his 



Mec And edit 2 Seconde Partie Sect VII p ]41. and, mthe 
same manner, we may deduce from the equations {e) and (/), 

{d + a'^) ^ Q, Bad 
(a® - d^f {a^ ~ d^f ’ 

P' _ ^ A ad B . (d + 

~ "(aS! _ a'2)2 “ ~(di - d^~’ 

which agree with those given by Laplace in the Mec. Cel. Premiere 
Partie, Liv II p. 269. 

We are now possessed, then, (see p. 294.) of a simple 

method of determining the partial differential coefficients 

dA dB a , , , 

, &c ; for by the equation of p. 294. 1 19.) 


C 

3 — + jB'cos.ffl+C'. cos 2(10+ 8cc. 
(a . cos. a — a) \ 2 

( + L'. cos. (m — 1) a + &c. 

Jj^ dA dB dC - dL 



and hence, by equating the coefficients of the cosines of like 
arcs, • 


dB _ CV 

da Q, 


B'a 



dC _jyd . B'a' 

da 2 2 ^ 

&c s 


and generally, 


dL _ M'a' _ 

da 2 9( 

In this equation substitute iot K' its value as contained in 
the equation (a) of p. 295, and 



m 


da 


I 


2m — 1 


c 


(m — i) a'^~ma^ 


L' + 



Lastly, substitute instead of L' and M\ those their values 
which are contained in the equations (e), (/) of p 296 and 
there will result, » 

^__(m~l)a'^ + ma^ (2m-]) Ma 
da ~a (a^ - a^) ~ ^ » 

which is a general expression 
In instances, if, m — i, 

— = J 

da i/s _ o2 a'2 _ ’ 

i ^ 

«i S= 2, + 2 SC a' 

da a (a'^-aP) > 

and if we substitute for C its Value in terms of A and B Csee 
p 294) ■ ^ 

dB _Aaa! ~ Ba!^ 
da ~ a (a'2 _ ^2) ‘ 

In a like manner ^ , &c may be computed 


We possess then, whatever the value of t be, the means of 

a 

computing J, 5, &c ^,.&c on which (seep 279.) 

the value of i? depends, and, that value, being determined, the 
perturbation in parallax and longitude, may, as it has been already 
shewn, (pp. 258, 268 ) be determined 


In the Lunar Theory the formulae of the present Chapter are 

reauLd m They are also not 

are aDnlicahr?’'^n‘’^'”' Planetary disturbance but they 

j ° *^^*^*’ invented, they ought, 

since compendium of calculation is a thing much to be deSired^ to 
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be used There is no good reason for restricting them to their 
Special uses 

The mutual perturbations of Jupiter and Saturn, of Venus 
and the Earth require, as has been already stated, these special 
uses But they would be most useful, and, indeed, indispensably 
necessary, in a research of the mutual perturbations of Ceres and 

Pallas ^ 


* In this case, since J = ] nearly, the ordinal y methods of com- 
puting A and £ (see pp. 260, &c ) would be altogether useless the for- 
mulae, however, of pp 289, 292 would even then apply, since, if 

be at all less than 1, the terms p', /, p'", &c. nmst decrease but 


they would being neaily equal ') deciease very slowly For 

the purpose of procuring greater expedition of computation, the Author 
of the present Treatise deduced, in the Phil Trans for the year 1804, 
(p 219 ) a method for computing the two first coeflScientsA and (the 

index being eithei 1 , or 0 , which is most useful when « is most 


nearly equal to a' In fact, the piincipal senes, on which the compu- 
tation depends, involves, as it is produced, more and more piod^ts, such 

as h' b" &c. 6 being equal —/>'*) = \/[‘- (1)1 • 
and the law foi i', b , &c. being 


1 - V(1 - b'^-) 

1 + V(1 - b^)’ 

f 

1 + 

€cc 

See Phzi, Trans 1804, pp 246, 

The subject of the present Chapter has been fully and frequently ^ 
treated of by foieign'* math eaiatic] ails The investigation began with 

Euler in his Recherches sitz Jupiter ct Saturne, and has been continued to 

the 
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What IS peculiar in the present Chapter, is the method of 
computing the coefficients of the two first terms of the develop- 

+a^)i ■ therefore, requires 

an illustration . and we will endeavour to find one in the per- 
turbation of the Solar Orbit by the action of Venus 


the present Analytical Science, as it is called, has been much 

benefited by these investigations , and, as in numerous other instances, 
the instrument of calculation has been improved, because an improve- 
ment m it was wanted. 

The mere wants and demands, howevers of Physical Science, 
although they should always direct, are not to restrict the progress of 
analytical calculation* There is no defining the limits between useful 
formulae and formulae merely curious Duung the advancement of 
science, the latter are continually changing their nature, and move from 
their class into that of the useful formulae. The present researches are 
a proof of It, The doctrine of integrals oi fluents, and the properties 

duced not foi an occasion like the present, but foi establishing certain 
curious ^lations between elliptic arcs, have enabled us to compute the 
action oPVenus on the Earth, and to improve the Solar Tables. There 
IS much food foi speculation in these matters ; and (see pp. 286, &c ) a 
specimen has already been afibrded of the manner by which the re- 
fined, and seemingly abstruse, methods of Analytics become subservient 
to Physical Science, 


See on the subject of this Chapter Euler, Uecherches sur les Ine- 
galues ^ Juptter et Saturw Clairaut, Mem Acad des Sciences, 1754,* 
pp 54 , tcc Dalembert, Recherches sur differens Points importans du 
ysteme du Monde, pp, 660, &t Lagrange, Berhn Actsjnsi, pp 252, 
&c und Mec.Analpt ed 2 pp, 141, &c Laplace, ikfec Cel Premiere 
Pait.Liv D pp.267, && Legendre, ilfflw del’ Acad 1/86, pp. 66S, 
&c Lacroix, Calc Dtff &c vol. H ed I, p 454. Ivory, £&» Trans. 
vol. Iv. pp 178. Wallace, Bdin Trans, vol V. pp. 280, &c. Wood- 
nouse, Phil. Trans. 1804. pp 219, Sec, 
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Computation of tlie Cofinents A and B 

In order to expedite the computation, assume = sin 6', 
/> = sin Q", p"' = sin 6"', &c 

then, (see p 287 ) p" = — 

1 + v/(i - " 


1 - COS. ^ 0' 

r+'cos ? P- 28 ) tan 2 - , 


Similarly, 

whence, 


/" = tan2 i, 

^ O 


1 , r, _ ^ 

1 + /) = sec.^ — , 
2 ' 


1 +/''=: sec.' 


2 ’ 


0 " 


1 t=: sec.2 

£ ' , 

&c. = &c. 

and (see p 289 ) * 

log ~ = 2(log sec. 1 + log sec.|-'+ &c.)-(20 + 20 + Sec.) 


- jd computed 


Now, p' = % . . 

a 
i 

the logarithm of which is . 
and the arc (d), the logarithmic 
IS 4G“ 19' 49". 


= 7233323 . 

9.853379, 
sine of which is 9.853379, 
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Hence, ^ = 23® Q' 54-". S, 

log tan - .9 6313225 log sec ^ 10 0365073 

log sin r^ = 2log tan 9 2626450 

and d" = 10® 32' 57" 5. 

Again, 

log tan — , 8.9653005 log sec ~ 10 0018429 

. log. sin. e'"^zz2 log tan ^ ^ 7.9306010 
and fl'" = 0® 29 ' 18". 

Again, 

0 //^ /7 

log tan. — 7.6295664 log sec —10 0000039 

» « 

(sum of the log secants) 30 0383541 

A. a 

=60.0767082 — (20 + 20 + 20> 

= .0767082, 

, A a' 

and — = 1 193189. 

It appears from the process itself, that, from*thmr rapid de- 

crease, the computation of three logarithmic secants is sufficiently 
exact ^ 


B computed^ 

» 

■««' (see p 292.) = (1 +/')(! (p> + 6£+pZp'\^ \ 
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Now, 

log / = 9 8593379 
log p" = 9.2626450 

(log pV")= 9.1219829 
Again, 

log-/" 7 9306010 
(log./p"/'0 7.0525839 

log. .789828 


/ = 7233S2, 
^pV'=: 066214 


j//'/"=T -000282 

789828 

9 8975865 
0 0767082 

9 9742947 (=%£«') 
= 94252 


Laplace’s numbers for the coeffictents corresponding to , 
and Ba are 1 193172, and 942413, respectively 

The other coefficients C, D, £, &c may be deduced (see 

pp,294, &c) from A and £, by the most simple of arith- 
metical operations 


In order not to interrupt the course of deduction which led 
rom the most simple to the most complex case of the formation 
of the coefficiehts A, B, C, &c we did not complete, as we had 
proposed to do, (see p 272 ), the computation of the Earth’s per- 
turbations from the action of Jupiter We will now resume that 

subject and, instead of those values of i ^ and B which were 
given m p 283, we will take 

“ Aa' = 1 009442, Bd z=. 195003, 


two values which may be derived .from that method which has 
just been described and exemplified 
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From these two first coefiiaents, the others, as it has been 
shewn in p 294, may be computed, and C and D from these 
expressions, 


£ 

3 


C= - - +! 1±p!1b 


D = 


3 . 4 l+jo'2 


5^ ^ i 




C, 


whence. 


C(t ~ .02819, Da' = 0046* 


Thus computed . 

p = 1222646 log p' =9.2838993 

/o'* = .0369645 

^ 1 0369636 .. log. |(l+(j'“)=9 8396728 

log Bo' =9 2900413 

19 1297141 
, log‘p' = 9.2838993 


O 1 -L n'» 

9.84-58148=Iog ^Ba' 

■S p 


2 


P' 

and I Aa = 


Ca' = 


70115 

67296 

.02810 


Again, 

log Ca' z:;;. 8 4500951 

4 

5 0 +/»'*)= 9.9188543 


18 3689494 
log. p' = 9.2838993 


9.0850301 = log 


4 

"'5 
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In order to find — , —i we have, see p. 298. 

d B _ A a' _ Ba'^ 
da — a2 a (a ~ a‘^) ’ 

or a'^ 

’ da l-/a (1^/ 

whence, a"^- ~ = i 0432 , 
a a 

^ and by a similar process. 




12163, 

11700 


D^/= 00403 


* Computation. 

log Ba =: 9 2900413 
, 1 

log = 7161006 

P 

10 0061419 
log (l-p'*) = 9836418 

.0225001 

.V jBa' 

= 1 0532 

log A a' =: 3051098 

log (1 - jo'») = p 9836418 

321468 = log 
A a' 

• •; r- = 2 0964 

1-p- 

(n) = I 0532 

a'i ‘L^ — 1 0-132 
da 

Q Q 
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a "^. 4 ^ = .297995. 

da 

The numerical values of these coefficients are sufficient for the 
computation of the coefficients of the two pimcipal terms of the 
vaiiation that is, m the present case; of the terms the arguments 
of which are ti t -- w ^ + e — e, and 2 {n' t-^nt + d e\ 

Let w represent the angle n' t — nt d - c, and assume, as 
in p 274^ 

R = rri A + B cos w + F cos 2 ft) + 8vC ^ 

Hence, as m p 2G4, 

= a 'i~ - 

dr da 

/a dk dl ^ ^ \ 

\2 da da da * 

, ^ Pd R 2 m' n ^ 

and 2 / ~r— = (B cos ft> + 1 . cos 2 ft) &.C ) 

^ dr n — 71 ^ 


and accordingly. 


rdR 
d r 


+ 2fd R = 




d \ 

4* rri 

/ 

dW 

2 

71 B\ 

y 


T 

" da 


+ 

) COS ft) 

— 7l'/ 





« Ik 

{ 

dT 

2/2 






+ m j 

\a 

~ + 

— 1 COS 2 ft) 






\ 

da 

;2-~ 

11 / 





+ 8cc 

. 





If 

we 

substitute this 

value in 

the 

equation of p 

258, and 

divide 

the 

equation ' 

bya^( 



1 

) , theie will 

lesult, 






a 

a 

/ 




0 = 

d^ rlr 
dt^ 

+ 

N^\- 

$ r 

4* &c 




m 

f (a^ 

d'R 

+ — 

2 n 

- a cos ft) 






d a 

n 

— ?i / 




+ u- m 

(a^ 

dV 

d a 

+ — 
n 

2n 

- 7i 

' * aT^ cos, £ 

ft) 


+ &c 



307 

If ue integrate this equation, neglecting the terms that are 
not periodical (see pp 264 . 269 ), 




/ 2 „\ 

f ^ ■, . ^ B ) 

N da 71 — n / 


cos ft) 


rlr 


4 (7^“ 
,+ &c. 


2 T-\ 

V~ 2a 


which value is now deduced as being subservient to the deduc- 
tion of S -y (see pp, 26S, 269 ) 

The terms which depend on the angular distance of the 
Earth and Jupiter, or, which have for their arguments, % — 0, 
2 - O), &c (arguments analogous to those that form the 

Lunar see pp 2l7, &c0 are independent of the eccen- 

tricity but dr involves e , therefore, as m p 269 the term 

dr % r , , .. f 

in tne value of S n may be set aside, and we shall have, 

for the computation of that inequality in longitude which is inde- 
pendent of the eccentricity, this for^hula (making = ] ), 


0 * 2 ; = 


% d (r hr) 


S a j'f u dt d R + 2 a f ndt r 


dR 

d r 


n dt 

Let the term in R of which the argument is jow be 
w'Pcos pm, then (see pp 97, 265.) the term in which has 

the same argument, is 


m 


N' 


\ da n -- 71 / 


cos 




find, with regard to those terms, the value of S -y from the above 
expression, precisely as it was found in p 269 , and there will 
result 

» 

^ •y =3 

n /gdP,^2)f 

i — — n (n n N^\ da n-d /J 

or, m Its more expanded form, (making jt7=: 1, 2, &c.) 
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m'n 


'rjL_ 


dB + 


$ V qs 

2N^ 


(n-nr-m (f • S + “ 

2 JV2 / dr 2h p\"I 


I + - f— aF 4- .^_____ 

+ &c 


from wlitch expression the constant parts, that would be intro- 
duced by the process of integration, are, for the reason stated in 
p. 269 > omitted 

What now remains to be done is to find the numerical values 
of the preceding terms. 

Since » 


It = w/ 


(2^ + 5 cos, ft) + r cos. 2 ft) + 



= (see p. 279.) 

cos. to ^ m'l^ A 

a'^ \£ 


+• J5 cos ft) + C • 2 (0 4 - 



■a = -a, B = ^^-B,r = -c, 

^ _ j_ _ <^5 

77 


Hence, since —^z=ip' = , 1922646, — = .35 

" ~ 109256" 29 

and m' (V’s mass) = ^ 


1067 09 


, we have 




/>'® — p' X 19500S =: — d00575 


- 00115 


therefore, twice that value . 

Again, * 

^ - P'® X 1 . 0432). . = _ 001597 

, odB 2?i 

" “ 7^+777"® = - 002747 
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Atrain, since _ 2 k® ' i i 

(K - r>y - jv 2 ~ 

= _ 2 1 ^ 

/. <^B 2„ \ 

(«-«'/ - iv 2 V" t;; + ^ ^ 


but . a B 

n — u 


— - 000575 


•■ (-S') sum of two last lines 
and lastly, (see p. 308 11 2, 3 ) 


.033448 


m n 


-,,&=. 00.00196 11 

M — ti 

= 7 " 059 

the coefliLient of sin. (w' if - w ^ + e' — «) , 

In order to find the coefficient of sm 2 («'/ —nt + e' — 
^ r 

a I p> Q2819 _ _ .0059198 


0 


11 — n 


ri - 


therefore twice the above quantity = — .01183 


:i96 


Again, 


,dT 

da 


d 0 

-“^7^ = - X. 297995 = - .01105 


Q r % 71 

"•:?“+ -^~aT 
da n — n 


= 0228896 


* log 5 = 8 5243701 
= 0382190 
log. arc(= lad ) = 1.7581226 
3207417 

Jog- rd = 3 0282458- 


7 2924959 the logauthm of 0019611. 



1 




310 

2JV2 

Since 


2m3 

4 [ii—n'y^ 

_jva~ 


2N2 / 


2 71 


'da + 

n — u' 

but ”■ 
n — u' 



(S') sum of two last lines 


fn' n 

• 7 X 

71 ~ n 

s 

2 





nearly^ 


005919 
= — 024362 
= - 0^ 006979 


= — 2" 51 

The numerical value of the coeflScient of sin 2 f{ 7 it^nt'^ e' — 
is less, than, a second, being 0".17 and that of the coefficient of 
sin, 4 (n' + e' ~ €) IS O'' 017. 

Hence the correction to the Earth's longitude arising from 
the perturbation of Jupiter, is 

059 sin {n't — nt -{• e' — c) 

— Q!‘ 51 sm. 2 {n t nt + e' — c) 

— &c 

which may be thus expressed, 

7" 059 sin (“U — ©) 

— 2" 51 sin 2{% O), 

and this result agrees, very nearly, with that which Clairaut 
{Mem Acad 1754, p 544 ) has obtained by means of the differ- 
ential equations of p 95 and by an use of them similar to that 
which has already been made m Chapters VIII, IX, &c « 

Precisely after the manner of the preceding computation, and 
by similar formulae, we may compute the inequalities in the 
Earth’s longitude arising ftom the actions of Mars and df Venus, 
The latter will be 


5", 29 . sin. (? « ©) — 6".l sin. 2(? — ©), 
the former * 

0" 4 sin ( (5 ^ O) + 3''. 5 sin 2 ( <J — 0), 

which are the principal terms of the inequalities that are inde- 
pendent of the eccentricity. 
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Mercury, Saturn, and the Georgmm Sidus afFect but slightly 
the Earth’s motion so that the principal inequality m the Earth’s 
longitude that arises from the perturbations of. the Moon (see 
Chapters VI XVI ), and of the planets (see pp. 271, 310 ) may 
nearly be represented by the following formula * , 

i B = 8" 9 sin ( 31 - O) 

+ 7" 059 sin {% -0)_2"5l sm -0) 

+ 5" 29 sin (9 _ Q) _ 6" 1 sm 2(2 - ©) 

+ 0"4 sm. ((J - 0) + 3"5. sin 2 ((?.- O). 

The terms which are independent of the eccentricity and 
which depend on the angular distance of the disturbed and dis- 
turbing bodies, belong to an inequality, or expound an equation, 
analogous, as it has been already remarked in p 307 to the 
Lunar Variation. 

Now, of the terms expounding this latter equation, the second, 
that which has for its argument twice the angulai distance of the 
bun and Moon, is (see p 219 ) by far the greatest But, (so 
ittle has analogy to do m these enquiries) no rule can thence be 
rawn relative to planetary variations for, as we see, (p 310. 

12) when Jupiter is the disturbing body, it is the coef- 
licient of the term depending on % — Q which is the largest 

In the preceding pages the inequality in longitude has been 
computed . for, fhat (if we «egard the formation of Astronomical 
tables, and the reflected evidence ’of the truth of the law of 
gravity, which their agreement with observation alFords) is of 


* The perturbations of the Earth, from the action of the Moon and 
the planets, form the subject of a most admirable Memoir of Clairaut’s^ 
entitled, 'sot I’Orhte apparente du Soleil’ and mseited in the Memoirs 
qf the Academy, for 1754 Almost all the dilRculties that occui in the 
planetary theory (and the case contains them) are there met and over- 
come by Claifaut , amongst’ these are, the computation of A. B, &c. 
when p', in the case of Venus distuibing the Eaith, is not a small’ 
fraction again, the determination of the masses of the Moon and 
Venus foi except these lattei quantities should be known [and they 
cannot be deteimined by the ordinaiy methods (see p 6l )] the per- 
tuibations caused by the Moon and Venus would be altogether un- 
certain. 
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more importaace than the inequality in parallax, or the pertur- 
bation of the radius vector But, in fact, this latter was neces- 
sarily found in investigating the former for, see pp 268 r S »* is 
one of the terms of the expression for S v 

® Now, 

* r S r % r r 

a * a 

Br r, 

= ^ cos (/ 2 ^ + €~ Tt) +&€] 

£l ‘ 

therefore, in the research of inequalities independent of the ec- 
centricity, we may assume zz ^ , and, accordingly, (see 
P 307) 


0 r 


Un — — iST ^ 


ia^ — + a ) 

V d /2 — y 


4}{n-^n^y — iV* 
4- &c 


(.'i 

\ da 71 — // / 


cos W 


cos ^to, 


— [when Jupiter, is the body disturbing the Earth, (see 
pp SO&, 3 10.)] 


00001594' cos {% — 0 ) 

— 000009109 cos £ (tij: ~ q^, ’ * 

The inequalities dependent on the eccentricities, are, in the 
greater number of cases, less in quantity than the preceding ine- 
qualities The greatest of the inequalities (dependent on the first 
power of the eccentricities), which Jupiter’s action causes in the 
Earth’s longitude isabout two seconds and an half But, although 
their quantity is small, the process of deducing and computing 
them IS intricate and tedious and even those inequalities, which 
are too small to be retained, cannot be, rejected by any examina- 
tion that is much short of actual computation 

The arguments of the terms constituting the equation that is 
^ analogous to the Lunar Variation, have this peculiarity of con- 
dition : namely, thaj: the numbers multiplying n' t, nt in the 
same term are always equal 5 the arguments are «' / — + e'— e. 
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-« + 26 '- 2 «, and generally,^ ^ ^ 

In the terms dependent on the first powers of the eccentricities, 
the numbers multiplying n't, nt (including 0 amongst the 

numbers) always differ by 1 : and, see p 279, are generally ex- 
pressed by ' 

p {n't - + t' _ c) + «# + 6 

mA p {n' t — nt + ^ - e) + n't Jr f' - ir' •’ 

Now, of the several arguments comprehended under the above two 
formulas, that of which we have spoken at p. Sl2 1 is, is 
n't + e' — which arises on making ^ = 0 in the latter of 
the two formulae. The coefiicient of this we will now deduce 

Since the terms involving the eccentricity are to be taken 
account of, the form of the equation, of p 258, must be slightly 

altered since, in the term , we must substitute, instead of 
^ , Its elliptical value, namely, 

1 1 

a* [1-^.cos + + + 

in which case the equation (when terms, involving higher powers 
of the eccentricities than the first, are excluded) will become 

^ +,3n^a Sr[e.cos (nt + e- w)] 

+ 2/dIi +r is, 

dr 

The first step in the process towards integration ought to 
consist in finding I r from the integration of the more simple 
form of the equation, and, as it is evident, tins form would 
result 

r'h T I 

= m! {F +G.COS w 4 * J/,cos £ w + &c.) 
and consequently, since 

rSf ^ r r Sr 

- = — (1 -^cos «^ + e - tt), 


H R 



314 


a 


F + Fe cos {pt + e -- tt) 


— W \ 4.^,COS. («^ + e'+7r)+^ cos --2e4*7r)| 

&c. 


Now, such a value must be substituted m the third term of the 
precedmg equation, (p. 313. 1 19 ) when the enquiry is concern- 
ing other terms than those which involve e sin. («' ^ + e' — tt') 
but terms of this latter description can never enter into that equa- 
tion by the effect of the value of S r in the third term • they 

must therefore enter into the value of ^ (that value which re- 
suits from integrating the equation of p 313 1.19.) from the 
value of r dR \ and, therefore, m fact, from R con- 

taining such terms : and see p. £* 79 . R does contain such a term, 
namely, 

tn . dA t 

T ^ ^ ^ € -- tt') 

But, with reference to such term, diJ, and, consequently* 

£/dIi=zO,and ^ ^ 


rdR ^ 

dr da 


m' 

£ 


d^A 

da * d a' 


e'.cos {n if + €' — 


^0- 


f B 

The corresponding term in — would be the preceding divided 

by But in the value of S v, which we are seeking, it 

would disappear, since the symbol din d (rBr) refers solely to 
the attracted body (its ordinates, mean motion, &c ) dr .Ir may 
also be excluded, since d r involving the term, dependent on 
the argument t ^ d ^ \n drl r, would involve ^ 


Hence, the value of is reduced to this (see pp, £69.) 
Iv = ^afr.^i^ndt 

dr 

~ + c' - ^).dt 

, _nm'a' „ J , , 
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but, from the formulae of p, 298 


da, da'' 



+ 


dd^ 


^ 2 ^2 ^3 

200586 r X 1 132355, 

:iv = - 000070034 . . sin (h' ^ + 6' - V) 

= — 2" 5 sm. (m'^ + e' - tt') 

By similar but longer processes, the other inequalities de- 
pendent on the first powers of the eccentricities may be com- 
puted If the argument, instead of solely involving (which is 
the special cause of the abridgment of the computation), had been 

+ &C, or 3«'/-2nf, &c. dH and JclR would 
not have been equal nothing. 


The argument ti —nt' is under the condition (see p. 313 ) 
that all arguments are dependent on the first power of the eccen- 
tricities namely, the excess of the multiples of rit (which is 1) 
above that of n if (which may be considered 0) is equal to I, the 


* log. 2 _ .3010300 log ^ — 7 8516979 

log log />'*= 8 5676996 

log 2005886 =9 3023(^6 log 1.132355 = 0 0539825 

8 1710302 7 9056804 

No = 014826 No = .0080479 (o) 

,(a) .0080479 

0228749, its I. =8 3593421 
e zz .0480767, J e' =8 6819347 
log arc. (= rad ) =1 7581226 

(see p. 308 ) log. 1 0741513 
n 


19 81.35517 
log. 9?i' = 3 0282458 


6 8453059 z;Iog. 000070034, 
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index of the first power : and there is in the value of R (see 
p 279 ) another similar term under the same conditions, namely, 

tnf d A . 

^ ^ . COS (« — tt), 

% da 

which merits some attention 

With reference solely to this term 
d R — 

r ~ + 2 fdR =: 

dr 

me / <^^.c ^ 

T V ^Jcos.(«# + e-,r); 

consequently, the integration of the equation, by which r S is de- 
termined, would introduce (see pp. 97, Q59 ) into its value a term, 
having the arc or time without the sign , m fact, a term such as 

MnU sin, (nt e ^ tt), 

(see Chap VIII ) 

Such terms, as the above, existing in the values of the radius 
vector and longitude, would, by increasing with the time, 
materially alter the elements of the orbit But, as it has been 
already .explained, they are introduced by that method of approxi- 
mation, which is imperfect, but which we are obliged to employ 
for the purpose of nearly integrating the dilferential equations 
The values of r, r', Vy for instance, which we employ (see 
p 274< ) for the purpose of deducing Ji, are their elliptical values, 
in which the eccentricities and perihelia are without change con- 
ditions which do not take place in a disturbed system We have 
already seen (see Chapter VIII ) how, m some cases, the faulty 
expressions for the radius, 8cc may be amended But a source of 
enquiry altogether new would be opened, if, beginning the inves- 
tigation from such a term as M n t sin (nt + e — tt), we sought, 
by reverse steps, the periodical terms ^ or transcendental expressions 
by the development of which it was produced For, a being a 

very small quantity, and sin* at =. ^ grc 

12 3 12 3 4 5 

sin at ■=. at nearly, when t is such that a t still remains small * 
and, under this restriction, the numerical value of v (supposing 



• 317 

the longitude to be sought), would, m a specific Instance, not be 
altered by using a t as the value of sin. a t But such an use or 
substitution would altogether alter the nature of the general solu- 
tion, and would affect it with secu/ar equations If then a t should, 
after the manner described, be introduced, the new enquiry, 
which we have spoken of, would be to find sin a t 

We will attempt to describe slightly the groiMids of this 

enquiry^ ^ 

The elliptical value of v (see p 274 ) Is 
v = nt+e + 2e sin(a^+6 — x) + &c, 

= «t+e + 2,| sin («/+«) - 2/ cos. (« ^ + e) _f. &c 

by making ’ * 

k ~ e cos. or, / = c sin or 

The inequality (S n) produced in the elliptical value by the 
disturbing force will consist of a great variety of terms, all mul- 
tiplied by Ml' the mass of the disturbing body. Amongst these 
(if we examine the value of i? in p 279 and the expression for 
Sump 268 ) theie will be terms of this form 

m' {IK Jr I' L) n t sin {n t + e), 
m'{hK Jr h' L)nt COS [n /+ e)^ 

/' and kf being terms similar to /, that is^ 

k' = e cos t/, /' == / sin tt' 

That part (v) therefore, of the longitude which depends on the 
sines and cosines of the angle n t -j- c, may be thus expressed, 

(v) = [2 /c + (/ A” + V L) n t] sin (nt + «) 

+ [S/+'m'(iK+ k'L) n t] cos (» t + e). 

Now k, /, &c, are (see 1 13) functions of the eccen- 
tricity (e) and perihelion (rr) In the elliptical values of r and 
V, (which are used in the first approximations) e and rr are 
constant , therefore k and I are . but when the disturbing force 
acts they become variable We may consider then the factors of 
sin {nt + c), cos {nt + e) in the above expressions as the two 
first terras of developed expressions for A and /, k and / varying 
with the time If therefore k and / were the ^lues of e cos. 
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e sin 77*^ at a certain epoch 3 when then denoting the commence- 
ment of time, was 0, we should have (see Jnal Ca/c p 8S* ) 




to represent the two first terms of the developed functions of e 
and TTy and by comparison of terms, we have 


d k 
ndt 


2 


QK + tL\ 


dl 

ndt 




and from these equations are to be derived, by integration, those 
transcendental* expressions, or functions, which, partially de- 
veloped, produce the arc or time ’without the sign, and apparently 
render faulty the expressions for the radius vector and longitude 

Since h is e cos ir, and I = e sm ir, 

d k ^ d € cos TT — e d 'TT sin tt, 
dl =ide sm TT + ^ djT cos tt 


_ The above investigation then leads to the finding of the varia- 
tions of eccentricity and perihelion, which are two of the elements 
of the orbit and a similar investigation (taking account of those 
terms which are introduced by the inclination of the planes of 
the orbits) would lead to the variations of the nodes and inclina- 
nation, which are two other elements f But both in the one, 
and the other case, we should be led by a reverse process by a 
process, in fact, as little simple and obvious as any that can be 


h ^ sin (y’lJ-f-g’) -j-B sin (f't+g) would be a transcen- 
aental expression 

* t The subject of the secular inequalities (for such it is) was treated 
7 manner alluded to in the text, by Laplace m the Mem. 

Acad 1785, and subsequently, with greater refinement of calculation, 
but much less perspicuity, m his Mecamque Celeste. 
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w. w,ll„o„ consader whether Aere ere »y;„r„Z;i„S“ 

w'Vh’s'5°“ ™*'P '“>1 »'■" d™ out ettennon 

e shall find such in the theory of Jupiter and Saturn 

The perturbations of these planets, require, like those of 

It would seem then that no cases could be more alike than ih^ 

srs'tht'rbir 

But here, as frequently m intricate investnratiniK! iV t, 

^t general views and analogies are altogethe, falTa’cionf 'xh"! 
theory of the perturbations of Jupiter and Saturn r 
distinct peculiarities It differs m certain ° 

fto„ that of the perturbation. ofVL'lTtbTS, Z S 

rLt'fo' Theo„lypo«„fre.e„i,l:eZ 

^llnrol ?r Satellites, But we 

will proceed to explain^ without farther preamble, in what the nn 

cuhanties above alluded to consist ^ what the pe- 
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On certain Inequalities of Jupiter and Saturn, lolnch depend on the near 
Commensurahihty of then Mean Motions Five times Saturn's Mean 
Motion nearlp equal to tmce Jupitefs The peculiar Inequalities of 
Jupiter and Saturn expounded hy Terms involving the Cubes of the 
Eccentricities The Cause of tJieir magnitude iConneiion, in the 
6ame Term, between tire Power of the Eccentr icify and the Form of 
the Argument Expressions for the Retardation of Saturn, and the 
corresponding Acceleration of Jupiter. Agreement of the Results of 
Computation and Observation Period of the Inequality A similar 
Inequality m the Motion of Mercury, ^c 

The Condition that renders singular the case of the mutual 
perturbations of Jupiter and Saturn, is the numerical relation that 
subsists between their mean distances , which is such thdt the 
mean motions of the two planets are to one another almost in a 
definite proportion. 

If we examine the value of i2, and the forms of the integrals 
by which the longitude, and parallax are expressed, we shall easily 
perceive what kind of peculiarity of result must ensue, if n the 
•mean motion of the disturbed should be to n the mean motion of 
the disturbing planet nearly as number is to number 

Take the most simple case suppose n to be to n' nearly as 
1 to 2. now, one of the terms of R (see p. 279) is of the 
form 

P e cos (2 n / - ^ + 2 € — V), 

and, m consequence of this term and corresponding to it, there 
will be introduced into Ji? a term such as 


2 Pne dt.%m.{q,nt — -f-Qe _ 
aad, accordmgljr, into the value of S v, and by 
term 3 aff ndtdR which it contains, this term 


« 0 > 

virtue of the 


6 P a e 

{2n—n'f‘ + 2 e — e') 


supposition very small the coefficient, 

ST- divisor 
4 t-,” as that divisor can confer) con- 

SI era e magnitude, and the term, in its resulting value, notwith- 
standing the ^teness of P and might expound an equation 
®f considerable momeht ^ 


The magnitude of the equation is not the sole consequence of 
the minuteness of 2 « - «' The period of the equation, as it is 
plain from pp 235, 236 would be increased by it, and become 
greater the smaller 2n- n' should be 

The case we have put is altogether hypothetical amongst 
the planets there are no two whose mean motions are either as 2 
to 1, or nearly so ^ 

But if n should be nearly to n either as 3 to 2^ or, as 3 to 1 
or, as 5 to 2, or, as 4 to 1, or as, &c, or generally as t' to i, 
there would arise, in any one of these cases, an equation of some 
magnitude and- with a long period the length of the latter de- 
pending on the minuteness of i'«' _ the magnitude of the 

former depending partly on that condition and on other con- 
ditions 

The first point is easily made out , if we revert to the note 
of p 23,5, it will appear that the period of the equation, or that 
imerval of time in which it will pass through all its degrees and 
affections of magnitude, will be the larger the smaller tn\%i 
but the magnitude of the coeiEcient (which is the greatest value 
of the equation) must depend partly on that of or, that being 
given, on the power of e ysrhich it involves. 

This brings us to the very jet of the business the term in 
the differential equation may involve or e^y or, d^y and, in con- 


^ The mean motions of the first and second, of the second and third 
Satellites of J upiter, are, however, in that proportion 
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sequence thereof, may be extremely small but the corresponding 
term m the integrated equation, may, by having received a small 
divisor, become of some value in other words, a very small 
modification of the disturbing force, may, by the duration of its 
agency, or by the accumulation of its effects, sensibly affect the 
disturbed planet’s place 

The terms hhly to be neglected by the computist would be 
those involving the squares and cubes of the eccentricity ‘ Nous 
pouvons (says Euler in an ineffectual Essay to explain the irre- 
gularities of Jupiter and Saturn) hardiment negliger les termes qui 
renferment le quarrc et les plus hautes puissances (?e I’eccentricith ’ 
The cube of the eccentricity of Jupitei’s orbit is' OOOU 183 the 
terms, therefore, that involve both this fraction and the fraction 
expounding the disturbing force must be extremely small in the 
differential equation They are the very terms, however, as we 
s a soon see, that require, in the theory of Jupiter and Saturn, 
particular consideration. 


The very minute modifications of the disturbing force, ex- 
pounded by such terms, can produce effects only m one way j 
that 18, by the great duration of their agency in other words, their 
periods must he very large ■ if, therefore, 

jP e cos. (z n t — z fit + d d — , e)^ 

should represent one of the above-mentioned terms, it would 
follow (see p 235.) that 


z n — z n, 

must be a very small quantity ‘ ■ ^ 

The terms then in the differential equation that are extremely 
small from involving and the quantity expounding the d« 

receiving by integra- 
tion (which is the scientific summation of small terms) divisors 

such as or, (z'n' - zrif. But there is no necessary 

th^of'? minuteness of z'n'-t n, and 


whAcTi know, antecedently to actual computation, 

whether the mean motions and « are so related, that, /' and 

» bemg two integers, i' can be either nothing or nearly so . 
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we must «xamine the numbers expressing the mean motions and 
make trial with them Now in the case of Jupiter and Saturn, 

w'fJj’s mean annual motion) = 43996" 72 
« (¥'s mean annual naotion) = 109256" 23 
if therefore we take i' = S, and z = 2, we shall have 
Sn' — 2« = 1471" 14, 

a small quantity relatively to « or n' and these integers 5 and 2, 
are the only ones, having a difference equal to S, that make 
tn — tn a small quantity In the other planets, whatever be 
toe two selected, there are no two integers and z fhaving-a dif- 
erence either 1, 2, 3 or 4) that make t'n' -tnz. quantity equally 
stnall with, the preceding* 

But we have not yet shewn what the terms are that have the 
argument 5n' — 2 w the fact is, such terms involve the cube of 
the eccentricity, and on that account are extremely small : but 
they expound a modification of the disturbing force, the agency 
of which, either continually accelerating, or continually retarding 
the body’s motion, must endure for a* very long time for, since 
5n — 2 re = 1471", the vjMe period of its action (see p 235 ) is 
about 900 years 

Having thus ascertained, by antecedent considerations, the 
existence of a very small inequality of a very long period. Jet us 
consider in what manner it would affect the phenomena of obser- 
vation and their determination. 

The mean motion of a planet (see Jstron p 263 ) is deter- 
mined by observing the planet in two similar oppositions, and 

tlien by dividing the interval of time by the number of revo- 
lutions ' 

Now, an inequality, such as has been described, acting almost 
by insensible degrees, and for a great length of time, would affect 
the determination of the mean motion Its effects would be 
blended with it, and without the aid of theory il would be im- 
possible to disengage them For, if the annual effect of tlie in- 
equality should not exceed a few seconds, and its period should 
be 900 years, no comparison of observations, made during an 
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jiistronomer’s life time, could possibly point out that tonfiguraUan 
o t e Sun, Jupiter, and Saturn (supposing these latter to bei 
the mutually disturbing bodies) on which the inequality de- 


Suppose in determining the mean motion, the inequality* 
a out the time of the first observed opposition (see Astronomyy 
p 203), was at the beginning of its period and began to 
augment the body’s motion , then, the mean motion determined by 
dividing the difference of longitudes between the first and a 
second opposition (made at a less interval than 450 years) by the 
^ limber of revolutions, would be too large If there were three 
ntervals, of 120 years each, between foiwr similar oppositions, 
the mean motion determined from the comparison of the two first 
oppositions would be less than the mean motion determined from 
the second and third opposition, and still less than the result 
trom the third and fourth opposition. The inference from su!h 
o servations would be that the mean motfon 'was accelerated and a 
modification of the disturbing force, undergoing changes only 
very gradual and minute, would, for short periods, have all the 
effects of an uniforq^y accelerating or retarding force There 
would be, in the case we are considering, an acceleration of the 
mean motion precisely similar to Galileo’s Acceleration of 
Spaces. The same formulae would suit both cases if P lepre- 
sented the disturbing force, / the time, and n the mean 
niotion , then the difference of the body’s longitude after a lapse 

o time equal to t would be (independently of the ascertained 
periodical inequalities), 

nt ± P/2, 

and P t®, would, in such a case, expound a sectdar equatton, on^ 
really so, and increasing with the time 

* 1 , accelerating, the disturbing force should retard 

the body s motion (as it would do at another part of the period of 
Its action) the mean motion determined by the preceding 
meAods (see 11. lO, &c.) would be less and less, and would appear 
0 e retarded. And, m fact, it was a retardation of Saturn’4 
mean motion which was first noted by Flamstead. 
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We have now dbewn, taking our departure from the formula 
of calculation, that a peculiarity of result, theoretically possible 
for any two planets, will actually take plate in the theory of 
Jupiter and Saturn. We will now proceed on the reverse course, 
and examine whether observation presented any anomalous phe- 
nomenon of which such pecuharity of result, as that we have 
spoken of, might prove to be the explanation 

The meafi annual motion of Saturn, like that of any other 
superior planet, is determined, as it has been already stated 
(p 323) by comparing' two similar oppositions, and by dividing 
the difference of his longitudes by the interval of years The 
greater the interval, the greater, ceteris paribus ^ will be the accuracy 
of the result , since a small error distributed over a great number 
of years would be nearly absorbed and become insensible Now, 
in determining Saturn’s mean motion, a recorded opposition that 
happened 228 years before Christ, was compared with an oppo- 
sition observed in Feb 26, I7l4 The elapsed interval was 
1943^ 218^.1^ 51^ the number of revolutions 66« Saturn’s 
periodic time then was 29 ^ 162^ 4*^ and his mean annual 
motion 120 13' 35". 14'" " 

This determination of the mean motion must, for the reasons 
just alledged, be a very exact one We shall hereafter see that it 
cannot be erroneous to the amount of three seconds, even if the 
inequality which we l^ave spoken of, should be supposed to 
operate with its greatest effect. 

But modern observations (as they may be called with reference 
to those above cited) gave a different result for Saturn’s mean 
motion. The oppositions, for instance, of the years 1594, 1595, 
1596, 1597, compared with those of 1713, 1714, 1715, 1716, 
made Saturn’s period longer than 29^. 162*^. 4*^ 27™ (see 1 19 ) 
In other words, his mean motion during the preceding intervals 
of 120 years might be said to be retarded 

Now this retardation was an anomalous phenomenon The law 
of constancy in their mean motions, which the other planets 
observed, was departed from If Saturn’s mean motion grew less 
and less, his mean distance would become greater and greater , he 



would b* in ■ p«rp«tu»i ttett of rtcoM fi«Nii«ih« r«n|r» of liw 
ijrtittn, nod tfat ttaMtO/ of ih* planetary •» ii U 

could ndlhor cukt n a faci of obamraiioti, nor a reauU of 
tbooTf. 

Z^andc and oihof Aftronoiiwn Mid ihai Saiuni't inotn nMion 
wti aubject to a w«4tr •quaiiou ihry rcpmrnial iba mean 
motion bf 

mt it f* i*, 

and they determined, by the compariMm of obaenraitooa, tbo wa* 
mtncal value of /* tbo cocffitieiti of ilw wcular #t(uattoii. 

B« an tmftrUwi mioation, supplied fw the putpoit of f«no> 
dyhif tht defect of ffettrni'a Tablet . wai no raptanarion of the 
■MMobNia phonemtnen. Tb# difficulry to be aurmooniod it- 
.ii tt i ttu jl tti IHM in aabotinct as btfora. Waa tbt t •latcMce of a 
aeCttht O(|iiailon compatibl# witb dae tyatem of onivenal g r a v l ti» 
tion , or could one exist peculiniy fot the thetny of /upiier and 
Saturn f 

Thd letvdatkm of Sotani'a mean motion, and d»e mfftnrim 
of Jti^a m fimifMlbr Flmnamad, who in itimi ^dwervad 
a ew^mictkm of tl^ pfameta. HaUey, the conttanpormy of 
Newton, found alao the Tablet of Jupiter and Saturn to be ha. 
correil But the great founder of I'hyaical Aatronomy, whether 
h« rtiniitifreci ihr unomalous phftiottirf^ ut liHiw 

diiliofi Hi not iuniiicMiljf c»f h# niiilfii Mini^ 

for the teaearch.haa no whew adverted m that phmmmeiion. Ha 

oaitainiy did not view it aa forminf an eacepiion to hk t ym m < 
^ha^ pedtingof the perturhoriona of the planeta, he meralf atfl 
JWtliHi of Jiipitiff It t ihinn in iMf |nmmI 

**** iddein Jovia in Satumum non oeatdno oonmmnendi 
010 anl|ect of theae two pfeneta ho dote nor nodoi 
that pecniilriky of their theory, whkh fTTiime teemed mfeMi 
an excepdon l» hb ayaicm, but whkh afterwarda om 

of ita atrongeat «on|rtt|»liMM. 

But the math iwartBl iiM who anccetded Kewioo end flitlni it 
Ml ayatMii, were gmatly e wih a tin i id with the mmkHm of 
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Saturn s mean motion As a fact of observation it was anomalous , 
and theory, so far from exhibiting Jt as a result of calculation, 
gave a result directly the;opposite For, m the year 1774 
agrange,^ by means of a remarkable theorem*, proved the 
tnvanabihty of the mean distances of the planets If the mean 
distances remained the same, or were subject (as is the case) to 
periodical inequalities, the mean motions, if Newton’s theory 
were true (see p 29 ) must be so also. They could admit neither 
of secular retardation nor acceleration 

tardmtTo'/lf'''^'””'’ begat a strong belief that the re- 
tardmion of Saturn’s mean motion was a phenomenon explicable 

on Newton s principles , and, with a view of calling the attention 
/cien^e 'Tp"'""' ^bis point, the Academy of 

fruTtiL? ll oj Jupiter and Saturn This produced two 

Euler ! in other respects excellent, disquisitions from 

and Lagrange , which obtained the prize, but left the dif, 
nculty as they found it | 

succts f had better 

harth.l I "mathematician having shewn, as Lagrange 

had thai the mean distances of the planets, notwithstanding their 
mutual perturbations, were subject only to periodical inequalities 
procee e to prove, that if the retardation of Saturn arose from 
Jupiter s action, the action of Saturn ought to cause a« acceleration 
m Jupiter s mean motion, and in a given proportion to the retar- 


If (JL be the mean distance, 


da^ dR 


t Or, bien que J'qvoue franchenient que Je ne sms pas en etat d’ex- 
phquer parfaitement toutes les irregulantSs qui se trouvent dans Je 

que 1 academic propose, et m6me avec plus de droit que ceux qul^ ne 
se sont pas appercus, &c. Euler; tom VI. Pnei Acad, dee Scm 
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By a new scrutiny of observations, Laplace found, that the 
corresponding retardations and accelerations of Saturn^s and 
Jupiter’s motion, were in that proportion which theory gave 
It was probable then that they arose from the mi^tual per- 
turbations of the two planets, and that the principle and law 
of gravity were sufficient to account for them 


The theorem from which Laplace inferi^ed an acceleration in 
Jupiter’s motion corresponding to a retardation m Saturn’s was 
this being the masses, and d the mean distances of the 

two planets, then 

m m' 
a d 


f being a constant quantity ^ 

Take the differential of the above equation, then 


consequently^ 


i 

whence, 



\ 

m 

dd 



a 


but, 



1 

d^ 

dn 

_ _ S 

d a 

1 



d a ' 

dn' 

_ _ S 

i * 

dd 

1 

d'"' 


dn _ rd f d 
d n m V a 


\ 


The variation (d«) therefore in Jupiter's mean motion was to the 
variation (d n') in Saturn’s as — «i' V m ^ a. 1{ dn denoted 
an acceleration, d n', by reason of the negative stgn, would denote 
a retardation and vtce versa . and since 


^ 1067 09 ’ 

3359.4. ’ 
a = 5.20279, 
a' = 9.53877, 
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log -► = 3 02820 
m 

log = 98974 

4 01794 
. Np = 1*0422 

dn — dn' 


log. -1= 3 5202^ 

m 

log. ^ a = 0 85816 
4.38442 
No. = 24233: 

\/ xj a 

m w! 

10422 : 24233 
^ 7, nearly. 


which accorded with observations. 


The theorem (see p 328 ) from which Laplace deduced the 
above variations of the mean motions was deduced from the 
principle and law of gravity That theorem, therefore, shewed 
the inequalities to be mutuaUy produced But the other 
theorem (see p 327 ) shewed that the inequalities could not be 
secular . and if not secular, then Saturn’s retardation could not 
perpetually remain such, but would at length become an aueleia- 
iion , and, if so, Jupiter’s acceleration would, by virtue of the first 
theorem, be contemporaneously converted into a retardation but 
such alterations constitute the character of a periodical inequality 
A periodical inequality, however, of a very long period, wpuld, 
during certain interVals of its action, appear like a secular inequ'ahty. 
If such an inequality then could be detected in the formulae repre- 
senting the longitudes of Jupiter and Saturn, it might serve to ex- 
plain observed anomalies in their mean motions. It would really 
explain them if its computed quantity agreed with observation. 


In the hope of detecting such an inequality, Laplace ex- 
amined all the terms of the formulas by which the solution of the 
problem of the three bodies is expressed and he detected it 
amongst the terms that involve the cubes of the eccentncities. 
Euler s research, therefore, (see p 322 ) had been inevitably 
fruitless, since in its outset he had, without fear of .error, neg- 
lected such terms. 


a I 
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In p. 32 1 It was observed that there TVas no connexion 
between the minuteness of ^ which made the terms involving it 
in the differential equation very small, and the minuteness of 
3 n — 2 ft which made the corresponding terms in tlie integral 
equation very great The minuteness of 5 ft' - 2 « depends on 
the conditions of the individual case, and is peculiar to that of 
Jupiter and Saturn But between and the form 5 ft' - 2 n, 
and generally between the power of e and the form t'n' - tn, 
inasmuch as that form depends on the difference i — j, there is a 
connexion This it is easy to see by an inspection of the value 
of R, and by considering the nature of its formation The.terms, 
for instance, that involve e, and e' have for their arguments 

t — + + 

W ^ - 2 - 2 e' + tt, 

^i\! t — 3'£ "f* TT^ 


or generally, 


p{rit - nt i' - c) nt t 

(W' # - rat + / - 6) + 7/2* + e'- ■rr>. 

It is impossible then, that the difference of the multipliers of w'r 
and ft t, [since it must be either i), or (p+ i)-^] can be 

greater than 1, which is the index both of e and / 


In like manner it is easy to see that the difference of the in- 
tegers multiplying w' t and ni in the arguments of the terms that 
invo Ve ^ , ee and (quantities of two dimensions) can never 
exceed 2 It may be less and equal nothing so that either 

P cos - nt +/-()+ 2 nt + R], 

or, Q cos [p(n't - nt + e'— e) + X], 


^1 geto^ly represent such terms Again, m the terms in- 
mg , e e , or e*, the difference of the integers multi- 
plying in the arguments can never exceed *3 fthe 

dimensions of u m^y be less and equal ], so that 


P cos [>(n' / - ft If + e' - £) 4. Snt-I-R], 
or Q cos [p (ft'/ — 
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will generally represent sueh terms Now, the terms represented 
y the first of these latter terms, and when = 5, are the only 

ones with which we have any concern for then the argument of 
tae terms is ° 


on' t ---2 n t + 5 

d 5 ri {see p SS3 ) is a very small quantity which 

is not the case with 4 6 n' - 3 n, &c that arise on making 

i? equal to 4, 6, &c ^ 


The terms that involve the cubes of the eccentricity, are not 
the sole terms in the development of R that depend on the angle 
or argument, 


5 u t — 2nt J! 

there are, for instance, terms involving the fifth powers of and 
tf', that depend on the same angle : bn|, although in the theory of 
Jupiter and Saturn it is necessary to consider even such terms, 
still they are by far less important, by reason of their greater 
miMteness, than the terms involving &c. 


The terms in the values of fdR and ffndt dR (see 
p. 268 ) corresponding to the terms in R that depend on the 
angle 3 ?i' i ~ in t+ J, become large in the theory of Jupiter 
and Saturn, because 3n' — 9.ii is a small quantity, but, if 
5 - 2 n be nearly equal 0, 5 h' — $n z= 5n' 2ri must 

nearly equal -n Now the equation of p, 3 1 3, admits a peculiar 
integration If 

Pcos 6' -6) +4], 

be a term in that differential equation, 

P 

[ p (?/ — w) -f ^ ^ 

will be the coefficient of the corresponding term m the inte^al 
equation If^, therefore, fc 5, the coefficient will be 

P 


(5 n' — Vj n}^ — * 


sm 


which^ therefore, may become considerable, since the deno- 
minator IS a small quantity 

It IS necessary then particularly to attend to those terms in R ‘ 
which involve ee^ and which depend on the angle 

{Bn t -- ^71 t A) but the differential equation will contain 
pther such terms besides those that R contains for the equation, 
see p. is 


0 = 






r ar li. rl r 
i -r- 


+ 2 fdR + r{^') , 


which, since (see pp 29 33 ) 



and 


r — a{l (wft+e — x) 

becomes. 


I cos. ('2nt + 2e — 


+ [e.cos (nf + e - ^) + ^2 cos (2«< + 2e-2^)] 

+ 9 .fdR +r^ , 

dr 

now I /*, (the result not being extended beyond the simple powers 
of e and e), will be expressed by 

F cos p (jit ~ nt Jr d ~ E) 

+ Ge cos !>(»'# -Mf + e'^e) + „# + e- 
_+ife' cos {pipit-nt + d - 
which combined, according to trigonometrical formula, with 

^ COS (n f ^ tt) -p ^2 cos* (Q 2f + 2 e — 2 tt), 

will produce, together with other terms, terms involving in their 
coefficients and having for their arguments 

/(«'f - nt + e' — e) + 2nt + 2« — 2*-, 

p i»' t ~ n t + e' - e) + 2 n t + 2 e - m- - w', 
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a»d, on making^ = 5 , the arguments 

' 5n' t - Snt + 5e' — S e — Qw, 

5 ti't ~ 3nt+5e — 36 - ,r - 

Now, the cosine of the first of these arcs 

= cos (5n' t — 3nt-{-5 6— 3 e) cos 2 tt 
+ sm. {5n' t — 3nt + 5e' - Se) sin 2 ^ 
of the second 

cos (5«'t-3«i? + 5/-3«)cos (,r-|-^') 

+ sin. (57i't -3ni + 5e'-36) sin 

and, consequently, with reference solely to the terms that depend 
on the above arguments (11 8, 9 ) the differential equation may 
be thus generally expressed 

• 

+ + (Sn'f - Snf + Se'- 3 e) 

+ <2 . sin. (5 it' t~3 nt + 5 c' — 3e) 

whence, 

~ yPcos {5l)! t-3)lt + de'-Se)) 

(dii—Snf—ii^ i. + <2sin (5 ji't — 3 « ?+5 e'- 3s)) 

the coefficients of which terrhs may become considerable, since 
(5 w' - 3 nf - «S! = (5 n' — 2 w) (5 w' - 4 n), 

IS a small quantity from the smallness of 5 n' - 2 «. 

With regard to certain terms mvolving &c that 

become large in the expression ior fdR suppose 

m'k cos (5 n't - 2 w# + 5 s' - 2 s - g„ — 

to be the general representative of these terms, then, making 

k sm (g TT + g' tt') = P, 

/f.COS. (g-v + g'lr') r= g, 

It equals 

ffj' P. sin (_5ti! t — 9,nt + 5 c' — 2 c) 

+ tn'Q. cos (^5 n't — Q.nt + S s' — 2 s). 
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, dP do, . 

’ ‘'Ta' being the terms of P and Q corresponding to 
dR 


^fdR + r 


dR 

dr 


J T% d I^\ 

VSTiTsTI ^ ~ 2 « <^+5 £' - 2 0 

/ / 4w ^ . dQ\ 

V5«' -2n^ " j;) (5nt-2nt + 5d - 2 e), 


4 ;? 


in which expression, from the largeness of the factor — 1- 

on' - 2n ^ 


we may neglect a 


j dQ 
~ 7 — , and a 
cl a da 

neglected, and the differential equation, 
r t r 


y and a If, then, these terms be 


0 = 


d f' 


+ w^rBr4-j5cc 4'2/J/J + 


dR 

dr * 


be integrated solely with reference to the terms that remain, there 
will result 


r= 


-4itn'n 


' ^ ^Psin.(5)i't-2nt + 5e'--2e)l 

(+(2 cos {5nt — 2iit + 5d—2e)) 

but (see p. 331.) 

(o 7t 2 7i)^ ^ =z — 7/2 (nearly) = — — , 
accordingly, 


r^r 


5 n 


4 ^ aP sin. {on' t~2nt + 5e — 2 «)) 
i' - 2u \+ aQ cos {5 n't — 2 n( + 5 _ 2 c) ) 


The value of therefore, contains terms involving the 

squares of the eccentricity (see p 333 ) and dependent on the 
angle, 

5 n't — Snt + 5e' - 3 c, 

and terms involving the cubes of the eccentricities and dependent 
on the angle 
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, 5n' t - 2nt + 5e' — 9.S, 

both rendered considerable by the smallness of the dmsor 
5 « 2 n. There will also be produced, by the combination of 

terms, in the value of another term with the same divisor 
5 m' — 2 n, but dependent on the angle 5n't- 4 w 


We will now proceed to consider the inequality of longitude 
which IS the chief object of enquiry, and to attain which, as it is 
evident from the equation of p 268 the preceding deduction 
of ceitain terms m S r is necessary The value of I v, neglect- 
ing the denominator ^(1 -- e®), is 


0 


d{rlr) — dr Sr ^ 

dR + zfndt a® 



Now, the terms in r S r which involve e\ /, e'e^, e'^ depend 
on the angle ’ ^ 


p{ri!t — n# + _ e) q. 3 „|f + 3 £ + ^, 

but the present enquiry is solely concerning those terms 
arise on making p B 


which 


Now the terms in a«, corresponding to such terms in the 
value 6f d{rlr) will all become very small by reason of the 
factor 5 m' - 2 « If, therefore, we neglect d(r I r), we sK^lt 




0 y 


d r 0 r ^ 

+ Saffndt dR + 9fndl 



In order to find the value of the first term, suppose 
rdr 

ati sin (5 «'/ — 3 «/ + 3e' — Sc) 


. + a G cos (5 w'f - Snt + 5e' — 3 (), 

H and G containing (see pp S32 334 ) e^, e /, or e'2 and havine 
Bn - ^ n for their divisor , then, ^nce ^ 

r 

- «« 1 ^ tos ^ + c — tt) &c 
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dr c r 1 

7 777 (3n't~2nf+5c'- 

— iiifa^cos (Sn't— 2?« i + 5 £' — 2 e — tt), 

nextj the terms in R dependent on the angle 5 t — 2 /2 / being 
(see p. 333 ) represented by 

m'P sm. {5n' 2 nt + 5 e' — 2 e) 

4- ni (I cos. (5 7i't— ^7it 4 - 5 e' — 2e), 

Sa J]f ndt dR = 

Qn^m' ( cos. (5n'^— + 3 e'— Se)”) 


(o // — 2«/ a(l sm (5 ra'f— 2 nt + 5 e'-2 €)j ' 


lastly, 


dR 

da 


2 m' n 


%fndt.a^ 
dP 

cfi —r- cos. (5 2 w ^ + 5 c — 2 e) i 

da ' ' 


5«'-2«7 ^ 


da 


sm (5 w' ^ — 2 w ^ -f 5 e' — 2 e) I 


Hence, 


I V -zi 


6 ffl' i aP cos {5nt—Znt + Bt' 

(5u' ~ ^9.7Cf t~aQ sm.(3n'f-Qni + 5e' - Qe)i 

2«'n j (5«'^_2«f + S*'-2e)^ 

Hae 


5 Ti' — 2n 


+ cos {5 n' t — 2 nt + 5 e' — 2 e ■- ir) 

r a e . 

.sm. {5n t ~ 2nt + 5 d — 2e — ir). 


The two last terms may be made to hatre the same arguments 
as the preceding terms have, by making 
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if a cos IT — Ga sin. ir = £, 

Ha sm. IT + Ga cos. ir =z F, 
in which case, they are to be thus expressed, 

Ee 

— cos. {5nt — %nt + 5 £'_ 2 «) 

Fe 

+— sin (Sn't -f Qnt + 5 e' — 2 e), 

or we may still farther vary the expression, by making tan. ^ , 

JS 

in which case the sum of the two last-mentioned terms equals 
v'(i'^ + E^) cos. {5n' t — ^nt + 5e' - 2 e _ A) 

Jd 

In the preceding deduction of the value of S we have sup- 
posed the quantities P and g to be constant. Now, P and Q 
are functions of the eccentricities, of the longitudes of the peri- 
helia and nodes, and, also, (the planes of the orbit bejng supposed 
to be inclined to each other) of the inclination These elements of 
the orbits, as they are called, are all subject to variations either 
secular or periodical, which, during 900 years, the period of that 
inequahty which is the main subject of research in the present 
Chapter, may become considerable It may be necessary then, to 
take account of them , and this, whether they be considerable or 
not, may be done by the following process 

Let P be restricted to denote those terms of its development 
which involve e’, ^ e', / e^, and which besides depend on the 
angle or argument 5 ra' t - 2 n t -H 5e' - 2 e, then (see p 333.) 

R = m' P . sm. (5 w' f — 2 « f 4 - 5 £' _ 2 e) 

+ m' Q, cos (Sn t - 2 nt + 5 e' — 2 e), 

and, dR z= ~ Qn dt |'^'‘''Pcos. {5n't- ^nt + 5 e' - 26)7 
i— m'Q sin (5 2raf + 5e' — 26 ) j 

Now, /g dt sin. (5 »' f — 2 « t + 5 e' - 26) = 

~ 2 n ^ 2 + 5 6' 2 0 + 


tJ u 
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1 PdO ■. 

-77 « < -cos. (5 «' f - 2 « # + 5 e' - 2?6), 
and fPdt cos {5n' t — 2nt +5^ - 2 e) =: 

P , 

sin. (5 « t - 2Mf + 5 6' - 2«) 4. 

1 PdP , , 

(5//_2«)V“77 - 2nif + 5 e' - 2 s') 

Now the last term of this second equation is given, m its form 
at least, by the first equation and the last term of the first equa- 
tion IS similarly given by the second equation : so that, continuing 
the process, ^ 

/Q d t .sin. {5n't — ^nt + 5 e' — 2 c) = 

O 

~ ^ - 2 « t + 5 c' - 2 c) _ 

1 do . , 

(5 2«)2 ' dt **”' ^ — 2 M # + 5 c' — 2 f) + &c. 

/P </^.COS.(5«'# - 2«f + 5c' - 2 c) = 

P .... 

5M'-2n ^ — 2 + 5c' ^ 2 e) + 


I dP 
(5 w' - 2 m)^ * 
and the same forms will 
and, accordingly, 


cos. {5 n't - + 5 6 ' - 2 c) - &c. 

serve for finding the second integrals, 


fdt/Qdtsin (5«'# - 2 n f + Sc' - 2 c) = 


Q. 

” (5F-2«P (5 w f - 2«t + 5 c' _ 2 c) - 

1 do , . 

( 5 n'—2nf ” t -Q,nt + 5 c' — 2 e) 

+ 3cc, 

fdt/Pdt.cos.(5n't - 2nf + 5e'~ 2c) = 

P 

"(S^TTi^COS. C5»'# - 2«^ + 5e - 2e)>. 


1 dp 

(5»' - 2»)*' 

+ &C. 


(5 »' ? - 2 « f + 5 e' - 2 c) 
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~aW ' ~n% ’ result 


3afndtfdR = 

6««^> ^"S^^^CS)] (5«'^-2«? + 5.'-2.)'j 

(.5;/— J r 2 /dP\l / 

V.~ L ^ 5«' - 2/i V^ / J ('5«^-2rt# + 5£/_2£)j 

The quantities P and Q are easily determined. The general 
term of the development of R which involves the cubes, and the 
products of the eccentricities of three dimensions, when ex- 
panded, equals 

m'L^ C 0 & {5 it’ t - 2 nt + 5 d + z e - Z 
+ m'L cos (5 w' f - 2w « + 5 e' — 2 e — 2 w — w') 

+ m'L"ee^- cos. (5 - 2 w < + 5 e' - 2^ _ ,r _ 2 ff-) 

+ tn'L"'e^ cos. (Sn t - 2nt+ 5e' - 26 - 3 

considering the planes of the two orbits as coincident otherwise 
P and <2 would be functions also of the inclination * 

If we now so reduce, according to the formula: of Trigono- 
metry, the above terms, that they involve solely the sines and 
cosines of the angle 5 n’t - 2 « f + 5 c' - 2 e, and compare 
the reduced expression with the expression for R (see p 333.) 
there will result 

P = sin. 3 TT + L'^d sin (2w + *■') 

+ L" e e'^ sin (w + 2 ir') + i'V» sin. 3 d, 

Q ~ R 6^ cos. 3 IT + U e'. cos (2 ’T -p. n'') 

+ L''ee'^ cos (tr + 2 + L"' e^.cos. 3 tr'. 

But we do not yet possess the means of computmg all the 
terms of the preceding formula, for, ~ ^ , are not deter- 
mined 


Since, however, P and Q are functions of f, 6, &c. ; 
dP do , 

~dT ’ ~d} order to find their value, compute P 


and Q for a particular sera, 1750 for instance: next, compute from 
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the formulae * by which the variations of &c. are expressed, 
the values (P , Q') of P and Q for another aera 1950 then, since 


pf P ^ P Q 

P_P + ,_ + _;_ + &C 


= P + t 


a 

dt ’ 


nearly. 


d P P' ^ p p' ^ p 

dt t ^00 


Similarly, r: S . 
dt 200 


In the theory of Jupiter and Saturn, &n' - 2 /z, as it has been 

already stated, is a small quantity , about -^th part of n The 

terms, therefore, in ^ ti that are divided by the square of 5 /z' — 2 n 
must be much greater than the other terms so much so, that 
they alone will serve to represent, with tolerable , exactness, the 
inequality which is the present object of research , and, if so, 
then 


V 

Qamn^ 1 (-^ ~ 5^7^ • “ 2 « / + 5 e'-ae)”) 

(6«'-2«)2i X 2 dP\ ,, , r 

(_ J sin (ow< - S«r4.5e'-S6)J 

Since m', in the preceding investigation, represent, re- 
pectively, the mean motion and mass of Saturn, the value of 
«r-,ju8t given, must represent an inequality affectmg Jupiter’s 
ftkoaon, and, since the period depends on 5 re' - 2 «, of an ex- 
tremely bug period But, as we may infer, from p S28 Saturn 
has a corresponding inequality, of an equal period, but different 
in Its ejection and degree. WhUst Saturn is retarded, Jupiter is 


! for determining the variations of the eJe- 

xueikts will be given m a subsequent Chapter 
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accelerated Now, it is plain, the inequality in Saturn’s mcrtion 
may be found exactly as that in Jupiter’s has been, by a direct in-* 
vestigation of an integral similar to $afndtfdR, which in- 
tegral IS S a' fn dtfdR\ 


We must now then find the value of R\ or, rather, those 
terms of its value which involve the cubes of the eccentricities, 
and which are dependent on the angle 5 n't ^nt. 


Now, (see pp 68, 273 ), neglecting the inclination, 
R' — ^ + V y) _ 


m 


m 


= — -- cos (v — v') — ; 

^ V [r'^ — « cos (tJ — -y ) 4-r^J ' 


Now we may at once reject the first term ~ cos (v - 
for, on examining the values of r', 1 , and cos (v - v') (see 

PP 274 , 278, 8cc ) it will be found to involve no terms such as we 
are in quest of, namely, terms involving -?3, e\ &.c and de- 
pendent on the angle Sn' t Q^nt The same is true (as, indeed, 
it has been proved by the very process of p 278 ) of the fir^ 
term in R The terms, therefore, that are the objects of enquiry, 
are to be sought for in the last terms of R and R ', that is, in 

and ^ 

cos {v'-v) + r‘^-] ’ VL^-Srr'cos (v-v')+r^] ’ 

but the denominators of these two fractions are the same the 
terms, therefore, of the developments of the denominators will be 
the same * consequently, if 

m' P sm. (5 n' t + 2 fit + 5 e' - 2 e) 

+ m' (2 cos. {5n' t + Qnt+ 5 I - 2 e), 

represent the terms in R which involve the cube of the 
tncity, &c and which depend on the angle 5 n' t 2n 

mPsm (5n' t — ^nt + S e — 2e) 

+ inQ cos. {5n't — 2nt + 5e' - 2e), 


eccen* 
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will represent the like terms in R Hence, (since now it is n'l 
that varies) * 

dR' = 5 n' m P co^ (5 n' £ n t + 5 e' 2 e) 

- 5n' mQsm (5 nf t e'-Qe), 


and 


5 

(5fi‘ 


Sdffn'dt dR' b 

^ — Qn)^ \ y 2 . 

(5«'^-2«/+56'-2e) 


This term, therefore, with the preceding, expounds, very 
nearly, the great Inequahty, as it is called, of Jupiter and 
Saturn If the latter expound Saturn’s retardation, the former, 
affected with a different sign, will expound Jupiter’s acceleration 
and the contrary the period of each is the same, exceeding 900 
years j and, during half of this period, whilst the one inequality re- 
tards, by minute and almost insensfble degrees, Saturn’s motion, the 
other by like, though not equal, degrees accelerates Jupiter , this 
half penod being elapsed, Saturij, dur&g the remainder of the 
period, is accelerated, and Jiipiter retarded And, the effects of 
the modiHcations of the disturbing forces producing the above 
inequalities very nearly resemble those produced by uniformly 
accelerating and retarding forces which is the reason why they 
were expounded by secular equations such zs A 

We have expounded S v, and S u by their principal terms 
^ ‘‘J'/ndt d R, and Sajyn dt dR'), which are so from their 
involving the divisor (Sn'-Qn)^, the inequality, therefore, of 
upiter, or, Jupiter s acceleration, is to the corresponding in- 
equality of Saturn, or, Saturn’s retardation, as Qm' a is to 


* without finding them to be periodical, it had been found that 

the inequalities were not produced by uniform acceleration and retar- 

enni”' probably have been expounded by empirical 

eqaations,suchasAi*4-BiS, orAt* + JS#3 + CA ^ 
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-ISmnfla' which quantities are to each other very nearly as 
S to 7 ; a result the same as that which in p S 29 was other- 
wise deduced, and which is confirmed by observation 

The theory of gravity, then, explains, as far at least as regards 
their general nature and character, ‘the great tnequahties of 
Jupiter and Saturn and, accordingly, the corresponding acce- 
lerations and retardations of these two planets are no longer ano- 
malous phenomena .They arise from the mutual attraction of the 
two planets, are very minute in degree, and become sensible only 
by accumulation of effect during a very long period 

But a more severe proof is required of the solution of 
phenomena on Newton’s system, than the explanation of their 
general nature and character and, in the present case, it ought 
to be shewn that, on taking account of the inequality expounded 


15 m a 
(5n' - 2 nf 


(5n't-2nt + 5e'-2c)'} 
'(^'^ 51 ^ 1 ^) (5«'f-2n^ + 5e'-2e)) 


Saturn s mean motion ought to result the same m value from the 
comparison .of modern observations, as from the comparison of 
observations 2000 years distant 


Observations so distant as the last must give the mean motion 
very exactly The two oppositions made use of for determining 
Saturn s motion, were, one recorded to have happened 228 years 
AC, the other observed m 1715 The interval is 1943 years- 
In that interval the greatest possible effect. of Saturffs inequality 
could not exceed 10 33' 40", and, consequently, the error in es- 
timating the mean annual motion cbuld not exceed S". 


If we find the numencal 


values of P, Q, ^ then the 

(it dt 


expression for the mean longitude of Saturn, corrected solely on 
account of the inequality which has been made the subject of dis- 
•cussion, IS 
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+ 00111965 sm + 5 / - 2 e)| 

(5»'-2»)2t4. 00010917 cos. (5 «' 2 f- 2 «# + 5^'- Se)) 

or, if we proceed still farther, substitute for ii£ their values, 
and reduce the two terms to one, Saturn’s mean longitude, reck- 
oned from the equinox of 1Y50, will be 

f + e' — 49' 13" sin (Sre'i - <lnt + 5«' - 2 £ + 5° 34' 8") * 


■y T7-. nji 1 5 72 ^ 

’ V>n~ 2 «)‘ 

«' = 43996 2 log =9 2808264 

log 15 = 1 1760913 


10 4629177 {a) 


5w'— 2n=:U02" 2 log. = 6 3298948 

1 

- = 1067 195 log =3 0282158 


9 3581406 (ij, 

. . (ct) — (5) = 1.1047771 IS the log of-~^—^(—F), 

next, m order to reduce the two terms to one, Jet them be lepresented 
by 

I (A sin N t -i- B cos Ne) 

= FJ ^sin Ni + ^ cos Nt^ 

FA B 

= a sin (Nt + Q), making tan 0 = -7 . 

cos o 


log. r = log. 10 . . 
log B= log. 00010917 
log. A = log 001 1 1965 


Tan d computed 
10 

= 4 0381033 
=z 3 0490824 


8 9890209 = log tan (5® 34' 8 "), 


.% 0 = 5' 34' 8 ", 


Lastlp, , 







Syose this formula to be exact, then Saturn’s mean longitude 
for the year I7l5 is to be derived from it by making t - - 35 
m which case, it becomes 


S6n' + - 49' 13'' sin (60*^ 15' £8'') 


and his longitude for the 
become 


year 1595, making t —135, will 


— 135 w' + e' — 49' 13" sin (11® IQ' 28")^, 

and if, according to the method of finding the mean motion (see 
Astron p 262 ) we divide the difference of these two longitudes 
by the interval elapsed (120 years), the mean motion will rLult, 

120 ’ 

.6716 being, nearly, the difference of the natural sines of the arcs 
00® 15' 23", and 11® 19' 28". 


Lastly, computed. 

log F =z l 1047771 
log A — 3.0490824 
log (aic=rad)= 5 3144251 

3 4682846 
log cos 5° 34' 8"= 9 997 9 470 

3.4703376 = log 2953" = log. 49' 13", nearly 
The computation is thus effected for the epoih of 1750, 

«' = 7' 2r 17' 20", 

« = 3 44 30, 

. 5e' - 2e = 38 8 57 40, 

for 100 years (5 - 2 «') 100 = 40“ 46' 40", 

• for 35 14 16 20 

fot 135 = 63 13 20, 

consequently, for the yeai 1595, 

5 72'^ 2 w / -|- 5 — 2 e -|- 5® 34' 8" , =: 36* 1 1® jg' £8" 

. and for the year 1715 , 36 60 15 28. 


X X 
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The value of 49' 13" x is nearly 16".5, consequently, 

Saturn s mean annual motion, determined by the above observa- 
tions, ought, according to theory, to appear retarded by about 
sixteen seconds which, according to Lalande, agrees with obser- 
vation that IS, the oppositions of 1595 and 1Y05, assign to 
Saturn a mean annual motion less by about sixteen seconds, than 
the oppositions of 228 A C and 1715 (see p 325). 

In the preceding process (see p 34)4 ) by which the formula 
for c-u' was reduced to one term, the values of P, Q, &c were 
computed for 1750 for a different epoch they would have dif- 
ferent values • since they are functions of e, ir. See which are 
variable If then with altered values (P', Q', &c ) of P and Q, a 
reduction of the two terms into one, similar to that of p. 344. 
were made, the coefficient of the resulting formula, and the arc 
added to 5 ft t—2 n t + 5 e' — 2 e would be different for the year 
228 A C , for instance, the coefficient would be about - 52', 
and the arc about 40“ for the year 1950, the coefficient would 
be - 48' 52", and the arc 2“ 17' 52" the coefficient and arc 
would both decrease and if they were supposed to decrease 
uniformly - (59' 13" -_p /') might represent the first, and 

50 34' 8" - j, A°, 

the second ^ being the number of years to be reckoned from 
1750, and s , and being, respectively, the number of seconds, 
and the arc, by which the coefficient and the original arc 
(50 34' 8") are diminished in one year And, in this case, s" 
and A® might easily be determined since, for that purpose, we 
have, from the epochs of 175O and 1950, 

49' IS" - 200/' = 48' 52", 

50 24' 8'' - 200 A® z= 2® 17' 52", 

, whence, /' = 0" 105, and A® = 58" 88 . 
ro that the formula for correcting Saturn’s mean longitude would 

— (49 13 —px.0'' 105)sin (5«'r— 2«t + 56'-26 + 5®34' 8"-y>58'.8), 
the epoch being 1750, andp being reckoned negative or positive. 
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accordm^y as the year, on which the value of the above correc- 
tion should be required, should be under or above 1750. 


r “r® Memoirs of the Academy of Parts for 

1785 (which volume contains Laplace’s original researches on this 
u ject) the formula for the correction of Saturn’s longitude is 


- 48' 44" •) 

— jO X 0" 108363 — 2wif + 5 e' 


2 e + 5° 34' 8"), 


which M Laplace says may be extended to 2000 years before, 
and about 1200 years after 1750 


If we multiply the coefficient of the preceding term by we 

shall obtain the coefficient of the term expounding Jupiter’s acce- 
leration, which has the same argument, and, accordingly, the same 
peno as Saturn s retardation. Acceleration and retardation, being, 
in this subject, as it has been more than once explained, the tech- 
nical denominations of effects expounded by certain of the terms 
that involve the cubes of the eccentricities, or, generally, those 

products of the eccentricities and inclination that are of three 
dimensions. 


The period of this great inequality is of some inteiest. Its 
great length may be considered as the efficient cause of the em- 
barrassment of Astronomers when they were noting the anomalous 
phenomenon of the retardation of Saturn’s mean motion 

Its length may be determined on the principles of p. 23 5. 
Since the argument is 

5 ?/ Z — 2 M t + 5 e' — 2 e - 5® 34' 8" - jo x 58" 88, 
in which the variable part is 

bn't — 2nt — p X 58" 88, 

we must investigate that value of t (or p) which will make the 
above variable part = 360® Make t and jo = l, then 

- 2n — 58" 88 = 1410".6, 


■* 48' 44" IS Delambie’s coefficient. 
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conaequentJy, 


t 


360 ° 
1410" 6 


= 918Jj nearly 




It can, therefore, be no matter of surprise, that Astronomers, 
by the comparison of mere observations alone, should have been 
unable to disentangle from phenomena (the phenomena of observed 
longitudes) an inequality, which, m the beginning of its agency, 
would not affect the longitude by more than one or two seconds, 
and the accumulated effect of which, during 450 years, would 
never reach 50 minutes 

The retardation of Saturn’s mean motion may be supposed, 
as It has been said, to proceed from a modification of the dis- 
turbing force, resembling, in its effects, an uniformly retarding 
force. In such a supposition then, a term, like At^ which expounds 
the effect of a force, either uniformly retarding or accelerating, would 
expound that of the disturbing force. In astronomical language 
it would expound a secular equation to be used for the purpose of 
correcting Saturn’s mean motion. But, the disturbing force (that 
modification of it which is the cause of the great inequality that 
has been treated of) does not strictly resemble an uniformly re- 
tarding force . Its intensity, always very small, yet varies from 
year to year and, accordingly, 

At^ ^ Ct^ ^ &c 

would more truly represent its effect than a single term such as 

At^. 

The expression for Saturn’s retardation is (see p 346 ) 

(4,9' 13 / -j 

and it is easy to deduce from it its variation, and thence to deter- 
mine when the variation is a maximum for example, its variation 
(expressed by its differential coefficient), 

(49' 13" 7 

-i? + 58\58), 

which quantity would be at its maximum when 
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5n't^2ni + ^ e' — 2 e + 5» 34' 8"-t x 58" 58 = 0, 

and the value of t resulting from this equation is neariy 190, which 
subtracted from 1750, leaves 1560 to represent the epoch zl 

which Saturn s retardation, dunng the year, was the greatest, and 
equal to o > 


(49' 13" - r09) 23' 30'^ 

=: (49' 13'' — 2" 09) ^0'^ 

radius ' 

= 20", nearly 

About the year 1560, then, the observations must- necessanly 
lave shewn Saturn, in his greatest retardation, and (see p 347 > 
Jupiter in his greatest acceleration Or, with reference solely 
to their great inequality, the true motions of the above two planets 
differed, most from their mean about the time of Tycho Brahe’s 

observations , an epoch remarkable for the revival of Astronomical 
Science 

The explanation of Saturn’s retardation, according to the law 
and principle of Gravity, was first given by Laplace m tlie 
Memoirs of the Academy of Paw for the years 1785, 1786 His 
researches, however, go beyond that explanation , and are ex- 
tended to comprehend the complete theory of Jupiter and Saturn, 

or, what is m fact, a general solution of the PioUem of the Three 
Bodies 

The solution of the great inequality of Jupiter and Saturn, on 
the principles of Physical Astronomy, marks, with considerable 
precision, the progress which that science has made since its 
rise Its great founder, as we have remarked, (see p. S26.) 
noted no peculiarity m the theory of Jupiter and Saturn . nothing, 
which either strongly confirmed, or which seemed to form an ex- 
ception to, his system Yet, as we have seen, there are, in the 
motions of the above two planets, remarkable inequalities which, 
for a long time were considered as anomalous, and which, as long 
as they were so considered, formed an exception amongst the 
results from the law of Gravity They, however, most forcibly 
illustrated the truth of that law when they were proved not to be 
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anomalous, and had been reduced to the class of other inequalities 
that arose from planetary perturbation. ^ 

The minute and very gradual variations and long periods of 
those inequalities that are the subject of the present discussion, 
have occasioned the practical difficulty of detecting them by 
observation The difficulty of detecting their mathematical cause, 
has arisen from its lying concealedi* as it were, amongst insigni- 
ficant terms 

The cause, which in the theory of Jupiter and Saturn, gives 
importance to certain of these terms may operate in other cases 
If the mean motions of any two planets are nearly commensurable, 
such planets are subject to Inequalities of a very long period. 
But there is no rule, short of actual trial, for ascertaining whether 
any two planets are under the predicaments that Jupiter and 
Saturn are. We must examine the Table of Mean Motions, and, 
on making trials, we shall find (see Astronomy^ p 283 ) that five 
times Mercury’s period is nearly equal to twice Venus’s, or, 
which IS the same thing, twice the mean motion of Mercury (w) 
18 nearly equal to five times that of Venus ( 72 '); 

2 w — 5 = 0, nearly, 01 

3 n - o r= w, nearly. 

Now, some of the terms, in that part of the expression for 
rcr 

(see p 333 ) which involves the squares of the eccen- 
tricities, depend on the angle Znt - on't , and (see p. 333.) 
the integration introduces into the value of , the divisor, 

(3 w -• 5 n'f — 71^ = (2 — 5 « ) (4 « - 5 n'), 

which by reason of the factor - 5 n\ becomes very small 
and accordingly, in the theory of Mercury disturbed by Venus, it 
IS necessary to attend to the inequality dependent on the angle 
S nt — 5 n't. 

In the same manner, since the mean motion of Mercury is 
nearly equal (see Astronomy, p 283 ) to four times that of the 
Earth, we must attend, in the theory of Mercury disturbed by 



tie Earth, to the inequality dependent on tie angle 2 « (_ 4 »"( m 
the terma of ,h, eapreaa.on for rha, inuolve aqnare, of 

^ ^ which contains the factors n ^ n" and 

3 « — 4 « , the first of which is very small * 

The teims just spoken of, involve the squares of the eccentri- 
cities and form part of the value of but,if«-4«" be very 

small. It will be necessary (see pp 335, &c ) to attend to the terms 
in the expression for I v which involve the cubes of the eccen- 
tricities, and depend on the angle nt-4>n"t for, in such terms, 
a divisor (« - 4 n’f is admitted 


The explanation of the alternate retardation and acceleration 
of Saturn and Jupiter affords, it has been said, a kind of practical 
proot of the progress which Physical Astronomy has made since 
t e time of Newton it shews also after what manner the latter 
science is superior to Plane Astronomy, and is capable of benefiting 
It For although we may, by the aid of empirical equations and 
observations, determine inequalities of short periods, yet it seems 
impossible, by like means, to determine inequalities so protracted 
in their periods as those we have been discussing 

Observation is unequal to the task of disengaging them they 
would always, without the aid of theory, appear so blended with 
the mean motions as either gradually to accelerate or retard 
them Modern observations, for instance, compared with each 
other, and with antient observations, would, as Halley found it, 
make Saturn to appear retarded and Jupiter accelerated 0/ 
modern observations, compared with each other, might, as 
Lambert found it to be the case, make Jupiter appear retarded 
and Saturn accelerated. The Tables of these two planets, before 
the causes, laws and quantities of their accelerations and retardations 
were ascertained, were erioneous to the amount of twenty-two 
minutes Laplace’s equations reduced the errors within two 
minutes , and the Tables are now exact to within a quarter of a 
minute, this is one of the practically good effects of theory 
and in this, as m similar instances, it no longer goes hand m 
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hand with observation, but advances before and serve^ it as a 
guide 

By the theorem of p» 328 it follows^ that if Saturn were 
subject to a really secular retardation from the action of Jupiter, 
Jupiter would suffer an acceleration equally secular from Saturn, 
and in the proportion of ml s/a* --ms/ a. Now the inequalities, 
as we have seen in p 348. are not secular but periodical 
their periods, however, are so long, that the inequalities are 
almost accurately in the above proportion they would be less 
accurately so, were their periods shorter ^ still, however, as the 
fact is, not very inaccurate, were the periods veiy much short- 
ened 

Hence, if we should have investigated the acceleration produced, 
during 'a considerable period, in one planet's motion by the action 
of another, we might at once find the corresponding retardation 
produced, during the same period, m the motion of the disturb- 
ing body, by merely multiplying the first found acceleration by 

or, this last result might be used as a test of the truth 

m! s/ a! 

of the retardation computed by a direct process For instance, 
the action of the Earth on Venus causes an inequality dependent 
on the angle 3 n” t - 2nt (ft', n' denoting the mean motions 
of the Earth and Venus) the period of which, accordingly, (see 
p. ^S5, and Jstron p 283 ) is nearly^ four years, the inequality, 
expressed by its two parts t> is 

1"5 sm (3 n't - 2nt + 3 2/ - V) 

-4'' 5 sm (3 n"t - 2nt + 3c'' - 2 

this, multiplied by 

' ^ m 


^ There is something curious m the history of the theory of Jupitei 
and Saturn First, its peculiar phenomena, were unnoticed by the 
great founder of Physical Astionomy next, when noted and examined 
they seemed to impair his system , lastly, they have served, when ex- 
plained and accounted foi, most strongly to confiim it. ^ 

t This inequality might be expressed by a single lean by means 
of the process of p. 344, 
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— ^I'^OS.sin. (3 n''t--2 n't + 3 e" — Qe' ~ vr') 

+ S" 48 sm. (3 w" ^ 2 w' ^ + 3 c" — 2 fi' — tt''), 

for the corresponding inequality m the Earth’s motion caused by 
the action of Venus which is, very nearly, an accurate result, 
since the two coefficients, deduced by a direct process, are 
-r'08, + 3 " 6 

In like manner tlie action of the Earth on Venus produces an 
inequality dependent on the angle 5 n" t- 3 n' t, and the period of 
which, accordingly, is about eight years The inequality ex- 
piessed by one term, is 

— r' 5.sin (5 n" t --- S n' t 5 e'"— 3 e + 20° 54' 28"), 

and, if this denote a retardatiofiy the coefficient of the correspond- 
ing acceleration in the Earth’s motion produced by the action of 
Venus, IS 


- 1"5 X 


m' a / d 

m" s/d' 


l"l 




which IS very nearly the value of the coefficient resulting from 
the direct process 

If Venus then accelerate the Earth by a particular inequality 
for a certain period, the Earth will retard Venus by a like ine- 
quality and for the same period the coefficient of the inequality 
will be different, the argument the same This we know certainly 
by the mathematical process But the thing admits somewhat of 
a popular explanation, if we suppose these inequalities to originate 
from modifications of the tangential disturbing forces for then, 
if Venus should tend to draw the Earth forward in its orbit, the 
Earth must t^nd to draw Venus back at the same time and for 
equal times, but not by equal degrees since the accelerating force 
of Venus on the Earth, would, from her smaller mass, be less than 
the Earth’s retarding force of Venus , but the correspondent 
accelerations and retardations of the mean motions will not, for 
obvious reasons, be necessarily proportional to the masses of the 
retarding and accelerating bodies They follow, as we have seen 
in one case, see p 38 a different ratio which must be ascertained by 
calculation Indeed the preceding statement, as it was said in it^ 

y y 
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outset, serves merely the purpose of popular explanation, and 
affords little else than a glimpse and indistinct view {un appergu) 
of the subject. 

The solution of the Problem of Three Bodies, it is some- 
times stated in the sweeping clauses of indolent generalisers, 
comprehends every case of lunar and planetary disturbance 
How delusive such a statement is, may be understood from the 
preceding pages The methods of solutions used in the lunar 
theory will not apply, without considerable modifications, to the 
planetary which modifications amount, in some instances, to the 
inventions of new methods Again, the methods which apply to 
some of the planets will not apply to all if we use the same 
formulae, to the same extent, for Jupiter and Saturn, which are 
sufficient for Mars and Jupiter, we shall be sure of being wrong 
or, rather, there will be produced results so anomalous as to make 
Newton’s theory appear inadequate to the explanation of all the 
planetary phenomena. In fact, the natural complication, if we may 
so express ourselves, of the subject is such, that we cannot safely 
predict what cases are strictly similar. Each requires a separate 
examination, during which, new methods are continually sug- 
gesting themselves Analysis has been furnished with some of 
Its excellent formulae from the differences found to exist between 
the lunar and planetary theories, 

Although, therefore, we have gone through the lunar and 
planetary theories, we are not warranted, by the experience of 
whdt has preceded, in supposing that the methods there used 
will strictly apply to the system of Jupiter and his satellite's, or 
to that of Saturn and his 

The drift of an enquiry into the perturbations of these 
satellites will be to find out what is peculiar to them it is evi- 
dent their theory possesses many points of similarity with the 
planetary theory The system of Jupiter and his satellites, has, 
indeed, not inaptly, been said to be the Solar System in miniature. 
To every case m the latter, we may find an analogous one to the 
former for instance, a satellite^ of Jupiter disturbed by the Sun^s 
action is a case altogether analogous, except in being more simple, 
to that of the Moon disturbed by the action of the Sun Again, 
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one of Jupiter’s satellites disturbing Ms orbit is a case analogous 
. to that of the Moon disturbing the Solar Orbit, and which has 
been treated of in Chapters VI, and XVI Thirdly, the mutual 
perturbations of the first and fourth satellites are analogous to the 
mutual perturbations of Venus and Jupiter, or of the Earth and 
Jupiter, and require merely, for their mathematical investigation, 
the simple processes of pp 261, Sec But the mutual perturbations 
of the first and second, inasmuch as they require the peculiar 

computation described in Chapter XVIII Qor, C', d^'repre- 

senting the first and second satellite, orbit of g' _ 5 69849 1 \ 

rad orbit of J " Q 066548/' 

are analogous to the perturbations of Venus and the Earth 

But is there any thing in the theory of Jupiter and his 
satellites analogous to that which has been noted as peculiar in the 
theory of Jupiter and Saturn ^ We mean those minute ine- 
qualities of a long period which arise from the near commen- 
surability of the mean motions Such inequalities in the theory 
of Jupiter are minute, since they depend on terms involving the 
squares and cubes of the eccentricities that theory contains no 
other like inequalities either independent of the eccentricities, or 
involving their simple powers since 2 n being nearly = 5 j,', the 
only terms that become large by integration, are those which 
admit the divisors 2« - 5 n', and (2n - 5n'f (see p. S3i ) 

which terms involve in the expression for and ^ in the 

expression for S (see pp. 334, S3G ) But if n should nearly =2r/, 

then the terms in the expression for ~ which have, for then 

Clr 

argument, 2 m'# — 2M/ + 2e' — 2 c, and which (see p. 279 ) are 
independent of the eccentricity, become large by receiving, from 
integration, the divisor 4 {n - w)2 - m^ = 4 (2 n' -n) (2 u'~ 3 n), 
which IS small inasmuch as 2 72'- /z is Now this happens in the 
system of Jupiter’s satellites the mean motion of the first 
satellite is nearly double that of the second So that, to go no 
farther, we have the instance of an inequality, m some sort, 
similar to that inequality of Jupiter and Saturn which has been 
the subject of the present Chapter. But the similarity is not 
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exact the distinguishing and peculiar circumstance in the theory 
of the first and second satellite is this, that those terms uhich re- ^ 
ceive divisors such zs n — 2 7/ are so large and predominant as 
alone to be adequate to represent the inequalities that arise from 
mutual perturbation The other terms dependent on the angular 
distance of the two satellites may be neglected, as represent- 
ing inequalities too small to be discerned by observation This 
IS not the case with Jupiter and Saturn . their great inequality 
(great from the length of its period) is much less than most of the 
inequalities which are either independent of the eccentricities, 
or which depend on their simple powers 

The mean motion of the second satellite is nearly double 
that of the third there must arise, therefore, from their mutual 
perturbations, inequalities of that kind to which the first and 
second satellite are subject The second satellite then must re- 
ceive, both from the action of the first and third, an inequality of 
the same kind, and of that peculiar kind which has been already 
described and, from the combination of the two inequalities, there 
arises a new inequality distinct from any that have hitherto been 
enumerated, and to which there is nothing analogous in the 
planetary theory 

The inequality just mentioned does not easily admit of a 
popular explanation- There are in Physical Astronomy, as in 
other branches of Science, many things so technical as to require 
a technical explanation But were it otherwise, it would be a 
waste of time now to attempt to describe briefly, what it is pur- 
posed to explain with fulness in the succeeding Chapter, 



CHAP XX 


ON THE THEORY OF THE SATELLITES OF JUPITER 


Deduction of the Value of R Firsts when the Sun^ secondly^ when a 
Satellite, is the disturbing Body Values of the Inequalities in Lon- 
gitude and Far alia V of a Satellite Variation in a Satellite's Lon- 
gitude armngfrom the Sun's disturbing Force By reason of the 
near Commensvr ability of the Mean Motions of the Three first Satel- 
lites, their Inequalities in Longitude evpi essed, each, by a single Ter m 
The Inequalities of the Second Satellite arising from the Actions of the 
First and Second Satellite blended together and expounded by a single 
Turn The Period of the Inequalities of the Three first Satellites 
= 437^ 15** 48“ 57* The Elements of the Theory of the Satellites 
determined from the Epochs and Durations of their Eclipses 

In the following investigations it is intended to use the dif- 
ferential equations of Chapter XVI 

The quantity R in those equations is used for the convenient 
expression of the disturbing force By means of it, the Sun’s dis- 
turbing force on any one of the satellites may be separately ex- 
pressed so may the disturbing force of one satellite on any other 
of the system and, consequently, by the collection of similar 
values we may express the whole disturbing force acting on any 
one of the satellites 

To begin with the expression for the Sun’s disturbing foice 
on the first satellite, 

Let 

S be the Sun’s mass, 

D his distance, 

U his longitude seen from the centre of Jupiter, 
r the radius of the orbit of the first satellite, 

V its longitude , 

and, consequently, see pp. 66, 0,73, 
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sz: COS ( Z/ ^ 

^ ^ V[/^~2rjDcos.(l7-^) + i)2] 


Now It IS unnecessary to expand this expression into a senes, 
such as 

-L A 4* JB cos (U -- v) + C cos. 2 (17* — ‘y) + &c (see p. 259 ) 
2 

Since from the smallness of ^ ^a quantity smaller than 

r ad* 0’s orb^^ ^ ^ least, as simply expressed, as m 

the Lunar Theory rejecting then (seep 59.) the terms that in- 
volve ^ , &c , we have 


R 


Sr^ 
D 4D^ 


[1 + 3 cos 2 (17 — -z;)]. 


If the second satellite he the disturbing Body, and m'^ v\ r be 
its mass, longitude, and the radius of its orbit, the corresponding 
value of i?, will be 


cos (* 1 ; — i;) — ; , 

COS (v^—v) + ^ 

which expression admits no such simple reduction as the pre- 
ceding one does, since, now 




cannot be neglected 


Expressions similar to the last obtain for R, when the third 
and fourth satellite are the disturbing bodies, and, since the first 
satellite is really disturbed both by the Sun and by the other 
satellites, we must in estimating its perturbations, express R by 
the sum of its partial values, and then 
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~ 2 (! 7 - ^)] 


m r 


cos (v'--v) ■ 


2rr cos (z;'— «y) 4. ^'2] 


m 


_L ^ ^ / // \ 

+ — 7;^ cos (v — v) 

»" v'[»'^-2rr"cos. {v"—v)+/'‘^2 ' 

+ &C 


and, for the purpose of computing /J22, L^, the second, third, 

dr y f 

&c , lines of the preceding expression, must be expanded into 
seneS; such as 

^ A -h B cos ft) + C cos. 2 ft) + 8cc 

and J, B, C, &,c may be all computed by the methods given 
in Chapter XVIII. ^ 

From the preceding expression for R, all the disturbing forces 
that act on the first satellite may be computed except indeed we 
consider it as subject to an additional perturbation arising from 
the ;^i>;/-sphericity of Jupiter 

The formulae foi B, by which the distuibmg forces, acting 
either on the second, third, or fourth satellite, may be expressed, 
will be. It IS plain, exactly similar to the preceding 

In order to find the values of and J v, it is necessary 
previously (see Chap XVI) to know those of rdR, and 
r — , and, in order to determine these latter from the pre- 
ceding expression foi 22, we must express it in terms of the 
mean distances and mean motions 

With regard to the first line in the above value of 22. - 

let 



U= Mt + E, 

m zz nt + e. 
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then cos 2(JJ - v) ~ cos. ^(Mi - ni + E - e),^and (see 
p 264.) 


- 3 M^a^. — [cos- 2(nt - Mt + c - E)]. 

2n-^M 

With regard to the second line in the value of and the othei 
lines that would be similar to it, we must convert them into 
series (see pp. 273, 274 ), such as 

1 A ^ B cos w + r cos Cw + &c. 


- A' + B' cos oy' + &c 
2 

0 ), (o", &.C being n' t -- w t + e' — c, n" ^ ^ + e'' — e, &c 

respectively, the orbits being supposed to be circular. 


With this value of IJ, that of 2 f d i? + r will be exactly 

a r 

Similar to the one deduced in p 306, so that with this and the 
preceding one of the present page, the form of the differential 
equation will be as follows 




rZr 




+ ~ ill' 


+ 711 n 


— ^cos ^ Q.e-zE) 

2 n—Q, M 

C (a^ 4— + — ^ ^ A cos («'/— Wif + c' — «)■) 

i « r') cos 2 (ri't — n it + — f) ^ 

^ \ da n — u ^ J 

+ &c 


In taking the integral of this equation the coefficients of th 
terms dependent on the angles n' t— n ^ + c' — e, 2nt^2nl + 2c' — 2< 
must (see pp 100, &.c ) be respectively divided by ( 72 ' — 

2 ( 72 ' — the coefficient of cos (2 ii t 2 M / + 2 c — 2 h 
must be divided by (2 — 2 M)^ — or, from the relativ 
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minuteness of M, by 3 so that if, from the sama cause of the 
minuteness of we make ~ ^ = 1, the coefficient will 

become — — 

7fi ' 


The value of S ^ from the expression of p. 268, and by the 
process of p 307 will be ^ 

h V — 

(“-i ^ + 

] I M ® 

+ j sin. {2nt — 2Mt + 26 — 2 E) 

+ X 

n — rr 

+ — - .B)]sm (nt-nt + .'-e) 

, 1 r « r . 2 w 2 / o a?r , 2 m “I 

d" r ~ + 77 77 q w( T“ + 7 ) Sin. ^(71 i — < 

4{n- n'Y - da n--rif /J ^ ~ 

+ &C 


The quantity kj as m p 269 is introduced by integration 
In order to determine it, make the coefficient of the second term 
equal 0, and there results. 


k 


7__ 

12 71 ^^ ’ 


nearly 


The term in the second line of the preceding expression for 
I V expounds the inequality arising from the Sun’s action Now, 
as it IS plain, the perturbation of a satellite of Jupiter by the Sun, 
must be similar to the perturbation of the Moon (the Earth’s 
satellite) by the Sun But in the latter case, we had (see pp. 239, 
240 ) about thirty terms to represent the effect of the Sun’s dis- 
turbing force in the present case we have only one the terms 


^M__ l'’76Q1378 

71 4332^596308 


z z 
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depending on the eccentricities and inclination not appeapng, be- 
cause (see p 360 ) no account is made of those quantities 

The term, however, 

11 ^ sm [2 n / + 2 « - (2M If + 2 E)], 

8 

which does enter into the value of ^ v, and which is independent 
of the eccentricity, must be analogous to that principal term of the 
expression for the Moon’s perturbation which is also independent 
of the eccentricity , and, in fact, it is analogous to the term ex- 
pounding the Lunar Variation^ which (see p 239 ) is 

35' 4-6" sin 2 ( D — @), 

the argument of which, 2(}) — ©), corresponds to2w^ + 2c — 
(2 ^ + 2 E)y or, twice the mean angular distance of J upiter 

and his first satellite * The coefficient*^ of the ^atelliti s V ariation 
(or rather of its principal term) is only O'' 047 The other terms, 
therefore, are altogether insignificant 

The terms also which would represent, if the eccentricities of 
the orbits of the satellite and Jupiter were introduced, equations like 
the EvecUon Annual Equattony are, when numerically expounded, 
too minute to be worth considering The peiturbations there- 
fore of a satellite of Jupiter by the Sun, which, if we regard 
merely their mathematical and symbolical exposition, are the same 
as, and therefore equally difficult with, the Lunar, are in point of 
practice, exceedingly simple and, they become simple, because 
the minute quantities of the eccentricities combined with that of 
the Sun’s disturbing force annul, or render insignificant, all terms 
but one 

The Sun’s disturbing force, then, has little to do with the in- 


11 Zll* 

* ThecoefEuent is — — r second and third satellites, the 

8 w" 

11 11 

coefficients aie lespectivcly -r r- , irr > und since n =2 w', 

" 8 71 8 w 

n = 2nj neaily, then nuiiierical values will be 017 x 4, 047 X 16> 
respectively. 




363 

equalities of the first satellite They are derived from the other 
satellites , but principally from the second , and of the terms 
expounding its peiturbation (see p. 361 ) it is only the fourth, 
or, rather, part of the fourth that claims much attention for 
since, as it is found by observation, = 2 7 / nearly, the divisor 
4 ( 7 / — 7?)2 — r= (2 n' — n) (2 it 3 n) becomes very small, 

so that 


1 f c, dT 2n 

2* n ^ u' 4 ( 7 ^ - V da 


becomes a coefficient exceedingly greater, not only than the coef- 
ficients of the terms expounding the perturbations of the third 
and fourth satellite, but than the coefficients of the other terms 
due to the perturbation of the second 


Since n z=2 n'y nearly, 4 (3n— 2 n')z 


m' rl 


0 


(72—27/) 2n, nearly, and, accordingly, . . 

, J r . Qn 


m n 


, nearly letjp=ia!^— H then, 


<5 1 ; zz 


7;7'n F 


7 Sm 2 (7/ 3? — « ^ + e' — e). 


IS an expression nearly representing the inequality In longitude of 
the first satellite from the action of the second And, indeed, 
this is the only inequality of the first satellite which has hitherto 
been discerned by observation 


As m the expression for St?, so in that for and for the 

same cause, there will be one term much larger than all the others , 
* une terme dominante^ as it is called by Bailly, who first, on 
Newton’s principles and by Clairaut’s methods, investigated the 
Theory of Jupiter’s Satellites this term will be (see p 360 ) 


Wl 77® 

4.(77 — 77 ')® — 77 ^ 


jP cos (2 n' f — 2 72 ^ 4* 2 e' — 2 e) 


Til' n 

2(77 — 2 id) * 


F cos, (2 72' ^ — 2 72 ^ + 2 / — 2 O' 
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These terms then, like the terms expounding the ^t^reat 
equality of Jupiter and Saturn, derive their peculiarity from the 
near commensurability of the mean motions of the disturbed and 
disturbing satellites . but they have, besides, this distinction they 
are, of all the terms representing the satellite's inequality, by fax the 
largest; so that, if alone retained, they would adequately represent 
it The terms, on the contrary, in the case of Jupiter and Saturn, 
are very small , much smaller than many other of the terms They 
in fact, represent inequalities originating from a very small modi- 
fication of the disturbing force, acting, hovi^ever, for a long 
period. The inequalities of the fiist satellite, on the contrary, 
are the results of large modifications of the disturbing forces 
acting, with the same intent, during a considerable period 


The second satellite is subject, from the action of the first, to 
an mequality of the same kind as that which it causes to the first. 
The inequality is so eminent above the rest that one term suf- 
fices to represent it. Its period, however, is different from that 
of the former inequality, and it does not depend on the same 
argument. This will immediately appear from an examination of 
the analytical expression for S n/ 


W e shall obtain the expression for S v, by writing m that 
for I tn instead of ni% n instead of n'y ri instead of w, 8cc m 
which case (see p SOS ) 



7 ^ 
4 


+ 



8 


, mn 
4- X 

n — n 




./B'4 




(d^ ^ “b Sin 

V ad 71 —n / 


{d — n)^ — 

4- aT + — ; s( + arj | sin. — 

Hh Sec. 
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Nowlin the preceding case it was a term in the fourth line of 
the value of 3 -y that was rendered large by the divisor w — £ n' ; 
but, m the present case, the divisor 4(«— n'^ = (Qn ~ 3n') 
(2 u — n'\ neither of which factors is small a term, however, in 
the third line receives the divisor (ji — ri'f — = (« — . 2 nf) n 

the first of which factors is very small The predominant term, 
therefore, in the expression for B v' is 


mm 


£ 71^ 


G sin (w ^ — W' ^ 4 - e — e'), 


71— ‘71 (w — £7^')w 

(G being a quantity similar to jF* see p. 363.), or, 


m n ^ , / 

— ; G sin int — n t e — e'). 

71 — 2n 


The argument, therefore, of the large inequality of the first 
satellite, is 

2{n! t — 7it + c' — c), 

and, of the large inequality of the second caused by the perturbing 
force of the first, it is, 

7l' if — wr + e' — c 


But the mean motion of the second satellite is nearly double 
that of the third There must arise, therefore, from the action of the 
third, an inequality m the motion offhe second precisely similar to 
that which the first receives from the second It must depend 
on a similar argument and be expounded by a similar term by a 

term, m fact, similar to — F . sm. 2(n' t - nt — eY 

and which may be represented by 

P'.sin 2 (n’'t - w'if + 6" - e*), 

71 —2 71 

and this, as in the two former cases, is the paramount or pre- 
dominant term, which, by itself, is adequate to represent the 
inequality in the longitude of the second satellite proceeding 
from the action of the third. 

The inequality in the longitude of the third satellite from the 
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action of the secofid must be similar to the inequality in the lon- 
gitude of the second from the action of the first, and, accordingly, 
may be represented (see p 365 ) by 

ffl Tfi /ft. ' j. 9 ! f'\ 

^ Q Sin {p! t — 11 t + e - € ), 

n — 9>n 


The sum of the inequalities of the second satellite, produced 
by the disturbing forces of the first and third, is 


m n 


rl— 


~ F' sin 2 i — n't + e') - 


m 


li G 


n — %i\! 


- sin {nt — n't + e e'). 


Now, (and this is the curious circumstance attending the inequality 
of the second satellite) the two arguments may be reduced to one 
and this happens from a remarkable relation found by observation 
to exist between the mean longitudes of the three first satellites 
It is this 5 the mean longitude of the first Satellite ifiinus three times 
that of the second plus twice that of the third ts equal to 1 80^ , in 
symbols, then, 

(w if + e) ~ 3 ( 7 / ^ + e') + 2 {ri" t + e") =: 180^, 
consequently, 

2n"f-2w'if + 2€" ~ + ^ nt — e ^ 180‘>, 

and (see Trig, p 28 ) 


sin (2 nt—2fi't +2 e" — 2e') = sin (n if — w' ^ - c'), 

the preceding variation (S 1 ;'), therefore is equal 

( mV m n , 

JP G I sm (?i ^ — n ^ + € - eO, 

n -2n" n — 2n' y 

or, since n' - 2 n'' nearly equals w ~ 2 n', is equal to 


— ^ (m" F' - mG) sin {nt - n' t + e) 
n -- 2 n ^ 


This, then, is the peculiar circumstance m the theory of the 
perturbations of the satellites to which we alluded m p. 356. 
The two inequalities which the second satellite receives from the 
disturbing forces of the first and third are blended together and 
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appear as^ne inequality, having for its argument the mean angulai 
distance of the first and second satellite Something resembling 
this took place when the Moon was observed solely m eclipses (see 
Astron p 325 ) for then the JB,vection and Equation of the Centre were 
confounded together their arguments, in such a position, appear- 
ing to be the same But the coefficient determined from such ob- 
servations, was afterwards separated into its two parts, when the 
Moon was observed in other positions than those of opposition 
and conjunction. But this cannot be done in the present case 
Whatever be the position of the third satellite, the argument of 
the inequality of the second is always the same, namely, the mean 
angular distance of the first and second W^e cannot, therefore, 
by mere observation alone, separate into its two paits, one due to 
the action of the first satellite, the other to the action of the 
third, the coefficient, or the greatest value, of the inequality of the 
second satellite. 

The inequalities which the fourth satellite causes and ex- 
periences are very minute. Its mean motion is not commen- 
surable, nor nearly so, with the mean motion of the third 
satellite , and, consequently, not commensurable with the mean 
motion either of the second or third There is, therefore, no 
predominant term to expound its inequality 

It is, however, most affected by the Suffs action This is 
proved (see pp. 361, 362) by the inspection of the term that 
expounds that equation which we have considered as analogous to 
the Lunar Variation but, on the plainest principles, it is clear 
that the farther the satellite is removed from its primary, the less 
must be the attractive foice of the latter compared with the Sun's , 
and the greater must be the Sun's disturbing force, the more in- 
clined the direction of his action becomes. 

The greatest value of the variation of the fourth satellite of 
Jupiter 18 nearly 4" 2 Newton, in the twenty- third Proposition 
of the third Book of his Princtpay makes it 5" 12"'. 

The argument of a satellite’s variation produced by the Sun’s 
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disturbing force is twice his mean angular distance from the Sun. 
If, analogously to the use of }) , O See in the Lunar and 
Planetary Theories (see pp 217, 310 ) we employ d', 8ic. 
to represent the mean motions of the first, second, &c satellites 
of Jupiter, the arguments of their respective variations will be 

^.(0- d'), 2 (0^ (l'% 2 (@ - V'% 2 (O - 

and the coefficients 


11 

8 w* 


= 04729, 


1 1 
8 


19054, 


11 

8 


77338, 


11 


4 ''. 20814 . 


The Lunar Variation (see p 219) is represented by several 
terms The Variations of the satellites, if we look merely to 
theory, ought to be represented by as many ; but, considering the 
smallness of the largest of their coefficients, they are each ade- 
quately represented by a single teim of which the argument is 
twice the mean angular distance of the Sun and satellite The 
largest term m the Lunar Variation has a similar argument . a 
correspondence which must needs happen, seeing the very strict 
analogy between the Moon^s perturbations by the Sun, and a 
satellite’s perturbation by the Sun. 

But the analogy between the Lunar perturbations and the 
mutual perturbations of the satellites is so vague that if we took 
it for a guide it would lead us wrong The variation indeed of 
the first satellite caused by the disturbing force of the second has 
for Its argument 2(1)'-” D ") but the argument of the variation 
of the second satellite caused by the first is 3) ' — % or, rather, 

the above angular distances are respectively the arguments of the 
principal terms. These remarks are of the same tenor with those 
that are stated at p 311. 

The mutual perturbations of the first and third satellite are 
very inconsiderable : but both these disturb, and sensibly, the 
motion of the second In order to determine the period of the 



369 

inequalities of the three first satellites, we have to observe, that 
they depend on their relative situation When, at the end of any 
interval, the three satellites return to the same relative situation, or 
technically, have the same configuration which they had at the be- 
ginning, then such interval must be the period of the inequalities. 
Its value admits a theoretical investigation but, without the aid 
of any such investigation, Bradley ascertained it Indeed it could 
not easily escape detection when the synodic revolutions (and 
these are the revolutions that observation determines) were 

scrutinised thus, the synodic periods of the three first satellites 
are 

IS^ 36% or m decimals, 1"^ 769860 
3 13 17 54 3 554090 

7 3 59 36 , 7 154579 

consequently, as we find by the use of continued fractions 247 
revolutions of the first satellite are absolved in nearly the same 
time as 123 of the second for the numbers 123, 247, are to each 
other very nearly m the proportion of J 76986 to 3.55409 The 
proportion is not exact, 247 revolutions of the first satellite, 
however, being completed m 437^ 3“ 44*”, and 123 of the second 
m 437^^ 3^* 41*”, we may assume, with very little inaccuracy, 437 
days as the period for the return of the two first satellites to their 
original configuration But, besides, 61 revolutions of the third 
satellite being absolved m 437^^ 3** 35'”, the same period of 437 
days f, is that, at the end of which the three satellites will have 


* If we divide 3 55409 by 1 76986, the latter by the remainder, 
and so on (see WoodV-^4/g<?i»m, on continued Fractions) the senes of 
quotients will be 

2, 123, 6, 8, &c. 

consequently, 

1 123 739 

2' 247 ' 1482' 

are the iraction<5, which according their oidei, aie alternately greater 
and less than, but successively nearer to, the tiue value of . 


^ i37^^059 IS the exact period 
3 a 
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the same configuration as they had at the beginning , and, conse- 
quently, It IS the period during which the three satellites must 
have passed through every inequality, as well in kind as degree, 
that arises from then mutual perturbation 

From the rapidity then of the revolutions of the satellites, 
their inequalities, even those which have the longest period, 
quickly recur In one respect, then, their theory admits a more 
complete verification than the theory of the planets for, it must 
be left to times that are to come, the establishing by observation 
of that inequality of Jupiter and Saturn which has for its period 
more than 9 1 8 years * 

The inequalities, which we have considered, are independent of 
the eccentricities and inclinations of the orbits they depend 
solely on the mean elongation of the disturbed and disturbing 
satellites, or on multiples of that elongation, and are, as it has 
been remarked, a species of variation They serve to explain why 
an eclipse of a satellite happens sooner or later than it ought to do 
either according to the circular, or Kepler’s Elliptical Theory they 
will serve, therefore, to perfect the Tables of the Satellites’ motions 
and, under another point of view, they serve, by explaining the 
retardation of an eclipse on Newton’s principles, to illustrate and 
confirm them 

Almost all the materials for forming Tables of the motions of 
the Satellites are drawn from the epochs and durations of 
their eclipses The elongations of the satellites serve to deter- 
mine the masses of their primaries and the mean distances from 
their centres But the mean distance of one satellite being once 
accurately determined the mean distances of the others are 
best determined, not from their elongations, but by means of 
Kepler’s Law In this case computation is far superior to direct 
observation and mainly for this reason , the period of the 
satellite from which its mean distance is computed, is itself not 
determined wholly and immediately by observation, but through 


See on this subject. Mm Acad 1788, p 271 Also Mec Cel 
2d Pait Liv YIIL p 18 where M Laplace detei mines the period 
on different piinciples 
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the intervention of computation for instance, the sidereal period 
IS deduced from the synodic the synodic from observations of 
the satellite in conjunction with Jupiter either on the disk 
of the primary or m his shadow Now, whatever be the error 
in noting one synodic period, or in noting the interval between 
an eclipse and the next succeeding one, there need not be a 
greater error m noting the interval between the first eclipse and 
an eclipse the hundredth from it The synodic period, therefore, 
determined by dividing the interval between two remote eclipses 
by the number (plus one) of intervening eclipses must be very 
exact, from the diminished eflfect, of the incidental or probable 
error of observation ^ The like to this cannot take place with 
observations of elongations if we would know what an hundred 
would amount to, vve must needs measure every one 

Those elements, therefore, the mean distances and mean 
motions, are easily determined But in the preceding formula 
there are arbitrary symbols involved, which, except they can be 
numerically exhibited, would render nugatory the whole theory 
of the perturbations of the Satellites We mean the symbols 
m\ &c which denote the masses There are ceitamly no 
obvious means of determining them. A satellite of Jupiter is 
indeed his Moon, but with this peculiarity of additional difficulty, 
when the question is concerning its quantity of attraction (which 
is to expound its mass) that there are, for that purpose, no phe- 
nomena of the tides of the primary planet Other phenomena of 
attraction must, therefore, be looked to But the difficulty we 
have spoken of is not peculiar to the theory of the perturbations 
of Jupiter’s satellites . it occurs whenever the disturbing planet is 
one that has no satellite , consequently, when either Mercury, or 
Venus, or Mars, is the disturbing body If, therefore, we would 
perfect the Solar and Planetary Tables, or, on another ground, if 
we would put Newton’s Theory to the severest test, we must de- 
termine the masses of those planets The necessity or importance 


* Theie is m this method a principle somewhat akin to that which 
pievails in Boida’s Repeating Circle. 
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of such an enquiry is now only adverted to The enquiry itself 
will be entered on in a subsequent Chapter But, at present, the 
natural course of investigation is towards other points 

It is now to be directed towards those points which before 
(see pp £ 52 , &c ) were approached and noticed namely, the 
elements of a planet’s orbit, or those quantities on which its 
dimensions and position in space depend The periodical ine- 
qualities of the Moon, the Planets, and Jupiter’s satellites have 
been computed from the disturbing forces and we have now to 
examine what effect those same disturbing forces produce on the 
mean distances and eccentricities which determine the dimensions 
of orbits , and on the nodes, apsides and inclinations, quantities on 
which the positions of orbits in space depend It is not likely, 
viewing the matter theoretically, that these elements should remain 
constant : for they are so in the elliptical or undisturbed system 
and from phenoruena we certainly know they are variable at 
least that four of them are, the nodes, the apsides, the inclination 
by direct observation, the eccentricities by inference from obser- 
vation With regard to the mean distance*, by inference from 
observation, that element remains invariable , for, the mean motion, 
whether of the Moon, or of a planet, is not found to change The 
strict inference, indeed, is that it is not subject to a secular 
change. But even this kind of invariability is a remarkable cir- 
cumstance It is, if we may so call it, a phenomenon well de- 
serving explanation and it will be, if explained by Newton’s 
Theory, not one of the least curious of its results. It is, indeed, a 
theoretical result not to be anticipated, that the disturbing forces, 
which impair the equable description of areas, the regularity of 
a planet’s orbit, and alter its position m space, should still leave 
unchanged the dimensions of the orbit 

The variation of the inclination of a planet’s orbit, the varia- 
tions of the longitudes of its node, and aphelion, or technically. 
Regression of the Node, and the Progression of the Aphelion were 
known phenomena at the time of the invention of Physical Astro- 
nomy It was important, therefore, for Newton to shew that these 
phenomena, as results from theory, were parts of his system This 
he has done with regard to the two first In his eleventh Section 


* Not always a j!)?ogrm2o?z. 
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and in th| rfiirtieth, thirty-first, thirty-second, thirty-third, thirty- 
fourth Propositions of the third Book, Newton has shewn that the 
changes of the plane’s inclination, and of the place of the node, 
are necessary effects of the disturbing force and, besides, he has 
computed those effects Nothing can be more simple, direct, 
and perspicuous, than the method used in these Propositions. 
But, unfortunately, the method with its excellences here terminates 
There is no similar method in the Prtnctptay nor in any other 
Work, for determining the progression of the apsides. That varia- 
tion, as an object to be sought after, is more subtle m its nature, 
than the preceding it eluded, as it is well known, Newton’s 
research , and remained a desideratum in Physical Astronomy, till, 
about the year 1748, Clairaut, Dalembert, and Thomas Simpson, 
began to cultivate that science 

These mathematicians (see Chapters IX X XI XIII ) com- 
puted the progression of the Lunar Apogee on Newton’s Principle 
and Law of Gravity, and shewed that its computed agreed with its 
observed quantity The method, however, which they employed, 
is not a direct and obvious one, and assigns only the mean quan- 
tity of the progiession If we were to join this latter method to 
Newton’s, we should have, for determining the variations of three 
of the elements, two methods totally dissimilar Their mere 
dissimilarity, however, m itself is not a sufRcient reason for 
rejecting them We may find out and adopt others related, 
indeed, but without any other claim to preference If, however, 
we adopted Newton s method for the nodes and Clairaut’s for the 
apsides, wc should still have to seek methods for the variations of 
the eccentricity and axis major . and none would be found to 
present themselves resembling either the one or the other of the 
preceding methods 

So It happens, however, and the circumstance is to be accounted 
for The things to be investigated, are, it may be said, in their 
nature, dissimilar. As each element is separately considered, a 
peculiar method of estimating the effect of the disturbing force on 
It is suggested It is not, therefore, by so considering the subject 
that a general method can be obtained. We must view* the 
subject differently 
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We must, for a time, disregard the peculiar nature^ of each 
element and find out or feign conditions of general resemblance 
Now, this may be effected on the principles laid down in 
pp 39f &c The arbitrary quantities introduced by integration are 
to be considered as the elements of the orbit described, and, 
consequently, the differentials of such quantities w ill represent the 
variations of the elements 

The differentials may, as in other cases, be found by the 
ordinary rules , but there is, in the subject we are now speaking 
of, some difficulty m reducing them to similar formulae Mere 
similarity, indeed, is m itself not necessarily an advantage but 
the similar formulcC just alluded to will be found most convenient , 
both for the making of general inferences and for illustration by 
examples. 

This IS the mere suggestion of the plan which will be more 
fully developed in the ensuing Chapter, 



CHAP XXI 


ON THE VARIATIONS, PERIODICAL AND SECULAR, OF 
THE ELEMENTS OF THE ORBITS OF PLANETS 


Principle of the Method for determining the Variations of the Plemenfs 
of a P lanet s Orbit The Plements •viewed as the Ar Intraiy Q^uan- 
titles introduced by the Integration of the Differential Equations oj 
Motion, or as their Functions Expressions for the Variations of the 
Mean Distance, the Fxcentncity and the Longitude of the Perihelion 
the y aruition of the Eccentricity expressed by means of partial Dif- 
ferential Coejicients of the Quantity (R) dependent on the Disturbing 
Force the same Form of Expression extended to the Variations of 
the other Elements The Origin and the Authors of these Ex- 
pressiom 


I F we revert to pp 39, &,c. we shall perceive that, accord- 
ing to the analytical view there taken of the subject, the arbitrary 
quantities, introduced by the integiation of the differential equa- 
tions, are either the elements of a planePs orbit, or functions pf 
those elements 


They are the elements themselves, when the equations are 
expressed in terms of the projected radius vector, the longitude 
and the tangent of latitude that is, when the three equations 
(abstracting the disturbing forces), are 




d^ p pdif' + 

(1 + 

P d^v + 2 d p dv =0, 


= 0 , 


(p s) + 


/o^ ( I + 


= 0 , 


and functions of the elements, when, by means of the rectangular 
co-ordinates x, y, and z, the equations are thus symmetrically ex- 
pressed, 



Both these sets of equations (for they may be mutually de- 
rived, the one from the other) belong to the elliptical system, con- 
sisting only of two bodies, and in which there is no disturbing force 
As we have already seen (pp S3, 8cc ) the elements of the ellip- 
tical system, the axis major, eccentricity, &c are invariable The 
arbitrary quantities, introduced by the integration of the differential 
equations, are constant arbitrary quantities , and, whilst the equa- 
tions retain the preceding form, they are capable of an exact in- 
tegration But there is no case m the planetary theory to which the 
preceding equations exactly apply. The elliptical laws of form and 
revolution are never strictly observed there is always, more or 
less, some disturbance and the preceding equations, before they 
are applicable to the planetary theory, require the addition of 
certain small terms dependent on the disturbing force For m- 

stance, the equation of 1 1 requires the addition ot 


/ „ , X x' -jr y:i/' + zz' 1 ^ 

( jR zzm ^ ~ see p 

and then it becomes 

d^oc ^ ^ — 0 

(If' H dx ^ 

and the two other equations require, respectively, the addition of 
dR 
dy 


68 ) 


, and 

dR 


dz 


cTR 

dx * 

dy ’ 


dR 
d % 


, which expound the disturbing force 


are very small, and therefore the integration of the differentia 
equations, from which these terms are rescinded, must be nearli 
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the mtegmtion of the equations when they are complete The 
constant arbitrary quantities also, determined for the former 
equations, although they cannot remain the same, or retain their 
property of invariability, yet they cannot be subject to any 
except small variations, since the two sets of equations differ only 


by very small terms such as 


dJRi 
dx ^ 


&c. 


The mean distance, for instance, if it were possible to determine 
it by the integration of the cornplete equations, could only differ, 
by a very small quantity, from that value of the mean distance ~ 
which results from the actual integration of the imperfect equa- 
tions of p 376 . This small difference, whatever be its ex- 
pression, between the two mean distances, must be dependent on 
the disturbing force , for, the two sets of equations differ only 
by those small terms which would be nothing were there no dis- 
turbing force Hence, (and it was by reasoning nearly m this way 
that the method was ai rived at) the e3^|)ressions for the constant 
arbitrary quantities resulting from the integration of the elliptical 
equations may be assumed as the expressions for the variable 
arbitrary quantities, on the condition of determining the variations 
of the latter from the differences between the two sets of equa- 
tions For, neither do the arbitrary quantities vary, nor do the 
equations differ, except by reason of the disturbing force Sup- 
pose, then, a to be an arbitrary quantity, and that, by the inte- 
gration of the elhjptical equations, or of an equation resulting from 
their combination, we obtain an equation of the first order, such 
as 


F = a 

F involving, or being a function of, ar, y, z, ~ , — , ^ . If 

d t cl t d t 

X ti cF 2 * 

in dV we substitute for ^ , the quantities 

~Z-E. , ZJi or those values which result from 

J -P I * 2 ^ 

r 


3 15 
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/•V ^ 

d r* 

if* z t 

7/> r* 


0 .. .. 


u. 


(ii* * 0. 


(>• 


thru »hcr>' mu'** rrsuli *hi‘ e<nuti«m, 

iir - o. 


Hm tf r m It he aMumnl 4n inipgr^l ei|UAtion of »n pcjuAJion 
formetl by combining the equjttont, 




r* 


d R 


ilr> * ^ il I 


o, 


0| 




then in d Ks</«, wo cannoti «• beforoi subitiiuto initca*! of 

ZJt inttead of , 8cc. aince the valuta of , itc 

dt* r* dt* <>(* dt* 

arc iliflfrrrnt, an it U pUiii from t!u^ or, ai wo may at 

iiiHi* uifrr friim flu*' toiiMilorattun ; luiurly, tlui| thi* [tircet tn tht 

iWfU4Hci4riMUllVrrrii, aiul ftinr** arc o^ipouiulcii by tht* aeciitul dtf** 

fcmmali or fliixioiH of qiianiiticH (ace IVefacc lo Prim^pin rf 

Anni. t'n/f pji. .1, ii ) arc, flicn* aymboli uf dif* 

fertnt filuca »« fhc two I4aca» ami, if wc auppoac the tiymbol ^ to 
denotf the effect uf the ihaturbiiig fiOic, the fuat ci|U4tion may 
be thui writttni 


1 f/rfj 4* * . 

37-‘'v.— 37 ) * r'* 


dR 

d t 


0» 


m or» 


JRh 

Jii 



i + 

r* «/* 


But by the equations of p. S76. 


o. 
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. ^ + ^-0 
dt^ ^ » 

dl T _ 

dr^ ^dx~ 

Hence, m. dV^ \i dy, d z, and a alone are made to vary. 

It will be sufficient to write - ^ ^ instead of 

dx’ dy' dz 

d^x <Py i^z . , 

~d^ ’ 77^ ’ ~di^ ’ resulting equation, 

dV ^ da, 

Will give the value of da ^ or, the same result will be obtained if 
we use the symbol and in 

V ^ % a 


substitute — 
dl z 


d R d R dR j r dl X dly 

' , , ■“* — ] — ‘ , instead of ' - > 

dx dy dz d dt^ 


An instance will illustrate the principle of the method , if we 
multiply the equations of p. 376, by dx, dy^ dz, respectively, 
add them and integrate the equation so formed, there will result 
this mtegial equation. 


dx^ '\‘dy^ ^ d M 
2^7^ r 


2 a 


= 0, 


m which, a 18 an arbitrary quantity introduced by integration. 
If we compare this with F" = /z, (see p. 378.) 


dx^ dy^ dz? ^ 


2dt^^ 

and. 


corresponds to F, 


2a 


to a , 


d X dl X dy dly + d z dZz _ ^ 



and S ^ corresponds to ca. 
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consequently, by the Rule 

j j 


dy dz 


But if i? te a function of y, %y the left-hand side of the equa- 
tion is (see Pn/i Anal Calc pp 78, Slc ) the complete differential 
of —Hy *which IS usually thus expressed — JJJ, consequently. 



B a 


a 


2 * 


This result has been obtained by means of the symbol B, and 
of the process indicated by it, that is, (see p, 378 ) by an 
abridgment of the direct and plainer method This latter, how- 
ever, in the present case, is easily instituted , thus, since 

r = js/(x^ 4 2®), 

d^x + dy^d^y^-dz^d^Z , x d oc d y t d % 
dv ^ J 

but 

^ A? __ __ r d JR 

dfi ^ d X * 

d^y y dR 

dt^ dy ' 

z _ _ z dR 

dfi dz * 

substitute these values in d Fj and there will result, 

<?r= — idx.-- +• dy — 4 dz--) , 

^ dx dy d%^ 

whence the same result as before 

In the other process indicated by 


* If c? j;*, c?y, d 2 , only are made to vary and not r, the last term in 
dV <i 12.) may be suppressed as well as the second terms in II 14, 1 5, 1 6. 
and the same result will still subsist; which is the first part of the mle 
of p. 379. 
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expression 


IV 

xlx + 4- z 


, which would result from 


-<i) , was suppressed, since B a:, are equal nothing , 

for, the differential equations of the first order are the same both m 
the undisturbed and disturbed system and since the differentials 
of //, z, when the disturbing force acts, have been expressed by 

dx + ^ Xj dz + ^z, 

we must necessarily have 

3 A? = 0, = 0, S 2 ; == 0, 

which, in fact, are three equations of condition between the varia- 
tions of the arbitrary quantities , for instance, if x contain two 
arbitrary quantities a and by then 

lx = + ~lb = 0, 

da dh 

which equation determines the relative values of and I b. 

Hence, the abridged method, under its most simple form, is 
made to depend on equations such as these 


a = 0 


We have used the symmetrical equations of p 376. and 
the equations derived from them, chiefly for illustration, but 
the method applies equally to any equations derived from the 
preceding In deducing the variations of the other elements, it 
is not intended to use the symmetrical equations , because, as it 
has been observed, their integration affords not simply the ele- 
ments of a planet’s orbit, but functions of those elements 

In the instance used for exemplifying the equation V ss a (see 
p. 379 ) it so happens that the quantity a therein introduced, is 
the mean distance, one of the elements But this circumstance 
is peculiar to that differential equation. The five other equa- 
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tions may be constructed so as to involve each only one ^arbitrary 
quantity, but, then, such arbitrary quantity will not be an 
element 

The three equations of p 376 being of the second order 
admit, each, of two integrations each integration introduces an 
arbitrary quantity, therefore, there will be six differential equa- 
tions of the first order (like the one of p 378 ) and six^ ar- 
bitrary quantities 

Any equation such as F* = of the first order belongs 
equally (see p 381 ) to the disturbed and undisturbed system. 
Hence, to the same systems the integral of that equation must 
also belong The finite expressions, therefore, of ar, z are the 
same but there is this distinction to be noted in their values , 
in the latter, which is the elliptical system, the arbitrary quan- 
tities are constant, whilst m the former they are variable, their 
variations being determined by formulae similar to that already 
obtained Now, since the expressions for /v, y^ and % are the 
same, the curves of which these are the co-ordinates must be 
similar, or of the same kind , but, in the undisturbed system, the 
curve is an ellipse the curve therefore to which -r, j/, % are the 
co-ordinates, when the arbitrary quantities hy c, &c are variable, 
must be also an ellipse this, however, is not the curve described 
by the body it is merely the ellipse that would be described 
were the disturbing forces to cease at that point of time for which 
the arbitrary quantities a, by c, &c were determined At the next 
instant a, by Cy &c have different values, and the ellipse is of dif- 
ferent dimensions so that, as it is easy to see, the successive 
ellipses form a senes of ellipses of curvature to the real curve 

It IS easy to see that the method which has been described 
rests on the same principle as that which is technically denominated 
the Variation of the Parameters y and which was employed in pp 96, 
&c 


W e will now proceed to deduce the variations of the elements 


^ These are not independent, the one of the other, the equation 
which connects them reduces their number to five 


I 
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on the principles already laid down, but by the aid of those equa- 
tions which involve the projection of the radius vector, the 
longitude and the tangent of the body’s latitude these equa- 
tions are (see pp 92, 65 ) 


p V + 2 dp .dv + ~ , dt^ = Q 


( 1 ), 




p-p 


+(■ 


dt^=:0 




p^{\ p ds ' dpj 

P J ^ 1 d 
/(l+r®)!-'^? ds 


) dt^=0 


( 2 ), 


( 3 ), 


and, if we rescind from these the terms — , which 

dp dv d& 

depend on the disturbing force, there will remain three equations 
for determining the elliptical laws of the body’s motion 


If we appropriate, as m p 378 the symbol I to represent 
the effects of the disturbing force, then when that force acts 

= d{dv 4- 2 <y) zz d^v + dlv^ 

p = d (d p 4* B p) =: p q. d ^ p 

Substitute these values m the two first equations, and there will 
result, by virtue of the equations of condition, 

3 p =: 0, 3 tj — 0, 


and of the elhptrcal equations mentioned in 1 9 

P dBv = - 

p (Iv 

dip = - dt\ 

^ \p ds dp/ ’ 

or, if we suppose the latitude s to equal nothing, and r to be the 
radius vector, 


dlv 


dR 
? ^ d % 


di% 


dBr = - ,dfi, 
d r ’ 



^nd, m this case, v is the body’s longitude measured In the plane 
of the orbit 

The two equations (1), (£), when the disturbing force is 
rescinded, and p becomes r, are 

rd^ V + 2 d r d v 0^ 

d^r ~ rdv^ + 

multiply the first of these by - , and add it to the second 

d T 

multiplied by , then there results 

dv d^ *u j d} dv^ dr d^r ^ d r 

_ + , 

and the integral of this is 

dv^ dr^ ^ — 0 

a differential equation of the first order similar to the one of 
p. 379, and obtained by similar means, and which may be 
similarly used for determining the variation of the arbitrary quan- 
tity a which is introduced by integration we have then by the 
rule (^see p 379, &c ) 

dv dl ‘y+2 dr dir M^/l\ ^ 

277^ +2^;^ 


but, see p. 383. 


r^ dv^ 


, dn,. dR 
dv dr 


2 Va/ 


Now, when j* is 0, iJ is a function of r and t?, and the left-hand 
side of the equation is the complete differential of R therefore, 
as before, 
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9. 


dR. 


The quantity a is (see p 379 ) the mean distance, or the semi-^ 
axis major of the ellipse The first result then, and indeed the 
easiest of the method that his been explained, is the expression of 
the variation of the avis major We will soon attend to the re-*- 
markable consequence that may be deduced from that expression. 

If we multiply the equation ( ( ) (writing r instead of p) by r, 
we have 

V 2 r d r di) dt^ =z 0 

dv 

But, r^d^v 4- 2.r dr dv = d dv) =: (see p H) d(k d f). 

J n 

Hence, dh ,dt 4- — — = 0, 


and 


dh, or, lh= - 

dv 


Now, see p IS, h, the mean distance a, and the eccen- 
tricity e are connected together by this equation, 

— fx a (1 — = n (1 — <®), if n s= 1, 


Hence, 2 A S/i = 2 a ,(1 — 
f] 7? 

or — 2 dt xs - 2401^.(1 e^) 

whence, 


Ze 


or 


• A 

a e dv 

^/la (l-e^)] dR 
ue dv 


dt ~ ii' .. dR, 


dt 


a £^) 


d Rn 


In order to deduce S tt, we may use the equation of con- 
dition, namely, 

hr r=z 0, 

and this equation is like = 0 (see p. S81 ) that is, is to he 
formed by taking the differential or fluxion of the Falue of f, 

3 c 
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posing all those elements or arbitrary quantities, which m the 
elliptical or undisturbed system are constant, to vary Now, 
(see p, 25 ) 




I + e cos (v 


dr 


a aTT de 


0 . 


But^ 


dr 

1 

dm 

1 + ^ COS (v — tt) ^ 

iL - 

_ eW- sin. (v — tt) 

d'T 

[1 + C.COS (v — 7r)p * 

iL ~ 

__ COS (tJ ~ m) 

d e 

[1 q- cos. [v — 7r)]2 


Substitute these values in the equation ^ r = 0, and instead of 
Ih^ {^2 h.lh) and ^ the values (see p 385* IL 11, 18 ) already 
obtained, and there will result 

5. 2 ^ + (1 cos (ti — tt) dR j . 

h sin. (ti — tt) civ 
Ji^ 

+ -j, cos (d — dR. 


We have now three expressions, for the variations of the axis 
major, the eccentricity, and the longitude of the apogee , and 
these expressions are as convenient as any that can be exhibited, 
if the results are to be expressed in terms of Vy &c For (see 
p 373.) 

T% ^ r . 

^ ^[r^ — 2 rr cos (t;— + ^ 

and thence, 



* See Fnncipks of Analytical Cakulatzon, pp. 79 , 
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may eas4y be computed In the Lunar theory, R usually ex 

a of co„a, ..voCr:-r„tr",;x^rre 

mean (see Chapter XVII ) In snfh t ^ 

j / a" expansion, then, the ure- 

ceding expressions for the variations would not immeiately be 

applicable. , for instance, would be without significancy 
It becomes necessary then, m order to adapt the preceding ex- 
pressions to the usual mode of expressing R, to convert iS mto 

some other partial differential coefficient of R-, R being,! this 
latter case, a function of n t and of the elements fi, ,r, &c. 

Now, with regard to the first variation, that of no con- 
version is necessary for. 


Sf* = - Qa^.dR, 

in which d R is the complete differential of i? If ij should be a 
function of r and v, then 


dR = 

dr dv 


if a function of p, t;, and x, then 


dR- 



+ 


dR 
d V 


dv + 


dR 

ds 




so that, if i? should be transformed into a function of ri t and of 
other but constant quantities, by converting (see p 274 ) r, v, or 
pf 'Vy j into senes of terms involving the sines and cosines of n t 
and other quantities, then, dR would be obtained by merely 
making n t to vary in the expression for R , for instance, if one 
of the terms representing i?, should be 


^ - cos. {tnt — J 7i' t 4* J5), 
the corresponding value of d 12, would he 

^ t ri A sin (i n t ^ n! t -)r P)* 
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With regard to the ^ecoud variation, that of the ecq^ntricity^ 
some conversion is necessary now,* if i? be a function of 
and V o{ nt^ then, 

d R ^ d R dv 
dt dv ndt 

But, see p ^74. (using J., or the coefficients of the third 
and fourth terms), 

sm, ( 7 ^ ^ — -tt) 

+ jB sm (2 w jf + 2 6 - 2 tt) 4 . &c 

d D 

, — ^ = 1 + ^ . COS (nt + 6 — tt) + &c 

ndt 


But 


d V 
d w 


— J cos, (» / + 6 ~ tt) — , &c. 

d V ^ dj^ 

* * ndt dir^ 


consequently, 

dR^dR^dR dv 

n dt ^ dv d V* d^ 

_ dR dR 

dv dir^ 

dR ^dR^ . ^ 

dv 71 d t dv * 

Hence, instead of the former expression for we have 
this 


(i^dt+^di) 

ae \ndt dv y e 


But d R (see p, 387 1 I 6 ) being the complete difFer- 
ential of JJ, and = and r? being =^"”4, 


* See P) maples of Analytical Calculation^ pp, 89, 90, 
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. S#=a'» 


or = 


R + 

e e 

[I -^(1 -f2)]t^ig + 


n /(1 — j f 

s/a e ' d-n 

v/ar i<, 


We may Still vary the expression for S^, without obtaining, 
however, a more commodious one for computation. For, if ue 
examine the expression for v (see p, 388. 1. 6.), it will be seen 
that 

n d t dc ^ 


since, m every part of that expression where nt is, €is also, 
hence t> 


s/ a , e V ( 



\dt 

^ ndt 

dir J 

e 

a 6 


ndt — -i ^ 

— ndt 

d 

e 

de 

_,2)] 

^^ndt+ t VO 

de e 



^ are symbols of like signification, and, after the csta- 

blishineut of the formulae of the diffeiential calculus, of plain signifi- 
cation Short piocesses of demonstration are frequently little else than 
compendious cxpiessions these latter must be posterior to methods 
and formulcE , and the enriching the language of analysis* although 
the secondary or collateral object of the differential calculus, has proved 
one of Its greatest benefits When its foimulae are established, the 
principles on which they were established may be put aside from con- 
sideration , there is, for instance, no notion of vauability to be attached 
to such symbols as 

djR dR 

dTT^ de * 

d R d v 
d'O ndt * 

(IR dv , ^ ^ ^ ^ ^ R 

d V * d ndt de * "ndt d e * 


! Oi thus, 


dR 

ndt 

(/& ' 
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But, if the preceding expression be not more commodious for 
computation, there is this thing remarkable in it, namely, that the 
variation of the element e is expressed by the partial differential 
coeffcients (^partial differences the French call them) of tile same 
quantity i? computed for the elements , and, moreover, the coef- 
ficients of these partial differential coefficients, are functions of 
the elements themselves This latter circumstance indeed belongs 
to the former expression for B e^ but neither that nor the previous 
one are attached to the variation of tt We must farther con- 
sider this point 


dR , and since, as we have seen (pp 388, 389 ) 


a K =z ndt = n d t, 
ndt de 


the expression is under the same peculiarity of conditions as ^ is. 
A question therefore naturally suggests itself, whether B tt is ex- 
cluded by Its composition, or the law of its formation, from like 
conditions, or whether, by virtue of certain transformations, it may 
not be made to participate in them. 


If R be considered to be a function of r and that is, if 
(see p 273.) 

Ji - cos (v — ^ 

^ — COS (v v) -jr r^"] ^ 

then the partial differential coefficient can only proceed from 

R containing r, the value which is 

r = ^(1 

I + e cos {v — 7r) 


d R d R dr 

d e dr * de 
^ dr dv dry de 


Hence, 
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If we” substitute for ^ their values to be derived from 

dr de 

the preceding expression for r, we shall have (see p. 386 ) 

2 f + (1 + g^) cos (u - dR , _ h dR , 

sin. (» - ff) dv ^ a e 

2^ + (1 + /^)cos (t;-v) 

sm (7; — 7r) (1 cos, V — ‘ * 

and consequently, instead of the former value of § tt (see p. 386 . 
1 13 ) we shall have this 

at de e ' [l+#cos (t;— 


Here § is under one of the predicaments that S S are, 

namely, that of being expressed partly by the aid of and of 

d € 

(since dU ss 5 but the coefficient of instead 

de \ de y de 

of being a function of the elements, is a function of v In this 

respect, therefore, its expression differs from those of ^ and 


We must observe, however, that the expressions for 
are true, when U is a function of nt and of the arbitrary quan- 
tities a, <?, 8 cc. whereas, as it is plain from the mode of deducing 

the expression, is the partial differential coefficient, on the 
d e 

supposition that e enters into R solely from being contained m r 
Now, (see p. 388,) the expression for the true anomaly (v) in 
terms of the mean (n t) is 

vssnt 4 - ^ + ^^,8111 («/ + 6 - tt ) 4 * &c 
this conversion, then, of the true into the mean anomaly, in- 
troduces e * consequently, the preceding expression , sup- 
posing iJ to be a function of w f, &c is an imperfect value of that 
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differential coefficient We must complete its value, t|jen, and 
on the following grounds , namely, that J?, a function of v and 
IS to be converted into U a function of 7 i t and e, therefore, 


— .dv + I -r- )dtf= — - ndt ^ 
dv \dey ndt de 

in which (^) Is used to denote the imperfect value of the 
partial differential coefficient. 


We must now find dv m terms of the differentials of nt and 
of e^ and this is most easily done by means of the eccentric 
anomaly {u) . thus, fsee p 31.) 


^ nt c=L u — e sin u , 

.• ndt zz du {I — ^ cos u) de sm. //, 

but cos « =- , 

1 + ^ cos. (-u — tt) 

• du == dv(} e^) — de sm — tt) ^ 
js/ {I — e^) [1 + ^ cos (x? TT ) ] ’ 

consequently, 

[1+^COS {V’—Tryp [1 + ^.COS ^ 


Substitute this in the preceding equation, and equate the 
coefficients of like terms, and there lyill result 



d \/(l — ^2) sm (v — tt) 
de [1 + ^ cos (t; — 


. [£ + e cos (v - tt)] 


dM 

ndt* 


Now, o is the partial differential coefficient used i 


m 


expressing the former value of Im- (see p. SQl). substitute 


therefore m that value the expression just obtained for 
and, since, 
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d R 7 ^ J T) 1 

— ^/(l - e^) —yi^dt = — dR X - 

ae nat Ja e n 


ai,l -e^) 


j^a e 
dR 


Z2 

ZZ^dR, 

e 

it IS plain that ^ tt will be reduced to this value 
h dU 


<v /* C4- I.V 7 , 

0 V SC t d t 

ae de 

_ ^ V (1 ~ dR 


71 dt. 


an expression, considering the intricacy of the subject of com- 
putation, of remarkable simplicity 

The variations of three of the elements, then, are now ex- 
pressed m terms of such partial differential coefficients of R, as 

^ moreover, the coefficients of the terms are 

d (; aTT de 

functions of the elements themselves In these cases, jR is a 
function of the mean anomaly and of the elements of the orbit 
of n t and of < 3 , c, tt, 8cc, When R is z function of />, r;, and 
Sy there are only five arbitrary quantitities, viz. tt, 7 and 6 : but 
the conversion of into a function of n since (see pp 40, &c,) 
It IS effected subsequently to an integration, introduces, by virtue 
of that integration, an additional arbitrary quantity e, the epoch 
of the mean longitude, or the time at which the planet is m the 
perihelion of the orbit There will then be six arbitrary quan- 
tities , but, if we abstract the inclination, and consequently the 
longitude of the nodes, R will be a function only of 71 1 and 
of ey TT, c, and accordingly we shall have this equation of 
condition for the variations of the elements, 


dR^ , dR. , dR. 
da a e dir 


, dR ^ 

TT + S € = 0, 

de 


w, substituting for the values of ^ B tt, 

S B 
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dR 

da 


X —Q.a'^dR 


n/(1- 


■e2)[l - ^(1 - e^y\dR+ '‘-'^^^~"^) <^0 

e aTT / 

+ -“.^LO—fl.i^ndt 

d'lr e de 


*- ^ e = (see p 389 ) 


dR 
nd t 


S e. 



Hence, (since the second part of the second term destroys 

the third term), we have, on dividing by — — ^ , 

71 d t 

le == %a\~ndt - 

da e ^ de 

So that this variation also, with regard to its expression, is under 
the same predicaments as the three preceding variations 

We must now restore what, for convenience of computation, 
we have abstracted , namely, the inclination of the plane of the 
orbit, and consider its variation and that of the longitude of the 
nodes 


Now the third equation, (see p 383 ) is 


d^ips) + ^ 


p 


+ i dt^ = 0 

p d s ^ 


( 3 ) 


hen the disturbing force acts, as in the former case (see 
p 383) 

d^.ps— d, dpi =: d(sd p 4-i<'Sp+ p ds + p cs) 

[■D] — sd^ p + 2 d s dp + s d^ p +p d^s + p d is 

4" d s i p 4- d p i s. 

But, c p = 0, 3 j =: 0, and, besides, we have the elliptical 
equation, 


d^(,ps) 4- 


p® (1 4- r® 


dt^ =.0, 


or, sd^p + 2 ds dp 4 - pd^s + 


p2.(l + 


,di^ -xi. 
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If, %refore, the preceding value (D) oid^ ps be substituted 
in the equation (3), and, then, that equation be reduced by the 
means just pointed out, there will result 


sdcp+pdZp+l, (I — 0 , 

P a }> 

but, Ocep 383) dZp = - + i 

dp p (i s 


+ s^ (in 

d s 


) dt^. 


We must now apply this expression by taking the variation of 
some equation similar to the one of p 384, and which involves 
one or more arbitrary quantities Such an equation we may im- 
mediately find m tins finite value of s (see p 38 ) 

s zz •y .sm {v -- 8), 

(y = tan <pf (p being the inclination) , 

• ds zz r/t;,Y*cos (v — 8), 

and 

d^se=:d^v Y cos. (‘y — f?) “hrfi; cos (I’-fl) S Y + rf t;Y sin (*?; — 0)30, 

or, 1L±^ . *lJi) dfi = 

\p dp p^ ds' 

— Y cos. (-y— 0) i * ^l^(lfi-{‘dv cy cos. 0 ) 4 . Y sin. — 
a V 

the equation of p. 3H4. contained the variation of only one 
arbitrary quantity (a), but this contains the variations of two 
(y and 0) we must employ, therefore, for the purpose of eli- 
mination, the equation of condition, 

3j* =c 0, 

or, hy sin (v — 0) — S0 ,y cos - 0) =: 0, 
and, by eliminating, there results, 

dv>^y zz 4 ^ cos (-y— * 0 )^^^ cos. (v ^ 6) .d 

\p dp p^ av^ 
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1 + , „.dR jj, 

— s — cos. (v - 6) -j- d fi, «■ 

as 

which may be differently expressed for, since It dt=^p^ dv^ and 
and j* = 7 sm (^» — 0), there will result, these being substituted, 

^7 := 2 \(p sm (t;— 0) ,^^ + cos (u — 0) cos (v—6)dt 

h \ dp d't ^ 

(1 + A . £i\^ ^ /I 4 

— i — — i cos (v — 0) d if 

n ds 


or, 


7 p' 


X cos 2 0 (= ly) == 

-(^/),sin (‘y — + cos cos.(v^Q) d v 

V W /) <3 ‘y 


- (1 + J®) ^ cos (w - 0) d V 


The expression for the variation of the longitude of the nodes 
IS, by means of the equation of condition, (p 395 1 21.) reduced 
to this 


Id 


= i-(^p.sin (-y — cos. (tJ — 0 ).^ 7 ^^sin. (y — d)*dt 

k \ dp dv/ 


<1 4 - 

h 7 


sin (-y — Q) 


dR 

ds 


dtf 


or. 



. sin. (-y-0) ^j^ + cos (“y — 0) sin ( 

V dp d v/ 

— (1 sm (v—e) ^ dv 

y ds 


ly — 0) dv 


From these expressions the regression of the nodes and the 
change or variation of the inclination of the plane of the disturbed 
body's orbit may be computed , and very expeditiously by the 
second and fourth expression, if li should be expressed by a 
function of />, t and s But if R should be expressed, as it is in 
the case of the planets, by a function of n ty ay and other quan- 
tities, then the variations of the inclination and of the place of the 
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node could not be computed immediately from the preceding ex- 
pressions. A previous resolution of sin (v — d), cos {v — 6), 
See into sines and cosines of arcs composed of t and other 
quantities would be necessary. This relates to the mere matter 
and convenience of computation With regard to the analytical 
mode of expressing the variations of the node and inclination, the 
above formulae want the characteristics, or the predicaments that 
the formulae for the variations of the other elements possess (see 
p. 393 11 9, 10, See.) It IS the object of the succeeding process 
to shew that they may be invested with them 


Since is a function of p, x, fv, and p is z, function of x, and s 
of 0, we have, 

U dp Ts Te ITs Te ' 

and in order to obtain ^ , 4 ~ > we have these finite equations, 
as dQ 

7/^(1 + 7^) 

^ V ( 1 + X^) + X cos (-z; — tt) * 

xr: 7 Sin (7; — ^). 

Hence, very nearly, 

dp ds ^ 7^/)^ cos, (v — 0) sin — d) 


’ do 




and 

Sin {v - 0) cos. {v-S) cos. (v—d) 

h dp p ds -ip dO 

i , , 

or, assuming ^ as the approximate value ot - , 

Y sm (^^ 0 ).cos (^- 0 ) — --cos (.'0-6).— - ^ • gj- 

Hence, if we reject In the expression for S 7 the term that in- 
volves j®, we shall have 


^ 7 = 


1 dR , 1 » . dR 


k-i ' d6 
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This expression is only partially tinder the predicaments of the 

d R 

preceding ones of p 393 is indeed the partial differential 

d u 

of R taken relatively to the element 0, but the last term 

cos^ (p — 0) involves^-?, and also the coefficient 

dv d V 

cos ^ (t? — 0) which IS not a function of the elements And, 
since V IS the longitude measured, not on the plane of the body’s 

orbit, but on a plane such as that of the ecliptic, is not equal 

dv 


(see pp 388, 389 ) to 4- theiefore, in two points, the 

dnv de 

above expression for ^71$ dissimilar to the expressions for the 
other variations The dissimilarity, however, may be made to dis- 
appear by measuring the longitudes of the body’s place, and of the 
node, on the plane of the body’s orbit , which amounts, analy- 
tically, to the transformation of JR, a function of Vy 0, &c into a 
function of 0, &,c supposing to be the longitude on the body’s 
orbit, and 0 to be that longitude measured on the same orbit 

In order to effect this transformation, we have by the property 
of spherical triangles (see Trig p 136) 


tan — 0) = cos ^-tan •— 0) 
and by the properties of analytical functions f 

\d “ y dv d d dv. 


( 1 ), 


( 2 ), 


in which is used to denote the partial differential coefficient 

of R when Jl is a function of v, 0, See. and to distinguish it from 

d R 

-jj in which R is supposed to be a function of 6, &c 


* 8, the real longitude of the node when measured from the inter- 
section of the plane of the ecliptic (if that be the fixed plane) and of 
the’oibit of the planet, is the longitude of the node on the planet’s orbit 

(see Astronomy, p 254? ) 

t Principles of Analytical Calculation, pp 79^ See. $sc* 
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If w^take the differential of the first equation (1), and sup- 
pose <t> not to vary, 


dv^'Tz sec. (p 


cos ^ 

cos ^ (v - 0) 


dv Hh 


(‘ 


sec <p cos®(v,— 0)'\ 
■ cos‘^iv-0) J 


which value being substituted in the second equation (2), and the 
coefficients of the terms affected with d 6 equated, there results, 


{ z= ^ ^ 4, ^ ^ / cos 0 cos ^ {v -- 6) 
\d0 J dQ dv \ cos ^ ('z;^ - 6) 



But, from equation (1), 

cos 'ii'(i, - (ij = * '+ H^-d) sec 2 ; 

/dR\ dR ^ ^ ^ 

* Vdi/ "" To 0cos.nu-e) + bec <^.sm2(«-0)-l] 


d R ^ d R /I ^ cos <p 
d6 ci V V cos 0 


sin ^ <p 
cos 0 


cos 



dR 

dQ 


+ 



cos 0 




— tan 0 [sin, 0 cos ^ (i? — . ^)J 




Hence, (see p 397. line the last ) 


1 dR, dR^ 

IsiT^T Jv 

since, (7 being ==- tan 0 , 

^ cos 0^ 


^ . .V rl K ^n 0 H 

cos.^ (t;— 0) -7- — ^ cos ® (i? — 0)_- 

all a ^ di; 


= ~ tan 0.2 sin.^^ cos ^ (» — 0) , 

4 term much less than the other terms in the expression for d 7, 
when 0, the inclination of the planes, is a small quantity. 


By equating the terms affected with d i?, 
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d R cos <p cos^ (v —0) ^ d R 
d V cos ^ — 0) ^ ^ 

or “* sin ^ <3{> cos.^ (v — 6)\ ^ d R ^ 

^ dv \ cos (j> / dv^^ 


dR 

h sm (p 


£ sin.2 I j p 

1 , very nearly, 

h tan <p di)^ 


and By 


(£^+28in2f^) 

h tan (p \ d 6 2d v/ 


IS the body’s longitude measured on the plane of the body’s 
orbit, therefore (see pp 388, 389.) 

dR _ dR d R 

d*v^ de dtt^ 


consequently, 




in 

de 


+ 2 sin- 


,tc 


dR 


2 Vrfe 




and (see p 393 ) the variation 3 ry is now expressed by a for- 
mula possessing all the characteristics of the former variations. 


In this and in the former expression for B y (see p. 309.) 


d R 

the partial differential coefficient - enters 


but , in the two 
dd ’ 

cases, is of different values, since R in the first case is a function 
of 6, (pf &c and in the second of v,dj (p, &c 


The expressioh may still farther be varied, by transforming R 
into a function of new quantities, the relations between these 
latter and the quantities v, 0, &c being determined by certain 
equations, for instance, if instead* of v, we assume a quantity u 
and determine the i elation between v and u by this equation, 

d u = d z\ — (I — cos. (p) dd 9 

then, since E, instead of being a function of v, 0, &c is now to 
become a function of d, 8cc 


* This IS the same expression as that which Laplace, by a different 
method, has deduced in the supplement au X, Liv. Mec, CeL 
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we have* 



dR , 

— — flu + 

(dR-s 

\ de =.— 

dv, ' 


du 



dR 


do 


d u 


dll 

' de 


dd, 


therefore, by a companson like the preceding one of p 399 
/d R\ _ 

\dd/ 


^ _ Qsm^t — 


consequently, (see p 400 1 4 ) 

dt d R 


I 7 


hy dO 


^ This certain Iv a very simple expression, and it is the same 
which Lagiange, M<?m. Inst 1808 pp (52, 6t, &c and Poisson, Ecole 
Polj/teclmzque, tom IX have, by methods ditreung both from the pre- 
ceding and fiom each other, deduced The simplification, however, 
obtained by the last step is more appaient than real, since it is obtained 
by intioducing a quantity u the relation of which to v. See, is deter- 
mined only by a dilferential equation. 

A simple! form may, m like manner, be given to some of the other 
vauations, by transtorming R into a lunciion of different quantities » 
(bus, we have, vciy nearly, 

, j /dR 2ae d R\ 

'dti-: -JTZ K -T-y. 

e ^de v(l — ey aa^ 

, , , 2 ae , 

Assume dq da d 

V V — c ; 

then, as befoie (p. 401, 11. 2, 3.) 



Substitute foi dq its assumed value and equate the coefficients of like 
leans, and then 

dR dE 
dq 7 " da ' 

{dR\_(lR.dR 2ae 

^ dc dq \/(l — * 


S E 


The only variation, that remains to be invested with the pio- 
peities which the other variations possess, is ^ 0 now, since 


dR 

= 

dp 

+ 

dR'y 

k d s 

d0 

^ d p 

d s 


ds ^ 

^ dd 

j dR 
and — - 

— 

£p 

+ 

dR\ 

d s 

a 7 


cl s 

ds) 

d 7 


dR d s 

i 

dR 

ds 



dd *7^ 


dl 

^ ‘ 



But (see p 395.) the equation of condition is 


ds 
d <7 


2 


+ 


ds 

dd 


= 0. 


Substitute for the value of a 7 in p. 397, and 


^0 = 


dR 

1 dR d y y 


ds 

d It dy 


VyTe 

dd dd 


but ~ = sin {v - d)t 

a <*• 


and = «- 7 cos (tJ — ; 


In order to get nd of — — and its coefficient, we must use a 
dv 

transformation similar to the preceding one of p 398 In the 


/d R\ dR 2ae dR 
’ ^de'' da’ - e^)— di' 
consequently, 


a n >y(l— -e") 


dt 


dR 
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present transformation, however, since a different expression for 
S ^ IS required, 0 must be supposed constant, and 7, v, and to 
vary in the equation, 

tan. - 6) cos (p = tan (u — 6), 
m which supposition. 


dv = ^ (p. cos ^ p tan cos^ 6) — —^21 ^ , 

cos ^.cos^ (r — f)) 

which value being substituted in 




, dR. 

dv dy dv^ 


and, the coefEcients being equated, 



,cos.^ p .cos^ (v — 0) tan — 6) 

dy do 


dR . dR 

-7- + -7" 7 
dy dv 


cos.^ (ti - 6) tan. — 6) (1 — sin^. p) 


=s nearly, (since 7 . sin^ ^ is a very small quantity), 

q- y cos (v — 6) sin (r — ^ 

dy dv 


d R 

Substitute this value for in the expression of p. 402. 


1 1 2 and there results, 
10 = 


JL — 

hy dy 


The variations of the six elements may now be exhibited under 


one view. 


^ Since p is very small, dy = d(tan. p) is written instead of dp» 

( — I IS here used, aftei a manner similai to that in p si9S, and 
(i 7/ 

to distinguish it from-^^, the partial dijQPerential coefficient of il, 
when R IS transformed into a function of new quantities. 
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J a= — 2 a® ij?, or = — 2 a® ^ ^ 


^ ' ^1-- "V \- ’¥-•* s/ (Ji — 


, n dt 

d e 

\dlt 7 , _ <35 


S TTs 


^ dR 

e de 

dR 


ndt 


Ib « 2 ^ 2 .— 

80= - — —iff 

^7 ^7 ■ 


Pages 

365 , 389 . 
h^ndt 389 

d TT 

393. 

ndt 394 

401 

400 
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The preceding expressions depend, and mainly, on the partial 
differentials of the quantity R. In that respect, therefore, they 
are similar they are also, the formula for R being supposed to 
be established, of easy application 

The formula for R, which is requisite for such application, 
will be similar to that which was given m p 279 but it must be 
extended so as to comprehend the terms that will arise on intro- 
ducing the condition of the plane’s inclination 

But the formulae of the variations, although they possess a 
sort of symbolical similarity and are convenient for arithmetical 
computation, are derived by no simple processes The fault, if it 
may be so called, does not he entirely with the processes The 
objects of investigation are abstruse There is no immediate nor 
short connexion between the principle and law of Gravity, and 

that, for instance, its result, which is called the Progression of 
the Perihelion 


It IS also, in part at least, to be ascribed to the nature of the 


* It must be lecollected (see pp 400,401 ) that R m these two ex- 
pression', I, not a function of the same quantities 
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esearch, ^hat Its processes are not obvious, but rather indirect, 
^hat IS the obvious and direct process which the consideration of 
\eprogresston of the perihelion oi of the vanation of the axis- 
lajoi suggests ? The obvious and direct processes belong to much 
lore simple subjects of enquuy, to the regression of the nodes, 
ar instance, which is indeed one of the variations of the elements, 
Qd, tliererore, an exception to what was said at p 404 11 1 9 20 

^e 30th Proposition of the third Book, or any other of the Propo. 
itions of the Prznajjia, attempt similar constructions for the van- 
tions of the position and of the magnitude of the axis-major, and 
e will soon experience the very unaccommodating nature of these 
itter subjects They are much too stubborn or subtle to yield 
D the ordinary modes of attack ^ 


The elements of a planet’s orbit being considered as certain 
rbitrary quantities introduced by the integration of the differ- 
ntial equations, the research of the variations of the elements 
nmediately becomes a merely mathematical enquiry The 
bject of research, so far from directing the research, is altogether 
)st sight of We come upon it all at once when the investi- 
ation IS finished. If this be an imperfection in science it does not 
elong to the infancy of science 

As science advances, its processes become more compendious, 

id have less if we may so express ourselves, with their 

xbjeCts. 


The variation of the axis-major, which, by direct and obvious 
lethods, IS most difficult of approach, is, by the preceding 
lethods, most easily investigated. Analogy would lead us to a 
tterent conclusion 

Newton, as it has been observed, did not treat of the variations 
all the elements, nor did those mathematicians who formed, 
at may be called, the first set of his successois, and who’^en- 
'avoured to establish the system of gravitation more firmly than 
s great founder had time to do Clairaut, Dalembert, and 
homas Simpson determined the progression of the Lunar Apogee ; 
■e first by the method described in Chapters IX, XIII . the two 
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latter by the method of indeterminate coefEcients (see pp ^209^ 
See ) In determining the regression of the nodes and the variation 
of the inclination of the plane, they adopted, in fact, Newton^s 
method than which, as an independent and simple method 
nothing can be better. The first step, indeed, towards the varia-- 
atton of the ^parameters (which is now the method) was made by a 
contemporary of the above-mentioned mathematicians 

Euler m his Tkeorta Lun^y p 8, resolved the third differential 
equation into two others , one expounding the regression of the 
node, and the other the connected change in the plane’s inclination. 
The invention, however, of the general formulae belongs to the 
mathematicians of the second sety of which the most distinguished 
are Lagrange and Laplace The former of these mathematicians 
deduced, m the Berlin Memoirs for 1774, that remarkable for- 
mula (see pp 327, 380, 385 ) from which it follows that the mean 
distances of the planets are subject to no secular variation from 
disturbing forces. Laplace arrived at this latter result by a dif- 
ferent process and the subject continued to be cultivated till 
Lagrange was enabled to express the variations of the elements 
by the formulae of p 404 This he did in the Memoirs of the 
Institute for 1 809j by processes strictly analytical, but very long, and 
on principles not naturally, we may say, suggested by the subject 
of enquiry Laplace in the supplement to the lOth Volume of 
the Mec Cel by more simple means, converted the formulae he 
had already invented, into Lagrange’s , and, in a Memoir inserted 
in the 9th Volume of the Ecole Folytechniquey M. Poisson has, and 
by a peculiar method, arrived at the same formulae. 

In the next Chapter we will deduce certain simple results 
from the preceding formulae and illustrate the formulae by ex- 
amples For that purpose it will be requisite to extend (see 
p. 279 ) the expression for K m order to adapt it to their appli- 
cation. That, therefore, will be the first operation 

< 

* 'Mais Euler est le premier qui ait <hertli4 a les determiner par 
Panalyse, ses formules etant de peu d’usage par leur complication &c 
Lagrange, Mem Im 1809 p 364. 


CHAP XXII. 


Dedii(tio7i of the constant Pmt^ of the Development of R Expressiom 
for the Secidm Fatiahons of the Elements Variations of the 
Eccentricities of the Orlnts of Jupite) and Saturn Theorem for 
skewing that then Eaentnntm can neither increase not decrease 
beyond certain Limits Diminution of the Eccentricity of the Barthes 
Orbit It IS the Cause of the Acceleration of the Moon's Mean 
Motion Its Value c omputed fr o?n the distur hing For ccs of the Planets 
Thence, the Seiular Equation of the Moon\ Antderatiori computed 
Variation of the Longitude of the Penhehon homclimes a Pr ogres* 
Sion, at other times a Regression The Progressions of the Perihelia 
of Jupiter and Saturn computed Variations of Inclination and of 
Hade Theorem for shtiLing that the Inclinations of the Planes of 
Orbits oscillate about a mean Indmation The Mean Motions of 
Nodes, with reference to the Ecliptic, sometimes Progressive, at other 
times Regressive but, with reference to the Orbit of the disturbing 
Plgnet, always Regressne The Moords Nodes The Quantity of 
their Regression computed Variation of the Obhefuity of (he Ecliptic 
Progression of the Equinoees , berth caused by the disturbing Forces 
of the Planets their Quantities computed The Length of the 
Tropical Fear affected by them 

The value of il in Chapter XVI L is an incomplete value, 
because, m deducing it, the inclination of the plane was neglected 
or supposed equal nothing. If we restore that neglected con- 
dition, we shall have 

R — ^ ffL 

+ ff * 

Let ocy of y be supposed to be measured along the intersection 
of the two orbits, y,y, in the plane of the orbit of and the an- 
gular distances, or longitudes i’, /, in the planes of the respective 
orbits of the bodies m and m , and, let the inclination of those 
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planes be <p , then, for the purpose of converting R iv^o a func- 
tion of r, V, v' y &c we have 

X zz r cos w x' = r cos Vy 

y zz r sin n y = r sin v cos 0, 

-2=0 z ^ r sm V sin (p ; 

consequently, 

X xf +y y' zzr r cos v cos v' + r r sm v' sm v cos (p 

zzrr {cos V cos v' + sin v sm v')-^rr' sm ‘y sm v'(l — COS. 0)^ 
{Trig pp 26y 36 ) 

= rr cos (y' — ii) — 2rr' sin v' sm v sm ^ ^ , 

2 

Again, the square of the denominator of the second term m 
the value of R equals 

^2 ^ ^ y2 ^ ^'2 _ ^(^xx' + yyOf 

or 

q, / 2 — 2r/cos (v' — v)’h4rr' sin -y' sin. -y • sin.^ 5? 

^ ^ 2 


Hence, if we develop the second term m the value of R , (but, 
by reason of the smallness of sin^ ^ , not beyond the second 
term), we shall have 


li = — ^ cos. (v — V) 


: m r 


sm. V sm V sin 


2 ^ 
2 


m 


£ m'r r sm^ ? sm. v' . sin v 
2 


VK^”-2r/cos + cos (i;' - 


In which expression the first and third terms are those which 
are given and expanded in Chapter XVIL The terms arising from 
the developments of the second and fourth are those which, 
arising from the inclination of the plane, are necessary to 
complete the value of R 
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The formula for ■ 


1 


, /o ^ , — i , which m pp 295, &c, 

was deduced for the conveniently determining of the differential 

coefEcients , 8c,c will now serve another purpose. 

Indeed, as it is plain, it is requisite for expanding the fourth 
term 


By means of it, then, and of the expanded forms of Chap XVII. 
we may express i2 in a senes of cosines of the mean motions, &c 

and thence, immediately, the values of — , ~ , &c 

d e dw 

But in this research of the value of R it is a very important 
point to determine whether it contains any constant quantities. 
If there should be such, involving either the inclination, or the 
nodes, or the perihelion, &c then, (see p 420 ) some of the 
elements would necessarily have secular variations. 

In order to determine these constant parts m the value of R 
we must extend its development beyond the forms of pp 276, 
277, 079, and include terms involving ee but, it is not 
proposed to niclude terms involving higher powers or products 
for, It IS a suppositiqn, in this as indeed it has been in all preceding 

enquiries, that e e\ sm^. ^ are very minute quantities We 

will examine the terms of the expression of ii in their order , and, 
It wdl be convenient to premise, that we shall be principally 
guided in this examination by looking aftet terms the factors of 
which contain the cosines of similar arcs for, it is plain, (see 
Trig form [7], p ^7.) that one of the terms of 

cos (w + ^) cos {mt + b)i 

when expanded must be constant and equal to - cos {a-^b) 


m^ r 

First Term^ cos (V — v) 

Make p = 1 , and the sixth term of the value of cos, (/ — v% 
(see p 275 ) is constant and equal 

3 
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e e' cos. (tt' — tt), 


but the first term of ^ > when expanded, must be , there is, 
therefore, on this account, a constant term introduced equal to 

— 75 “ ee cos. (w- — tt). 
a ^ 

Again, see p. 278 

r a i ^ (« jf + c - tt) + 2 / cos (inlt + e' — tt') 

”7^ ~ "j 2 ^ / cos (?Z ^ + € — tt) cos. + e' — tt') 

^ + 8cc 


Now the third and fifth terms of the value of cos. (v' n)^ 

(see p 275.), are 

— e cos. {ri t -H c' — tt), — ^'.cos (r^/ + e -- tt'), 

which combined, respectively, with the third and second terms of 
m'r 

f produce these constant cosines, 


m'a 


e d 


cos. (tt'— tt), 


- fi P* rOR. (nr* . 


thirdly, one of the cosines, resulting from developing the fourth 
term m the value of , is 


m a 


^tf^cos. {d t — nt 


+ d 


e - tt' + tt). 


which combined with the first term of the value of cos {v - v), 
(see p. 275 ) produces 

a , . 

” ^ ^ ~ 


Now, (see 11. 4, 14, 20) these four constant cosines destroy 
each other • consequently, at least up to terms that involve 

//, &.C there are no constant terms in cos. v). 
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^Second Term, — V.sin.v.nrfi ", 

sm v' sm ~ [cos {v' — v)— cos (v' + ^;)], 

we may, therefore, combine the value of cos («' - ») (p 275 ) 
with the value of — (see p. 410) and deduce some 

terms involving the cosines of constant arcs (tt' — w) . the coef- 
ficients, however, of such terms will, at the least, involve ee'. But 

quantities (see p. 409 ) involving sm® | are not to be taken 
account of. 


T/urd Term, - 

Now, (see p £75 ) 
1 


m 


— £rr' cos.(v — v) + r^] " 


1 


7F^-2r/cos 2(»/-«)+&C. 

and, see p 276 11 5, 6, 10, 

P = ^ 4- gAa4^,A.'4.^(A.). (A„'). + &c. 


= (if we take account merely of the constant parts) 

which multiplied into — ^ will form the constant part of the 


third term arising from P Again, with regard to P' cos - 1 ?) , 

£ 


the constant part of P* will combine with the constant part of 
cos (t)' whichj see p £75, is the sixth term of its value, and 
equal ee cos (tt' — tt), and foim a constant quantity The 
constant part of P' (see p £76.) is similar to the above value of 
P (1 13) and equal, 


P + 


JB 

da 


4- &c. 
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but, for reasons already stated (see p 409. 1 17 ) we need only 
reserve the first term B, which multiplied into —m'ee' cos (tt'-tt) 
produces 

■— m' Be e' cos (tt' — v) 

In deducing the other constant quantities of P' cos («' — v) 
we must proceed on the principle laid down in p. 409. 1. 22, &c 
Now the third term [ — «. cos (ri t +6' — w)] of cos. (v' — v) com- 
bined with the third term of P' (see p. 276 ) when in 

such term A d is expressed by its first term, namely, --d e cos [/, 
or — d e cos. {n i + c' — tt') produces one constant term, which 
is 

d e e d B , , . 

__._.C0S (X - .) 

^nd -~^'.cos (nt + e — tt'), the fifth term m the value of cos (i>'— v) 

(see p. 275) combined, similarly to the above combination, with 

d B . , 

— - A j, produces 
da 


aed d B 
2 da 


cos (d — ?r) 


Lastly, cos.(w'^ — nt + e' — e), the first term of cos (v' — -y). 


B 


- Aa , Ad (the sixth term of the value of 


combined with , , — 

da,d a 

P'), when, instead <i{ A a, A dy their first terms 

— ae cos {nt + e — d)y ^ d d cos {d + e' — . tt'), 
are written, produces 

/ / 

cos {n t — X ^ cos + e — € — 7r'+7’') + &C. 


the constant part of which is 
a d e d 


cos. id - tt). 


These three last terms (11 12, 1 6 , £4.) then being multiplied 
by - w! the sum of the constant parts of — td P' cos (v'—'Z?) is 

// -p a d B d dB a d d^ B \ , . , . 

-mlB+^—^ )ee cos. (V -tt) 

\ 2 da 9i da 4 da, da/ 
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The^e are no constant terms, within the prescribed limits (see 
p. 409 ) to be derived from P'cos. (2*t/ — 2z;), P' cos (3v'— Sv), &c 
cos. (2 — 2 v) (see p 275 ) contains no constant quantity and 

the first constant quantity produced on the principle of p 409 
1. 22, 8ic IS by the combination of its first term, namely, 

J5 

cos (2 n' ^ — 2 + 2 e' — 2 e) with r-r A ^ \dy when for Aj, 

da da 

a d 

Ay, the terms — cos. 2t/, , (seep. 276.) are 

substituted but then the coefficient of the resulting term would 
involve 


Fourth Term, 


0 <P 

2m'rr' sink's' sin ^ ,sit^ j 
(r'* - 2 r y cos. (v' - v) + r^)'^ 


(2 + cos. (v'— 4- &c 


— 2 rd cos (« —lO + r^)^ 

= lj' + i;£.Aa + &C. 

2 da 

+ ( ff + &C.) cos (y if — W ^ + c' — €) + &c. 
Hh &c. 

Now, sin sin ^ ^ -- u) — &c ] 


cos. (d t — nt + -* 


and the first term combined with 


P' 


B' cos (n't - equals - 

the only constant term then, of which it is necessary to take 
account, is 

Qm^ad^ sim^ . 

4 » 


If F, then, be used to -designate the constant part of -R, we 


have 



f f 
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jF= 


m' A 


m 

"4 


<35*^ / 


m 


K“ 


-D ^ dB aa d^B \ , . , . 

5 I ^ ^ + ^ ^ \ ce COS. iir — tt) 

V ^ da % da 4t da , ddJ 


dA 

da dd ' 2 2 ,da^ *2 d 

a dB d dB , ad d^B 





I 


I 

I 


1 


/7 j 

in which expression the quantities J, J5', &c may be 

CL a 

computed hy the methods of Chapter XVUL 

It follows immediately, from the preceding expression and the 
formulae of p 404, that the axis-major is subject to no secular 
variation, but that the perihelion and node and eccentricity are 
but, before we more fully consider this subject, we will, by means 
of the formulae of Chapter XVIII, reduce f to a much more 
simple expression 


Firsts Reduction of a ~ A 

da 2 d 


by p. 298 


d A A a 

d a d^ — d^ 


Bd 


^by substituting for the value of p 298, 1. 12 ^ 




consequently. 




A d^^ B (a d^ + d) 


^ 4- 

da 2 da^ 2 * 


(see p. 297 ) = 


B' a d 
~ 2 


^ (p (see p 407 ) is the mutual inchiiation of the planes of the 
orbits ot m and m but as we mean to employ that and similar symbols 
to designate the inclinations of the plants of the orbits m, m\ &c to a 
fixed plane, such as that of the ecliptic, we shall hereafter, in the 
expression for jP, write J instead of 


i 
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Again, = ^ il+tM 

da' 2 da'^ da ^ 2 da^* 

for, by the nature of the trinomial 


dA , d A . 

a-— + a - A 

da d A 


«y — 2 a a' cos. 0 ) +a^) ’ 

CD 


o' + if 

dcA^ a' a da da. dd' 


but from (1), 


d A _ _ ^ ^ _ 

da da' ~ da ^ da^^ 

. AiA a. - dA a^ d^ A 

da' 2 da'^~‘' da 

Hence, the second line in the preceding ralue of F equals 

B'aa'ie^ + /») 

8 


Secondly, Reduction ^ B + - — -v- - ^ ^ 

2 da <2 da' 4 da da'" 


by p 298, 
d^B 


dji 

da 

a' 


Aa‘ 


Ba'^ 


a'2 _ (d^—a^) ’ 

dA u'2' dB 


da . da' o'* — a^ d d a . (a'* — cA) d d 


A . a'* + tf* 2 Baa' 
+ 


(o'2_o*)* ^ (o^_ a*)* * 

which, by virtue of the equation of p. 298, 1 12, and of the equa- 
tion of condition. 


dB . , dB 

da da' 


IS equal 


- B, 

2 Baa' 
(a* — a*)* ‘ («'* — a®] 


A + 

* j> iia oi \ at TT 
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Multiply this last equation by ^ , and add it to 

B + ^ ^ ^ ~ 

2 da 9, d d ^ 2 ^ 

and the sum equals 

A a d (d^ + a^) B 


But from the formula [a] of p 295, bottom line, 
C ' = ^ ^ sA 

a a 


= A 


d^ d r» 7? 

{d^ - ^ ^ 


by substituting for JB ^ their values such as are given i 
p 297 Hence, the former sum (1 4.) equals 

C' a d 


the third line, therefore, of the preceding value of f, (see g. 414 
equals 


fd C' a d 


4 


e /.cos. ('tt' — tt). 


Hence, we obtain this simple and convenient expression "(se 
pp. 414, 415, and Note to p 414 ) 


"A + 


- + /2) 


J?= -- 


2 


-^/cos (tt^ — tt) 


— B'ad sin ■ 


2 • 


Let us now revert to the formulae of p 404, and examin 
what they become when they express the secular variations 
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First formula; 

Sa=: -Za^.dR, or, =z-2a^.~ridt= - ~ndt 

d € ^ g 

Now the preceding value of F does not involve the arbitrary 
quantity c consequently, = 0, or, the axis major is subject 
to no secular variation. 

clF 


Second , 


since = 0* 

d c 

Se =z 21 ^(1 — #2). ^_r ,idt 

e d'Tv 


a (IF 
e’ dir 

“4, 


n d t, nearly, 

sm (tt' - it).n dt 


— — (y 0 ^ e sm. {it' — t) 71 di 

Third, 3. = - 2 71 (U. 

e d e 

~ ~ ‘i’ C •- cos (tt' — 71 d t 

Fourth . - t.^Tidt, nearly, 

the latter term has been already (see 1 10 ) determined, and of 
the former the factor, 

dC ad , 

_ C08,(7r'^ nr) 



s \ dn , . I 

— a a . sin^ *- 

da Q. 


-f 4. cos. (d — tt) — JB'iflt'sin 


Cd 


which may be farther reduced by sub^itutmg for the differential 

3g 
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coefficients , , &c tlieir values as expressed by, or 

da da 

immediately deducible from, the formulae of Chap, XVIII 


Fifth , 




de 


f 

m 

2 Ji^ 


Saa 



i 


m'lBl a a d (cos I) 
4^7 d 6 


since 2 sin^ « = 1 


cos. L 


We must, therefore, find an expression for cos I in terms of 
the sine and cosine of &• 


Let, in the subjoined figure, 

^ = jLPBEj the inclination of PCB to the ecliptic, 

(j)' =: jL QAEy 

I jL PCQ, or jLACB the inclination of the two orbits, 

d = X B, the longitude of the node of PCB 

6' = T Ay the longitude of the node of QCJy and consequently, 

e ^6' zzJBy 

then we have (see Trzg Chap XL p 146 ) in the spherical triangle 
ABC, 

cos {d — 6')sin (]80® — ^)sm (p'zzcos J+cos (180^ — cos <p% 
or, 
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Hen^e, 

d(cos I) 


— sin. sin. sin. (d *— 6% 


^ m'B'aa' 

07 = sin, 0 sm. (j/ sm (0 — 0 ). 

But since, by supposition, the inclinations (/>, (/ are very small, 
dy =z d(j)^ nearly, and 7 = sm accordingly, 

^ <j) m'B^aa^ 

— = - - ~ . sin 0 sm. (6 — 0) 

a ^ 4 s/ a ^ ^ 

m' Ji' a , 


-w sm. . sm ((? — O'), 


or, very nearly, 


tan, 0' * sm (0 — O') 

4< ^ 


Sixth , 


.1 

/17 " Wy 

\ dP 

sj a , sm ^ d (/) 


nearly, 


nearly, 


m B aa / ,, cos (b a, A 

(cos «i) — --—^sm (p cos (0—0) j 

m' B' a' n cos <!>' / ^ _ t an _ g,. \ 

i " V tan 0 / 


These are the expressions for the siculamnztions of the 
elements, and from which several interesting results may be 
obtained. 

We will first turn our attention to the variation of the eccen- 
tricity, namely, 

^ m C' d j ft x . 

6 e zz sm (tt — tt) n d t. 


This IS the variation produced m the eccentricity of the orbit 
of the planet whose mass is by the disturbing force of another 
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planet whose mass is nt But a planet is disturbed, mor# or less, 
by all the other planets let be the mass of a third planet, 
the eccentricity of its orbit, tt" the longitude of its perihelion, a 
Its mean distance, and supposing C' the coefEcient of the third 
term of the development of 

[a^ %a^ a cos (v’ — *y) + ^2] — 

to be represented by [^, the coefficient corresponding to C ' in 
the development of 

[a"'^ — 9, a' a cos (v' — v) ~ 

or the coefficient of cos 2 (v^ — may conveniently be repre- 
sented by [a, a ’I , in which case, the variation arising from the dis- 
turbing force of the body whose mass is m"y will be 

~ — [^, a'^ of' e' sm (tt'' — • ir)nd 

and similar expressions will represent the perturbations of bodies 
of which m''\ 8cc should be the masses so that the whole 
variation of the eccentricity (which is the aggregate of the partial 
variations) will be thus expressed, 

Tl 

dt\m de [a^ d'] sin (tt'— tt) + m' d'e" \ay d''] sm (tt'' — tt) + &c ] 


In order to find the variation (B d) produced in the eccentricity 
(e') of the planet m'^ by the planet we must, in the preceding 
expression, write dy for e for /, tyi for &c but CV since it 
will still be the coefficient of the third term of the development 
of the above trinomial, (see 1 6 ) will remain unaltered and, ac- 
cordingly. 


^ , md^C'a 

g e = e 

4 


Sin (•«■ 


d) n' d ty 


^ For the sake of abridgment we call the planets m, m', m", S.c 
those of which the masses are m, m*, &c 
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or, if wachoose to use a symbol « analogous to that of p 420, 1. 7 
2^ d t [<2 , a] sin (tt — tr) 

Let us confine our attention, for a moment, to the case of two 
planets, Jupiter and Saturn, for instance since 

^ ^ C' a e' 

“ ' sm (tt — w)nd ty 


and B < 




sm. (tt' it) n' d t. 


If the longitude of Saturn’s perihelion, be greater than . the 


* Tlieic )s no convenience whatever in these symbols if we want 
merely to compute the mutual pertui bations of two planets But they ai e 
very convenient when it is necessaiy to express, by means of foimute, the 
several inetjuahties pioduced m the elements of one planet, by the le- 
spective actions of all the other planets. We may see this by the instance 
in the text II the symbol C be used when a planet w'distuibs another 
ni, there aic no convenient symbols to bo found which shall eoi respond 
to C in the cases of [ilanotsm", m'", &,c distuilmigm but, [«,«'] being 
onceexplaiiied,[«, «''J, [«, See explain, as it were, themselves Since 
they stand toi lormul.e or seiies sinnlai to that which [«,«'] is written 
for, 01^ aie expounded by those vety forimilac. See. when, instead of a', a" 
and d", aie lespectivcly w'rittcii. M Lagrange in Ins Mcmoiis'on 
^Seciilai Vanatums’ inlhc JSti im Jcls foi 1781, 1782, and M. Laplace 
on the same sub|e(t in the Acad, des Scicncei foi 1785, pp 70, &c, and 
in the Mec Cel. Chap. VII. Liv 2, have used a notation founded on 

similai principles • thus |T), 1 ] represents ~~ c\ the planet m' 

being the distui lung body analogously, thcicfore, ]~o, 2 | | p 3 | 

&c wjll lepresent .similar quantities to ” - C\ when the same 

planet is disturbed by other planets w", vt", &c. And | j, p j 

I 2, 0 I , &c. will lepresent quantities similar to when the 

pkuct^ m\ i)f, kc* are distuibed, respectively by the planet whOs‘-c 
mass IS 
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longitude of Jupiter’s (which it is^ since see Astron^ p 284. 
9r' — 7r=.78®^ nearly,) § ^ is positive and B e negative and, as it is 
plain from the two expressions of p 421, 11 5, 6 as long as the 
eccentricit) of Jupiter’s orbit is increased by the action of Saturh, 
so long will the eccentricity of Saturn’s be diminished by the action 
of Jupiter If tt', and w remained strictly invariable, or, received, 
each, either an equal increment or equal decrement, the contem- 
poraneous augmentations and diminutions of the eccentricities 
(he, — Be') caused by the mutual perturbation of Jupiter and 
Saturn, would for ever continue , the variations would be truly 
secular ^ Saturn’s orbit would at length become circular, and 
Jupiter’s an elongated ellipse or oval. But the perihelia are 
neither stationary nor equally progressive so that it is no con- 
sequence of the preceding expressions that the eccentricity of 
Jupiter’s orbit, if at any epoch it were increased by Saturn’s dis- 
turbing force, would for ever continue to be so increased 

But It IS easy to shew, after the following manner, that the 
variations of the eccentricities are confined within certain limits 

Since, an ^ , and a' n' =z -i-j if we multiply B e 

(fz fsj a s/ a 

B/ (see p. 421 ) by em s/ a, e'm^ s/ a', respectively, and add 
the results, we have 

m s/ a e m! \/ e' I e' 'zi, 0, 

whence, 

a - +m’ ^ a' — = K, 

2 2 ’ 

where ilT is a constant quantity m order to compute it, we have 
for the epoch of 1801 See Asiron, p 284 

= 048178, 

/ == 056168, 

and, see p. 329* of the present Treatise, 

1 

1067 09' 

] 

a359 4 ’ 
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a ~ 5 202Y9, 
a' = Q 5387Y, 

whence 

K = 00001243, 

Now this being the value of K, e can never exceed a certain 
limit^ for, since 

m ^ a. m' a — .00002486, 

e can become larger only by the diminution of and can, at 
the most, never exceed that value which will result from the pre- 
ceding equation when / = 0 • m which case 

e- = 06065 

so that we are at least certain the eccentricity can never go 
beyond this quantity 


In like manner we may prove that e' can never bo so far in- 
creased as to reach the limit 09247 But the real limits will 
be within those which have been assigned When the eccen- 
tricity of Jupiter 18 greatest, that of Saturn, as it is plain from the 
formula of I 3, will be the least , and reversely The corres- 
ponding augmentations and diminutions will have the same period, 
which, according to Lagrange, will exceed 35200 years *. 

The preceding demonstration, as we shall presently sec, may 
be extended farther The change of the eccentricity of the orbit 
of any one planet arising from the perturbations of the other 
planets is always limited 

In order to compute 3/, the value of C'a'^ must be pre- 
viously computed by the method of "Chapter XVIII since 

^ = 545317. And, by that method, (J d' =2 0821 • whence, 


llus lesult, with bthei icsults like those lu the text, but obtained 
by dilleieiit methods, is to be found m the Dolm Memom for the yeais 
1781, 1782 
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^ = 0" 276, and l±' = - o" 55 *. * 

cit at 

These are the variations of the eccentricity, and since, m 
orbits of small eccentricity, (and such are the orbits of the planets) 
the eccentricity is half the greatest equation of the centre f (see 
Astron p 203 ) we have the variations of the greatest equations 
of the centre of Jupiter and Saturn represented by 0" 55, and 
— 1 1 respectively , and their variations for 1 00 years, (which 
are sometimes called their secular variations) are 55^^, 50'^, 

respectively 

The changes which the eccentricities of the orbits of Jupiter 
and Saturn suffer fiom the other planets are very inferior to those 
which are produced by their mutual perturbations 

But by far the most interesting result deducible from the 
preceding formula is that which relates to the variation of the 
eccentricity of the Earth’s orbit For it serves to explain (see 
pp 226 and Astron. p 312) a phenomenon which long em- 
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barrasseil Astronomers, 
mean motion 


namely, the acceleration of the Moon's 


The accelerauon is not, strictly speaking, a phenomenon it is 
ther an anomalous result from the compaiison of observations ; 
an It may e thus deduced Compare together, for the purpose 
mean motion, the observations of ItiSO and 
750, and then those of 1750 and 1800 The results will 
be found to differ they will differ still more, if modern obser- 
^xtions are compared with the observations of Ptolemy and 
ipparchus As you approach modern times the Moon’s mean 

motion seems acceleiated and, theiefore, capable of being re- 
presented by 6 




% * 

xn which n t should be the mean motion and A its acceleration 

Now this anomalous fact of the acceleration of a mean motion 
maybe atcounted for, on Neivton’s principles, from the -uartation 
ot the eccentricity of the solar orbit. 

If we lefer to p Gog shall find that (« denoting the 

Mooirs mc\m motion ), 

uL ~ V H — J ({ y + Jkc 


Now the second term, if /, the eccentricity of the solar orbit, 
were strictly mvaiiable, would equal ^ i„ which case wo 

should have 


= (^1 + + 8cc. 

and, the other terms of the value of n i being permhcal, there 

would be in the value of iil no term expounding a secular equation, 

But if e should vaty, then (making dv zz u d t and correcting 

the lutegiah, 


3 

a 


/ ndt zz 


3 




E'^) ndt, 


2 

3n 



426 

£ being the value of e' at a particular epoch when r, fhen re- 
presenting the commencement of time, is = 0 , and, if d should 
equal 4 3 ^ 2 , &c _ £'2 

2E'at + (a^ - 2BE')fi + &c. 

and consequently, ^ f{e'^ - E^)ndt would be represented 
hy a series such as 

Jl -h -B 4 - 8cc 

and^ (from the minuteness of S and the coefficients of &c.) 
nearly, by the first term A which, m that case, would expound 
a secular equation such as would serve to correct (see pp. 324, 
34*2 ) the uniform acceleration of the mean motion. 

This IS some advance towards explanation ; in order to arrive 
at It, we must shew, on the principles of this and the preceding 
Chapter, that the eccentricity of the Earth’s orbit vanes, that it 
decreases y ^ and (which is the main point) that the quantity of its 


* It IS essential to the explanation that the eccentricity should de- 
Cl ease for an augmentation of eccentricity, on IMewton^s principles, 
would account for ^retardation of the Mooa’b mean motion lett, /, 
t , denote three periods, of 40, 80 and 120 yeais, lor instance, leclc- 
oned from the epoch of 1700, and let v, v', v" be the coriesponding 
longitudes: then, if abstiaction be made of all periodical inequalities, 
we have 

nt" = z;" - 
nt' = ® 

71 1 z=z V A f', 
zl' — l/ 

n = -p-j- - A (/''+ 0 

Z)' ^ V , , 

- 7 _ t - ^ V + 0- 

V v' V — 11 

ow, ^ TTITJ ^ would be used to lepresent the mean 

motion (? 2 ), on the supposition that the* e was no secular equation the 
first fiaction, therefore, would be larger than, the second : or, (sup- 
posing 
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decrease is si.cl, as wUI mah & compMed ,„orf ,.ith tie ob- 

served accslo ation» 

of/T!v ^ '' the eccenfncity 

.c Fa ath , oabit, hkc that of an^ othoi orhit, must vary, except^ 

(w uc.i I. voy un!, sclj) the mutual perturbations of the phnL 
shoul.l cxnruy kil u.ce one another Venus augments, thl other 
planets ihounish the etcentr city; and the diminutions exceed the 
augmentation but ihe fact and quantity of the excess will be^ 

the orbits of Jupiter and Saturn were computed. "Crestk o 
the computation is 

Diuiinulioii oi Iiccci[Unci,ty 

From Mercury' _ o".0040 

Mars _ 0 0046 

Jupiter - 0 0708 

Saturn — q ooo;) 


Augwentation of Eccentricity 


from Venus 


— 0" 1087 


+ 0 " 0 IJ 2 
- 0. 1087 


- 093J 

Ic of the Earth’s eccentricity 

IS -0 093.1, and, of the greatest equation of the centre, -0".I87 
File (sec p 4'> 1 ) are - ()" 35, - I8'h7, respectively. ’ 

Hence, since 
whence, 

3 


"di ^ 0"()935, we have, very nearly, 
/ := iv _ 0'^0(J35 X t, 


1 ^ £'2^ ndt .001018 


posing the abevc ecpiatioiiH to be truv) w Mould u*sult a Uigei quantity 
fioni the obhtu vdtions of 1820 and 1780, than from those of 1780 and 
f74() Imt the contrary would hapixui d 

nt 7 =z V + At\ 

which would be the equatiou it c were gt cater than j£'^ 



438 

t being the number of years elapsed from the given epogh 1700. 
Let 1 denote the number of centuiies from the same epoch, then, 
since / =: 100 x /, we have the above secular equation equal to 

10" 18 X 

If the above computation be more accurately made, and 
account be taken of the terms involving and 2 ^, then, according 
to Laplace and Lelambre, the above secular equation is 

10 " 18162^2 + 0 " 0185382 ^ 

Now the above coefficient of the secular equation computed, 
as we have seen, on Newton’s Principle and Law of Gravitation, 
agrees very nearly with observation and thence we derive a very 
strong presumption that the cause of the Moon’s acceleration is 
rightly assigned to the diminution of the eccentricity of the Earth’s 
orbit ; the diminution itself being caused by the disturbing forces 
of the planets 

There is in this explanation of the phenomenon of the Moon’s 
acceleration a strong proof of the truth of the Law of Gravity , 
and the proof is of a refined kind for, the perturbations of the 
planets are not communicated immediately to the Moon, but 
transmitted by means of the Earth The acceleration is, as it has 
been called, a reflected effect The immediate and direct effect of 
the disturbing forces of the planets is a diminution of the ec- 
centricity of the Earth’s orbit the secondary and collateral 
effect is the augmentation of the Moon’s mean velocity This 
proof of the truth of Newton’s System well merits attention it 
is not, indeed, singular m Astronomy^ but it is the first of the kind 
we have met with. 

The reflected effect, we may also farther remark, is greater 
than the direct in 2000 years the diminution of the eccentricity 
would not exceed (see p 427 ) 3' 7" whereas, in the same 
period, the Moon’s mean motion would be increased nearly by 

{ 1'. so that it is this latter, which is the indirect effect, that 
makes manifest the influence of the attraction of the planets on 
the dimensions of the Earth’s orbit 

The proof, however, of the truth of the principle and Law of 
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Gravity, derived from the preceding explanation of the Moon’s 
acceleration, is not altogether placed beyond the reach of doubt 

which eccentricity of the Earth’s orbit, 

wh ch after a long period is never large, is merely the accu- 
mulated excess of some very minute inequalities above others 

disturbing forces of the planets 
Those forces depend, m part, on the masses of the disLrbmg 
planets all which masses are not precisely known. The masses, 

are f om that circumstance, uncertain. There is no formula (see 
P 30 ) for computing them and it may be mentioned, as a kind 

th itThr 1 >^emams on this head, 

that the value of the mass of Venus has been under change and 

timr^'k h°\ " Pf Pnnajn^ to the present 
time It has been differently assigned by Newton, Clairaut, 

Lalande , and by the author of the Mtcamqm Celeste 

It havens, liowever, (fortunately we may say) that the dimi- 
nution of cccentiKity is principally caused by Jupiter, a planet 
whose m.jss is best known 'Ihc annual eflect of Jupiter^ dis- 
uibmg force on the cccenbicity n> (see p 4^7) more than 

Venus I Now the quantity of matter in Jupiter may veiy accu- 
rately be determined from the penod of his louith satellite and 
If we adopt an aigument like that winch has just been used (see 
11 11, See) we may infer that Jupiter’s mass is exactly deter- 
mined, because it has been expressed by nearly the same fraction 


Ihcie <-annol he a slumgei proof of the unceitainty ,n which 
Asti onoinei. well lonneily „.,th lega.d to Venus’s mass than the fol- 
lowing passage lioin Lai, mile’s Memon ui Ibo^cad de^ Hciaict.-. 1750 
p ‘id 1 ' Or d me paimt piohalile que la masse de Vemis csf t’u efict 

doxibk, on a pen pres, dc cello quo jo supposai avec M Eulci dans 
moil PifiiHcie Muiioiu\ 

I 'J'Ins leasomiig is not quite exact, but if ,s not altogether wiong 
Fiom niloionces doiwu hoia (he ccmipauson of niany and vauoiis obser- 
nations the masses of Venus and Mats aie now known within ceitain 
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both by Newton and Laplace The former represen«(^ it by 

(see Prop VIII Lib 3 ) the latter by ^ 

1007 / 7 

The cause, then, of the Moon’s acceleration, is, prohablt/p 
rightly assigned The coefficient of the secular equation, with 
which It IS necessary to correct the Moon’s mean moiion, is 
nearly the same whether it be computed by theory or from obser- 
vation, But an equation such as 

10'^ 18 2^ +0^'0l85z^ 

would perpetually increase uith the time It might be useful, 
indeed, m the formation of Tables, but it would seem to establish 
the anomalous fact of the Moon’s acceleration anomalous inas- 
much as all other mean motions in the system are invariable 
and, if so, a fact very curious and interesting, since then the 
Moon, however slow its approach, would be perpetually drawing 
nearer and nearer to the Earth But as m the case of the eccen- 
tricity of Saturn’s oibit (see p. 422 ) so m this of the Earth’s , 
the diminution of the eccentricity from the disturbing forces of the 
planets will not exceed a certain limit after it has reached that, an 
augmentation will take place from the very same disturbing forces 
acting under a change of circumstances so that, the variation of 
the eccentricity is strictly a periodical inequality the Moon’s ac- 
celeration is of the same kind, and which will become a ; etardation 
when the disturbing forces of the planets shall have begun to 
augment the eccentricity of the Earth’s orbit. 

This diminution of the eccentricity of the Earth’s orbit serves 
also to explain the retardations of the mean motions of the Lunar 
Perigee and Node (see p 182, and Astro?i Chap XXXII ) 

We will next consider the variation of the longitude of the 
perihelion , which is 

Stt — C' 1 COS (tt'— . tt)^ nclt^ 

or =— _ t cos ('tt'— tt)^ w 

The immediate inference from this expression is, that the 
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penheli^of the orbits of planets arf. u i. 

.«rb,„g Th.J “ 

p'/ ^ -Tney are progressive if 

-B be greater than ^ cos (^' _ ,r). 

ponhciu Of 0,™. w.:" •"' 

wd.... ThoiVo™ "t”' ““'"'y*. .s 

other planets efrh^f i i those of the 

S>fograsw^, of the penhelTorof VenlitVolbT/’ separately cause a 

The formula of n 4.eo 1 an „ t 

perihelion of tha orbit of mT . f variation of the 

of .booccoo,... ,; 1 ;‘ ;,n 1,1-= "■» ”1 

of .1.0 po„i,oi.„,/b7,u„L 1 Llim i: 

formula' will is ,r , - i > «c , and the sum of such 

tbo io„g,.„do ;f'.,.o ponLiirrcSit;';™’”” 

above Its ®*eess of its 

of tlm'tl <listurbing force 

of the planet w, may be obtained fiom the prcccdiiiir bv Ini-m 

« msteaci of . m.^ead of 2, mste.id oV n, ;? ll ZTc' 

will (see p l.o().) remain unaltered , so that 


* I'OI llie imipuse „| <omp»t,„g m these two caies, we have 
(see pp 281, "H,) ' 


Foi nity*H 

=™ 7 F' 
w ZZ12B 37 
e' rz ,20 i- 
zr {) 0 (hS/f 3 
and, s(H‘ Chap* XVIIl 
=: 

<’'a * = 1 ^505 


la both (d tiif^hc tmm C' 


Pot the EAith*8 action, 
tt' n Qfr so' 
^=128 37, 

erz () 0 (j 853 , 


C'a'^ : 


: H 87ia, 
7 3865 . 


cos. (r — tt) IS a negative quantity. 
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Stt' = cos - ttO) 

or = - .^(B'a'^-C'a'^ t cos. (vr- tt')') 

4 ^ \ / / 

To illustrate these formulae we may, as m the case of the 
eccentricities, take the instance of Jupiter and Saturn The pro- 
gressions^ of the perihelia of the orbits of these planets are derived, 
almost entirely, from their mutual pertuibations 


Ij*/ T/ie progression of Jupite/s perihelion computed from 




3 TT __ m' 
d t 4 a- 

Ed^y O d‘^y computed by the methods of Chapter XVIII are, 
respectively, 3 1855, 2 0821, (see pp 304, 423 ). 


First term computed Second term computed. 



Logaullims 

Logdiithms 


d^ 

9 4734^ 


rn 

6 4737 C 


n 

5 0385) , 

21 9855 

uv* 

4 

9 9011 



e 

,8866 (= log 7 702) 

8 7495 


arith comp e 

1 3171 


cos 78® 

9 3178 


C'fl'® 

4 

9 7164 


0863 ( = log. 1 2199) 


^ Robison IS mistaken when he a^seits, m p 385 ot \x\s Mechanical 
Philosophy, that * the apsides of all the planets are observed to advance, 
except those cf Saturn, which semiblp retreat, chiejlp hp the action qf 
Jupiter,* and again, when he asserts, ' the apsides of the planet, dis- 
covered by Dr Herschell, re^7ea^ consider ahlp , by the great 

planets Jupitei and Saturn If the Author instead of leferraig his 
reader had himself referred to the Works which he quotes m the pie- 
vious page (p 383 ) he would have found both reason and authority 
contradicting his assertions. 
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Heilce, 

d t 


7" 702 - 1-2199 = 6".483. 


2 %^ Theprogresstonof Baturas penhekon computed from 
^ m n' a ^ . 

d t 4, ■ I' ('- ~ . 


u 

Lojrai ilhnn 

Loffaiitlinis 


9 736G1 

C a'^ 

(t 

~Y~ ®-7164 

m 

6 9717 > 

21 3517 


4 f)434 1 

e 8 0828 

B 

J 

9 9011 

arith comp e' 1,2504 


(log 17.898) 1 2528 


cos 78" 9 3 1 78 

.8191 ( =:log. 2 085). 


Hence, ^ = 17-398 - 2".085 » 15".8I3. 

In the preceding computation the values of &c are 

iy'8r\re a! Consequently, 6" 48, 

L. 81 are the respective annual progressions of the perihelia 

of Jupiter and .Saturn at that epoch, and if t be the nuSr of 

r;S: rt. f 


The second term, -/f ~ C' a'^~coa (,/ \ r 

4 a'* e “■ vanes from 

Ikc in /. B, of ,to„, ,h. „„„ p,o. 

oT;TaT'. “““ “T" 

ot t , and the .lugmentations of e and of w' — .,r 

two 

part.s, the constant and the variable, we have from the preceding 
computation, t' “*“t 

;j*7"702 .5-.033 x£- cos (.'-.), 


mf n 


= ir'.«9H-. 11".^ xl cos. u' - n), 

e 
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B TT B ir' 

The values of — , — , therefore, will be respectivefy equal 

to 17'' 898, when tt — tt' zz 90^ the present value of 

which (an increasing value) is about 78® 

The mean values, 7" 702, 17" 898, are almost exactly in the 
proportion of 3 to 7, that is, (see p 329 ) of m'^/ a' to m^/ a. 

All the planets cause the perihelia of the orbits of Jupiter and 
Saturn to progress^ but, as we have already said, by very minute 
quantities In the case of Saturn their sum does not exceed the 
third of a second in that of Jupiter, not one seventh 

We will now consider the expression for the variation of the 
inclination, which is, as it has been stated, (see p 419 ) 

, B'a^ a' . , 

— = n.sm <l> sin. (6 — 6'), 

or = . — sin (j> sm (d — e\ 

or, <j>' being very small, and tan. (j>' =: sm 0', nearly, 

= tan sm (0 — B') 

This is the variation produced by the disturbing force of a 
planet m\ But, as in the cases of the eccentricities and perihelia 
(see pp 420, &c ) similar formulae will obtain for the perturbations 
of the other bodies &c. 

In order to find the effect, produced by the disturbing force 
of a body //z, whose orbit is PC5, on the plane of the orbit QCA^ 


E - 

we must, as m the former cases, (see pp 420, &c ) write w, 
&c instead of See and, accordingly, we shall have 
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__ _ mn' „ „ a 

dt 4 ^ sin 0 sin (0' w. e), 

i>> and 0' denoting the angles CBE, CAB. 

If we multiply ^ by « «' s,n ^ ^ a_ 

we shall have 

m «' sin ^ ^ + rn'n Ijin 0'. - o 

or, since «'= ^ , and « = -L . 

ai 

a iin <j> a ^ gj^ j 

and consequently, 

W n/a cos. ^ + w' . cos. f ' = A", 

A” being a constant quantity , or, making 

z _ in Vu + w'*A'_ A , 

2 ^- j we have 

W n/ a . sm®. ~+ m' s/d. sin*, ^-k 
i 2 

Inferences of a similar nature to those in pp. 422, &c mav he 
deduced fto» .1.., 

qM..i.,c.,„c,.to«„e |, ce„„or exceed cm.. 

limits . for instance, for the epoch 1800, (see Aaron. 286.) 
the inclination of Jupiter’s orbit, = l® is' 51 " 
the inclination of Saturn’s orbit, = 2 29 34,’ 
therefore, (see p 422.) 

sin* .39' 25" + td Ad sin*. 1» 14' 47" = .000002263, 
or i = .000002263. 


Now if I increase, it must, from the theorem of 1. 12, 
increase by the diminution of and it can, at the most, 
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never exceed that value which it will have, from tlj.e above 
theorem, on making =: 0 but m this extreme case the value 
of (p equals 2° 5' 50'', and, if it should reach that limit, it would 
subsequently regress from it , (p' from its lowest state would begin 
and continue to increase, and a sort of oscillation about a mean 
state of inclination would perpetually ensue 

The preceding result, which is one of the points of the 
stahihty of the planetary system, is, as we shall hereafter see, 
generally true It has, indeed, been proved only of the variations 
of the inclinations of the planes of the orbits of Jupiter and Saturn 
arising from their mutual action , but these variations, like those 
of the eccentricities and perihelia, far exceed what the other 
planets are able to cause 


In order to compute the above-mentioned varriations for the 
the epoch of 1800, we have (see Astronomy ^ p 286.) 


a' = H 10 55' 46", 
B 98 25 34, 

and therefore 6' 0 13 30 12 


Hence, for % 

Logarithms 

^n (0' - 61) . . 9 3682 

6in. (see p 435 ) 8.6384 

(p 432 ) 8886 

4 


(log. ,07856) 8 8952 


For 

Logarithms 

.... 9 3682 

sin ^ 8 3604) 

m »' B — (p 433 ) 1.2528 
ct 4 


(log 09580)8 9814 


The respective annual variations, therefore, of the inclinations 
of the orbits of Jupiter and Saturn, from their mutual pertur- 
bations, are 

— 0" 0785, and 0" 0958, 
and their secular variations 

- 7".S5, 9".58 


There are several other consequences deducible from the pre- 
ceding expressions of pp 434, 435, but as they are, m some sort, 
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«•■'■ «■". our 

?sr„ urn ?" "P"®”' »" lottor mo..on« depend. 


(See p 419 ) 


■ cos. 


dt 4 

_ njji X 

IT \ 

if <p' be a small angle 


.f /, tan 0' 

\. •fo-M ' 


tan <p 

tan 0' 

7 ^cos 

tan 0 


0) 


(s-n'), 


The above is an expression for the motion of the node on a 
fixed plane , such, for instance, as that of the ecliptic, at a given 

epoch On such a plane, therefore, the nodes regress if 
tan 0 ° 

tan (p -» fl) be less than 1, and progress if the above frac- 

tion should be greater than 1 . 


U expresses the motion of the node of a body « by reason 
of the disturbing force of a body In order to find « O', the 
corresponding inequality from the action of the body m, make 
(see p 420 ) the usual alterations, and then 


if. 

(It 


mn' 

4 



tan 0 
tan. <p’ 


cos 


{O' - 6)) 


Iloncc, s.„» ^ f (. - n 3ud 

may each be less than 1, the nodes both of Mars and Jupiter 
(taking that instance for illustration) may regress, on the 
plane of the ecliptic, from their mutual perturbations But, if 

cos. (0 - O') should be greater than I, since that can only 

happen from tan </>' being greater than tan cos (0 - fiO 

^ tan <p' ^ ^ 

must necessarily be less than 1 . The inference, therefore, is of 
a different kind from the preceding (see 1 1 8 ) If Jupiter's 
nodes progress^ (which is the case) from the disturbing force of 
Saturn, Saturn $ nodes must necessarily regress from Jupiter's dis« 
turbmg fmrce These are effects that take place, as we have 
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observed, on the plane of the ecliptic, supposing it fi 3 j;;ed but 
(with regard to its mean and secular motions) the node of the dts-^ 
turhed body invariably regresses on the orbit of the disturbing body 
for, if the plane of the orbit of the latter be that to which the 
motions of the former are referred (or which is the same thing, 
if we suppose the plane of the ecliptic coincident with that of 
the disturbing body), and, consequently, tan must = 0, m 
which case, 


n 

dt 


m' n 



and if the motions of the body nd be referred to the plane of the 
body nty then and consequently, tan. ^ = 0, and 


dt 


mid 

4 



Hence, the mean secular variations (^0, B 0') of the nodes are 
as 


to mn\ 
a 


or, as nd a! to m k/ a^ (see pp. 328, 434 ). 

It IS a consequence immediate from what precedes, that the 
nodes of the Moon^s orbit must {secularly') regress on the plane of 
the ecliptic since that is the plane of the orbit of the disturbing 
body, which is the Sun. 


We will again use, for the exemplification of the preceding 
formulae, (11 9, 12.) the instance of Jupiter and Saturn. 


For Jupiter, 
see p 432 


^ 4 d 


'2 


dt 


Log 

. 8886 , 

~ ^ 7 " 737 ^ 


(^) 

Tt 


For Saturn, 
see p 433. 

Log 

1.2528; 

4 <3! 

= -17".898 


These are the mean annual regressions of the nodes of Jupiter's 
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of each other', 

orbit from their mutual perturbation In order to find the re- 
gressions on the ecliptic from the same cause, we Lift compur 
tan 


tan ^ 


cos (0 — e) 


.h,. "dr'* ■’ o' 

^ — 0 = 130 30 ' la'' , |Qg_ g ggyg^ 

<!> = 1 18 51 . log tan = 8 3606, 

^(> = 2 29 34 log tan = 8.6388 ; 


, tan d>' 
log - — L cos (e 
tan (j, '• 


■ 6 ') 


log (a) 


T tan <6 

log ^ .cos,(0 0') 

tan <j/ ^ ^ 

log (.i) . 


10 2660 
8886 

1.1546 No = 14 275j 

9 7096 
. 1 2528 


.9624 No =.91 707 j 


id = 
Sfl'= . 


-(7".737 -U"?75)= + r/'53, 
-(17"898— 9"1707)=: - 8" 727. 


The pt ogressim, therefore, of Jupiter’s node, for 100 years, is 
about 6 .j 3 , the regression of Saturn’s, for the same period, 873"- 
supposing, which IS a material circumstance, during that period, 
the plane of the ecliptic for 1800 to remain fixed The plane of 
the ecliptic must, however, from the principles we are reason- 
ing on, be perpetually oscillating. 

The whole mean annual progressions and regressions of the 
nodes of tlm orbits of Jupiter and Saturn, on the plane of a fixed 
ecliptic, di Her, very httle, from those that have been just assignecL 
ant which are derived from their mutual perturbation. The 
effect of the other planets is small except with reference to the 
variable or true ecliptic and, in that case, their effect on the 
nodes of Jupiter and Saturn is an indirect one. 
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The secular motions of the nodes of Jupiter and Saturn on the 
planes of each other’s orbits are uniform but, with regard to a 
fixed plane, variable, and by reason (see p 437 ) of the second 
terms which involve 


tan <l>^ 
tan* <!> 


cos — 


tcos (e'-e) 

tan <jE>' 


These quantities vary from the variability of 0', <^>, O', and &. 
If (j>\ as we have seen (p 435,) decreases, ^ will simultaneously 
increase when is at its lowest value, will be at its greatest 

and if cos (0' — 6), should, by the diminution of </>' and 

tan 0 ^ 

the corresponding augmentation of <p, become less than 1 , Jupiter’s 
nodes would regress^ but (see p 437 ) Saturn’s nodes would 
n<3t necessarily progress whether they did or net, must depend 
on the corresponding values of </>', 0 and 0 


0' represents the inclination of the orbit of the disturbing 
planet if that quantity should be less than </>, the nodes of the 
disturbed planet mi/s:f regress on the plane of the ecliptic if (p' 
should be greater than (p the nodes map progress Now of all the 
orbits. Mercury’s has the greatest inclination (^' =: 7*^), and if we 
examine the Table of the Elements (see Astron 286 ) for the 
several values of — 63 we shall find that in every case 
(excepting the newly discovered minute planets), 


tan 7Q 
tan, <p 


cos {B' - 0) > J. 


* The matter must be determined by computing ~ ^ cos (6' — ^), 

If, with Lagrange, (see Berlin Acts, 1782, pp 249, 250.) we take 
47', 2® 32' 40" to be least and greatest inclinations of Saturn’s orbit 
2 ^ 2' 30', P 17' 10" the coriesponding greatest and least incli- 
nations of Jupiter’s orbit, we have, as an extieme case, = 

tan <p 

tan 2*^ 2' 30" , 2 

— — — , in which case, if cos (0' — d) weie not less than - 


5 ’ 


tan <p 
tan 0' 


7 cos (d'—d) would be > 1, and Saturn’s node wonld pr ogress 
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consequently, the disturbing force of Mercury, if that were the 
sole disturbing force, would, at the present epoch, render the 
nodes of every planet progressive 

The motion of the Moon’s nodes may be deduced from the 
preceding formulae and m this case, from the minuteness of 

p, 12 admits of a very easy development for, R, excluding the 

terms that do not involve d and <p, equals (see p 408.) 

2 m r sin ® I sin »' sin ® ( ?! _ 1 ^ 

£rr'cos (v ^ 

which, developed, equals 

^®‘sin2 ^ Q (2 ^'“2^) 

1 1 1 

f — - COS 2v * — : COS. £ V 

V 2 £ 

»' and V being reckoned from the intersection of the planes (see 

P ) 

If the angles t?, v% are to be reckoned from points distant lu 
their respective orbits from the above intersection by the quantity 
(0 being, m fact, the longitude of the node to be reckoned on 
each orbit), then the three cosines of the preceding expression will 
become 

cos (2 v'— £ v)f cos (2,v — 2 0), cos (£ i; — 2 0) 


The constant part m the preceding expression, and on which 
the secular motion of the nodes depends, is 

Sm' o <p Q 9 0 

— sm^. , or --r sin^, I 

this (see p. 416 ) answers to F consequently. 


dt 


1 >m <p (b 

^ X sin 5* cos - 

^ a sin, 0 2d^ 2 £ 

3 m! 


the value of B 0 m one year, or, 

3 K 
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fl Q =i — S ^ 

a ^ 

nearly equals (see pp. ^00, &c.) 20*^ T 

In order to determine the real position of the node at any 
assigned time, account must be made of the three cosines in the 

preceding expression ^ and must be accordingly computed : for 

g Q 

the purpose of such computation JR, and thence — , is conveniently 

a t 

expressed. But, for the purpose of illustration, and for shewing, 
as Newton has done, Prop. XXI Lib. 3 m what positions of 
the Moon and the nodes of her orbit the latter are progressive, 
and m what regressive, this expression, namely, 

— = - (*1;— 0) cos.(iy- r;') sin. (v'— 0)], 

IS most convenient , which expression is, by means of known Tri- 
gonometrical formulae, easily deducible from the former, and is, 
in fact, Newton’s expression f. 

* The general expression for the sec;ular regression of the node of 
any planet on tl^e orbit of the disturbing planet is (see p 438 ) 

wfn ,3 

-- 

in which jB is the coefficient of the second teiin of the development of 

(a'* — cos w + now make a 1, nt = 360% (i then 

being the periodic tinde), and the regression equals 

— m' W a! 90 ®, 

which IS exactly the expression which Lalande gave in the Man. Acad, 
des Sciences, 1758, p 252 It is a little lemaikable that authois, who 
have written subsequently to Lalande, should not have adopted this 
simple expression. The only difficulty attending its use is in the 
computation of B' ‘ la recherche,’ says the Author, ' en est souvent 
tres difficile/ The difficulty, however, is completely removed by 
Chap XVIII of this Work 

t ' Est igitur velocitas nodorum, &c. ut contentum sub sinubus tnum 
angulorum, &c. Piop.XXX* Lib 3, 
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We J^ve alre^idy found (see p 424.) the most Intefesting 
instance, for exemplifying and illustrating the formula for the 
variation of the eccentricity, itt the solar orbit We may resort, 
with like success, to the same instance for the means of illus- 
trating the expressions of the variations of the node and incli- 
nation 

The plane of the ecliptic, which is the plane of the Earth's 
orbit, must, like Ae plane of the orbit of any other pl 0 inet> be 
made to oscillate by pllanetary perturbation 

If we consider, as a fixed ecliptic, that m which the Earth's 
orbit IS at any particular epoch (1750 for instance) then, at another 
epoch, the Earth will be found in a different ecliptic , that in 
which the orbit is>at any assigned time, is called the true Ecliptic. 
It is this ecliptic to which we really refer the heavenly bodies , 
from which we measure their latitudes, and along which we 
measure their longitudes. The expressions therefore for the varia- 
tions of the inclinations and nodes (see pp, 419^ 8cc.) require some 
alteration in order to be adapted to Astronomical usage . for they 
refer to a fixed plane. In order to adapt these expressions to the 
variable plane of the true ecliptic let T ABE represent the 



fixed ecliptic, ACQ the orbit of the Earth, or the true ecliptic, 
BCP the orbit of any other planet ni 

Let 

/ be Its longitude from y', 

^ Its inclination (CBE) with the orbit JBE, 

<l> its inclination (PCQ) with the orbit ACQ, 

6 the longitude of C measured on the orbit QCA^ 

6 and d' the longitudes of A, and B j 
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then, the inclmations <!>, &c being supposed to be veyy small, 
the latitude of m (at the point P) with reference to the orbit 
QCJf IS very nearly equal to its latitude with reference to the 
orbit ABE minus the latitude of m' from the same orbit, sup- 
posing m' having still its longitude /, to be placed on the orbit 
but by Naper's Rule (see Trig p 136 ) 

tan lat i= tan. inclination x sm dist, from node, 

and, accordingly, assuming the latitudes (which are small angles) 
instead of their tangents, we have, very nearly, 

tan d) X sin (/ - 0) a= tan sin (/ 6') 

— tan 0 sm (I — ^), 

and, by equating, respectively, the terms which contain sm. /, and 
those which contain cos / » , 

tan <I> cos 0 = tan cos. d' — tan. (j> cos. 0, 

tan <1> sm 0 = tan </>' sin 6' — tan. (p sm. 6 

If we add the square of the upper line to the square of the 
lower, we shall have tan^ , and tan 0, by dividing the lower 
by the first. From the former value, we have, nearly, (<t>, <p, (t>\ 
being all very small) 

tan. = tan (p\d<p' + tan (p.dcp 

— (tan <p' d<p tan (j> d (j>') cos (d' — 6) 

+ (d 6 -- d O') sm. (O' — 6) tan <p tan. </>'. 

Now the object is to find the variation of <py the commence- 
ment of such variation being dated from that epoch at which the 
true and fixed ecliptic coincided, at such an epoch <^=0, and 
tan. 4> = tan <p' accordingly, 

or ^ ^ ^ (j)' ^ (p cos (O' — 0) 

q- (B 0' - Id) sm (S' — 0) tan. (p 


We cannot eiase this term, because S0 (see p. 437 ) contains 
m its expression fractions such as 

tan <p' tan <p" 
tail <p* tan ^ * 
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If, |?y a like process, we find B 8, we shall have 

B 0 =z B . 

B (p 


^ a tan. d) 

c 0 . z cos. (9 ^ e') 

tan. 0 


+ 


tan 0' 


7 sm. (6' - 0). 


It now remains to substitute from pp 437, &c the values of 
B 0, B <p'^ g 0, 2 0' but, since m this enqviry it is necessary to 
consider the perturbations of more than two planets, it will be 
found convenient to use symbols such as ate described m the note 
of p 421, Let then m be supposed the Earth, w?', Sec 

Mercury, Venus, Mars, &c. Compute, by Chapter XVIII B 
and the quantities that are analogous to it and, or the Earth, 
bemg the disturbed, and w^', or Mercury, the disturbing planet, 
represent 


m n 
~ 




by (0, 1) 


Again, m" bemg the disturbing planet, represent the above 
quantity by 


(0, 2), 

and, m"y &c being the disturbing bodies, by (0, 3), (0, 4), re- 
pectively ; and, on the other hand, when is the disturbed, and 

m, nfy the disturbing planets, represent — ^ B and 

4 

quantities analogous to it, by 

(I, 0), (I, 2), (1, 3), 8cc respectively, 


then, see pp. 434, 437. 

B iti 

— =(0, 1) tan <t>' sin. (9 — 9') + (0, 2) tan 4^' sin (9—9'^) + &c. 


=(1,0) tan. 4 sin. (0' — 0) + (1, 2) tan. 0" sm. {9' — 0") + &c. 

19 

~ [(0, 1) + (0, 2) + (0, 3)] 


+ (0, 1).*-^^^ cos. (0-80 + (0, 2)^^i^c08.(8-8")+&c. 
tan 4 tan. 4 
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H = - [(I, 0) + (], 2) + (1, 3)] » ^ 

+ (1, 0) cos (fl’-0) + (l, cos. (0' - 0") + &c. 

tan.^ tan, (j> 

If we now substitute these values m the expressions for 
“17 ’ ~dt* ^ have, making tan <p, wherever it occurs, = 0, 

^ aa [(1, 2) — (0, 2)] tan <^" sm (0' — 0") 

+ [(1> 3) - (0, 3)3 tan <!>'" sin. (0' - 6'") 

+ &c. 
and 

~ = - [(1, 0) + (1, 2) + (1, 3)] - (0, 1) 

+ [(1, 2) - (0, 2)3 cos (0' - 0") ' 

tan. 9 

+ [(1, 3)- (0, 3)3 cos. (0' - 0"') 

tan. 9 

+ &c 

These expressions, as it has been said, are convenient for 
Astronomical- uses, since they determine the variation of the 
inclination of a planet’s orbit to the true ecliptic, and the 
regression of its node on the same ecliptic , and it is from 
such expressions that the Tables of the variations of nodes and 
inclinations are constructed 

The formula ~ , which expresses the variation of the inclina- 
tion of any orbit (Jupiter’s for instance) to the true ecliptic, in- 
cludes, besides the mutual perturbation of the Earth and Jupiter, 
the effect of the perturbations of the other planets From such 
effect arises the deviation of the plane of the true ecliptic from 
the plane of that ecliptic which is considered as a fixed plane, and 
in which, at a* particular ej^ch^ the Earth’s orbit was found The 
obhqmty of the ecliptic is the technical denomination of the inclination 
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of the plane of that circle to the plane of the equator. There must, 
therefore, by reason of the deviation of the plane of the true from 
that of the fixed ecliptic, arise a change in the ohliqmty, or a 
variation of that inclination, which, at the epoch referred to, suh- 
«sted between the planes of the equator and of the>.^ ecliptic, 
ihe dtmtnuUon, then, (for such it is) of the obhqmty of the ecliptic, 
arises from the disturbing forces of the planets, and may easily be 
investigated by means of the preceding formula. 

Let (fig ofp 443 ) represent the equator, PCBtheExed 
ecliptic, QCJ the true ecliptic ; B will be the intersection of the 
feed ecliptic and equator, ^ of the true ecliptic and equator, and 
BA will accordingly, represent displacement of the equinoctial 
points which arises from the inclination ( / PCQ) of the true 
and fixed ecliptic , and, since longitudes are measured along the 
ecliptic, CJ - CB will represent the error or deviation of the 
longitude of the equinoctial points due to the above inclination 
-f C<2, and AB is the corresponding deviation in right ascension 
arising from the same cause. 

Let / P(^ Q 3= 

/ CHE = £, / CAB ^E~ aE, 

CB = A, CA = A + Aa 
AB =«, 

then we have, (see Trig. ed. 2. Chap ix ) 

cos {E—A £) — cos. <;6 . cos j? + sin. 0 sin. E cos A, 

whence, by expanding, &c. we have, very nearly, (since A E, <j), 
are very small), 

sin. E . A E ~ sin. ^ sin E cos. a, 
or AE zz <j) cos. A, or, nearly, = tan (f> cos a. 

Again, (see Trig. p. 131 ) 

sin {E~ A E) _ sin A 
sin. ^ sin ct ’ 


a 


sin. A 

or, nearly, = 


tan ^ sin A 
sin. 
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Lastly, 

sm (A. + Aa) __ sin E 

sin A sm (^— A£j’ 


A A 


tan A 
tan E 


_ tan <p sin A 
tan E 

or r= ^ sin A cotan £, 


r 


(p, therefore, being the whole deviation of the true ecliptic from a 
particular epoch, /\ E ( = <p cos A) will be the corresponding 
change of obliquity, and the annual diminution of obliquity will 
be ^ 

^ <p cos A — . ^ g A Sin A 


or, 


Srf) X . 

— cos. A — — tan <p .sm. a 
di dt 


Now A IS the distance of the point of intersection of the true and 
fixed ecliptic from the intersection of the equator and ecliptic : it 
IS, therefore, the longitude of the node of the true ecliptic on the 
fixed ecliptic and correspotids (see p 44S.) to 6 accordingly, 
we have 

-~>cos A = (0, 1) tan <p' sm (a — 6') cos. A 
a t 

4- (0, 2) tan (p*’ sm (A — 0") cos. A + &c. 

tan. <b sin. a = ■— [(0, 1) + (0, £) + (0, 3)] tan. p sin. A 
a t 

4* (0, 1) tan (j/ cos (A — 6') sin A 
4- (0, <2) tan </>" cos (A — 6'') sm A 
4- &c 


Hence, making tan. p =0, (which it is at the commencement 
of tjie epoch), we have 

^ <l> S A 

cos A — tan. 0 sm. A = 

dt dt ^ 
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*-(O,l)Mn,^'sin.0'-(O,2)tan 9fc"sm.6''-(0, 3)tan /'sin ^'-ac. 

to represent the mean annual diminution of the obliquity , such 
immution being reckoned from that epoch at which the true 
and fixed ecliptic coincided. 

The whole motion in longitude (A\) of the equinoxes 
corresponding to the angle of deviation ^ is (see p 448 ) 
tan. ^ sin X co-tan £ , therefore the annual motion is, nearly, 

co-tan. sin ^ ^ cos X tan , 

which (since, as before, X = 8) is, by the formulae of p 448 . 
cot obl^' [(0, l)tan f cos 8'+ (0, 2) tan / cos. 0" + &c] 

The annual motion of the equinoxes in right-ascension, or 
~ IS (see p 447 ) 

co-sec obR [(0, i)tan (p' cos ^' + (0, 2) tan 0'' cos 0"+&c] 

These are the variations of the obliquity of the ecliptic, and 
of those motions of the equinoctial points which arise from the 
disturbing forces of the planets, and which arc independent of that 
inequality which is technically called the Precession of the Equi- 
noxes (see Astron. Chap XI V). 

In order to deduce the arithmetical values of the preceding 
formulae we must previously deduce those of (0, 1), (0^ S), &c* 

f (g 

Now, (see p 445 ) (0, 1) represents the value of , P' 

4a'^ 

when m is the disturbed, the disturbing body, and a, d, are 
their respective mean distances The termB'd^ is, according 

to the value of 2 , to be computed by the methods of Chap. XVIII. 


* Tins expression agiees with that which Lagiange has given in the 
Bolm Memoirs for 1782, p. 209. 

3 I. 
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Hence, when Mercury (m') is the disturbing body, r 

( 0 , 1 ) = 

and, since 

^'= 6° 0' 55" «, 0'= 45“ 57' 25", (0, 1) tan (j>'. sin 6' = .008521, 
when Venus (rtf) is the disturbing body, 

(0, Q) = 5 427, 

and, since 

^"=3“ 23' 34", 0"= 74“ 52' 53", (0, 2) tan ^"sin 0" = 309950, 
when Mars (m'") is the disturbing body, 

(0, 3) = 43299 

and, since 

' r 

= P 51' 4", r = 48^ 14' 57", (0, 3) tan. sin. r' = .010336, 
when Jupiter {m^^) is the disturbing body, 

(0, 4) = 6 9478, 

and, since 

01V _ y3o 25' 47", C0,’"4) tan. sin 0'^ = 158234, 
when Saturn {tn^) is the disturbing body, 

(0, 5) = 3404 

and since 

</)^ = 29' 41", 0^ = l J 56' 18", (0, 5) tan (f' sin. 0^= 013821, 

and, if we collect the several values of (0, 1) tan <p' sin 0', 8cc we 
shall have the whole annual diminution of the obliquity equal to 


* The values of <p\ <p'\ &c are those of the epoch of 1750 

t The values of (0, 1) (0, 2), &c. aie> see p 445, the several values 
/ ^ 

of ^ H'a'® but that quantity (see p. 438.) expresses the mean 

annual regiession of the node of the oibit of wi on the orbit of m', con- 
sequently, the preceding numerical values of (0, 1), (0, 2), &c. express 
the mean annual regressions of the nodes of the ecliptic on the le- 
spective orbits of Mercury, Venus, &c which regiessions aie (see 
the text,) nearly, 0' 097, 5".43, 4",33, 6^' 947, 0".34 
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(y'.500862, 

and, accordingly, the secular diminution (meaning by that term 
the diminution m 100 years), will be 

50" 0862 

We may consider then 50" nearly to represent the secular di- 
minution of the obliquity which agrees tolerably well with ob- 
servation *. It cannot be expected to agree with great exactness, 
since, on this head, there is, as we have already mentioned, some 
uncertainty The diminution of the obliquity arises from the dis- 
turbing forces of the planets , the disturbing forces depend, m 
part, on the masses, and the masses of all the planets are not well 
ascertained Venus is in this predicament but, as it appears 
from the preceding computation, the effect of Venus, (on the as- 
sumption, indeed, of a conjectural but very probable value of her 
mass) IS, 111 diminishing the obliquity, very nearly double that of 
any other planet The mass of Venus, therefore, requires to be 
most accurately known in order to compute with accuracy the di- 
minution of the obliquity , and contranwise, the diminution 
nicely determined by observation is the fittest inequality for de- 
termining the mass of Venus the mass and the diminution as 
objects of computation, are implicitly involved The diminution 
(a very small quantity even in an hundred years) as a result of ob- 
servation IS not well known by reason of the inaccuracy of antient 
observations. 

Still, however, the observations are sulEciently accurate to esta- 
blish, beyond a doubt, the fact of a diminution of the obliquity : 
and the no great discrepancy between the results of observation 
and calculation renders it, at the least, probable that it is caused by 
the disturbing forces of the planets . that is, by the particles of 
their masses attracting the Earth with forces proportional to their 


In 1750, according to Bradley and Lacaille, the mean obliquity 
was 23‘> 28' ig": m 1800, according to Maskelyne, PiazzJ, and 
Delambre, 27' 57'. In 1813, by the new ciicle at Greenwich, it 
was, accouliiig to Mr Pond, 23® 27'50" thetwo first compared together 
give 44 the first and last 46'' for the diminution of the obliquity 
111 a centuiy 
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number, and according to the law of the inverse square of the 
distance 

But of the three effects (see p. 449») which the disturbing 
forces of the planets ought, on Newton’s Principles, to produce 
on the plane of the Earth’s orbit, the dimini^tion of the obliquity 
IS the only one which observation has hitherto been able to as- 
certain That has been effected by observations of the Sun at the 
solstices, and of the latitudes of Stars situated near the solstices'^ • 
But the motions of the equinoctial points in longitude and right- 
ascension (see p. 449.) are too minute, and too blended with 
the inequality of the precession, to be separately exhih^^®^ If 
we compute, according to the method of p 450. the annual 
motions of the equinoctial points in longitude and right-ascension, 
they will be found respectively equal to 0'^ 1767,* 0''.1926 Now 
these are, m their directions, opposite to the eflFects of precession. 
Whilst the latter increase the longitudes and nght-ascensions of 
Stars, the former dimmish them. If then we assume, as it is de- 
termined by the best observations, 50" 1 to be the mean annual 
precession, that quantity being the result of the action of the Sun 
and Moon (of the Lumsolnr influence, as it is called) and of the 
perturbations of the planets, the effect of the latter m longitude, 
namely, 0",l767 must be addei to 50" 1, in order to expound the 
JLuntsolar precession For, were it not for progression m longi- 
tude of the equinoxes produced by the perturbation of the planets, 
the Lumsolar precession^ would, by observation, appear to be larger 
by just so much indeed as the progression diminishes it The 
former, therefore, must be 50".2767 And, in like manner, the 
precession in right-ascension common to all Stars (see Astronomy^ 
p 142 ) due to the same cause must be 

46".l + 0" 1926, or 46,2926 


The dimmiUion of the obliquity, simply viewed as a phenomenon, 
may be accounted foi either fiom the equator oi the ecliptic changing 
Its place Tycho !Biah6 shewed that it wa^ irw/y accounted for by the 
ecliptic changing its poMtion since the northern latitudes of Stars 
situated neai the solstices weie found to mciease, and the southern to 
dec lease. 
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Although, thfireforcj the direct movement of the equinoctial 
points arising from the displacing of the ecliptic, is, in observa- 
tions, necessarily confounded with their retrograde movement 
arising from the displacing of the equator, yet, if we admit the 
preceding theory and results, we are enabled by them to assign 
what 18 separately due to the action of the Sun and Moon. 

The direct movement of the equinoctial points arising from 
the displacing of the ecliptic lessens the longitude of heavenly 
bodies the precession increases them The Sun, therefore, by 
reason of the former, after quitting the equinox, returns later to 
the same, and sooner by reason of the latter The former pro- 
longs the tropical year, the latter shortens it , considering, for a 
moment, the just value of the tiopical year to be that which it 
would have, vt^ere neither the equatoi nor the ecliptic displaced. 
If, however, the direct and retrograde motions of the equinoctial 
points were always the same, the true tropical year (that which 
really takes place) would always be of the same length It would 
be of the same length now, as it was at the time of Hip- 
parchus But the fact is otherwise Since his time, both the 
precession and the progression of the equinoxes caused by the dis- 
placing of the ecliptic have varied, and not by equal degrees. 

That the latter has varied may easily be inferred from its ex- 
pression (p 449 ) , the obhquity, the inclinations and longitudes 
of the nodes (the quantities 4 !, 0", &c. 8 ", &c ) were, by reason 

of the disturbing forces, all of dilFerent values at the beg innin g of 
the Christian jEra from what they are at present. From their 
present values, the motion of the equmoxes (see p 452 ) was 
found equal to 0".1767 . and if, by the same formula of p 449, 
we compute its value for the beginning of our j3Era, it will be 
found to be about O'' 48, and consequently, if the difference of 
the real precessions depended solely on those two quantities, the 
true precession in 1 800 would be greater than the true precession 
in the year 1 , by 0".48 —0". 1767, or 0".30S3 : and, accordingly, the 
tropical year, at the former JEra, would be shorter than the tro- 
pical year at the commencement of the JEra, by aS much time 
as the Sun would consume in describing O'' 303 of longitude 
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But another cause operates , the Lunisolar precessitn (that 
which IS caused by the action of the Sun and Moon on the protu- 
berant equatoreal parts of the Earth) vanes as the cosine of the 
obliquity The obliquity then decreasing, the precession must be 
increased, and it will now be about 0" 09 greater than it was at 
the commencement of our ^ra the true precession therefore of 
1800 will now be greater than the true precession of the year 1 
by 0".303 + 0" 09> or, 0" 393 The Sun, (assuming its mean 
motion in 24 hours to be 59' 8"), would describe this space 
(O'' 39S) in about 9".3, which is the computed excess of the 
tropical year at the beginning of the ji9Era above the present 
tropical year 

It is the computed excess , being merely a result from theory 
Antient observations are inaccurate far beyond 9 seconds, and, 
consequently, we can only say that the progression of the equi- 
noctial points from the disturbing forces of the planets is a 
probable result The point, however, may be settled m future 
times, if observations should then be made as accurately as they 
are at present^ 

Besides the progression of the equinoctial points, there arc 
other inequalities, discussed m this Chapter, that, at present, 
ought to be viewed as mere results of theory. Such are, for 
instance, the variations of the inclinations of the planes of the 
orbits of planets These, hitherto, have not been determined by 
observation they are too minute, and antient observations are 
too inaccurate , if the former are as minute as theory shews 
them to be, it is hopeless to expect to determine them by the 
latter. This is another point reserved for future Astronomers. 


* The mattei can never be altogether fiee from uncertainty. If, by 
made 500 years hence, compared with modem, the tropical 
yeai should then appear to be less, the fact might be accounted for by 
supposing the liwwo/ar precession to be less diminished by the direct 
motion of J:he equinoctial points the mean quantity of the Lumsolar pe^- 
cei>non itself being always supposed the same And it would be ac- 
counted foi, with a high degree of probability, if the computed pi ogi cs- 
Sion (see pp 452, &c ) agreed with the difference of the lengths of the 
tropical yeais as made out from the compaiison of obseivations. 
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Thefre is, however, one exception to what has been just said. 
The diminution of the obliquity, which is a consequence of a 
change of inclination m the Earth’s orbit, may now be considered 
as established by observations, although 70 years ago there were 
Astronomers who asserted that it was constant, and, which is 
more strange, denied that it could vary on Newton’s Principles 

We have in the present Chapter deduced and exemplified the 
expressions for the secular inequalities of the elements of a planet’s 
orbit We have also, on restricted conditions indeed, established 
some very curious properties concerning the limits within which 
both the variations of the eccentricities and the inclinations are 
confined In such and like properties consists the stability of the 
Planetary System which, of all the results furnished us by 
Ifhysual Astrommy, is, perhaps, the most interesting It merits 
then some farther consideration , and, in the next Chapter, we 
will endeavour to render more general those which are to be con- 
sidered (see pp 422, 435 ) as its essential theorems 



o 


CHAP XXIII. 


Stahihttf of the Planet System with regard to the Mean l)istances 
The Mean Dt6tanc€$ subject only to Periodical Inequalities and not U 
Secular Stability of the Planetary System with regard to the Eccen 
tncities and Inclinations Theorems which express the Conditions t( 
which then Variations are subject 

Tiija constant parts of the development of i?; (so it appears 
by p. 4 14,) do not contain the quantity e and since 

Z a^id IR, zz — ^ n d t, 

[x y d e 

It was thence inferred that, with regard to such constant parts 
d jR 

-j- was = 0 : in other words, that the axis major was subject 
to no secular variation. 

This, which IS an important point, may be considered undei 
another point of view. 

The arguments of terms m the value of R (see pp. £79, 281 
&c.) independent of the eccentricities, are 

p (n' t ^ 71 1 + e' — e)^ 

of terms involving the first powers of the eccentricities, the argu 
meats are 

pin' t — « ^ + e'' — e) + // jf + € — TT, 
and pin't ^ nt + e" — e) + nft + e' —tt', 

that IS, 

pn' t {p ^ \)nt pe' ^ {p ^ l)e w, 
and {p 1) n' t — p n t Je {p e' ^ p e it' 
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The ‘^igumeiits of terms mvolving the squares of the eccen- 
tricities will be 

— - 2) w / + &c 

and {p 2)n* t ^ put + &c 

SO that. It IS plain, we may generally represent a term in the de- 
yelopment of /?, by 

P cos Ip' n't - put + A), 

m which Will be integers having their difference ± ip 
connected with the powers or products of the eccentricities that 
are involved in the coefEcient P 

Now dR IS the differential of P, when those quantities are 
made to vary which determine the place of the body m (be they 
co-ordinates, or ladius vector and longitude) but these quan- 
tities being expressed, by means of the variable quantity n t and 
of certain constant quantities, the differential of P corresponding 
to the term 

P cos ip'n' t -- pnt A\ 
must be obtained by making n t vary , accordingly, 

dR = Rpndt sm {p' t — put 4-^), 
and 


Ppndt sin {p' ri t—pnt ^ 

lA 

Now y, p arc integers, and p^ -- p may =0, or ± 1, or ±2, or 
See and ify and p could be taken such that 

p'n' - = 0, 

then there would result, m the above expression, at least one 
term in the variation of a equal to 

2 

Ppndt sm Ay 

A being constant , and, accordingly, there would lesuk m 



1 

"" j> 

a 


•^5 M 
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a term ^Ppnt sin A increasing with the time, altering am 

continuing to alter the mean distance But, so it happens, th 
mean motions, w and n\ of the disturbed and disturbing planet 
are such that p'n* can never equal ji? n* If the Earth be the plane 
disturbed by the actions of all the others, its mean motion (se 
Table of Periods, Astronomy, p 283 ) is not commensurable with th 
mean motion of any other planet Its mean distance, therefore 
suifers no secular change from the disturbing forces of the planets 
The same holds good of the mean distance of every other planel 
and for the same reason The mean motion of Jupiter, for m 
stance, is not to the mean motion of any other planet as number ] 
to number Twice Jupiter’s mean motion is indeed, as we hav 
seen in Chapter XIX, nearly equal to five times Saturn’s, the con 
sequence of which is, that their motions are alFected with me 
qualities of a very long period so long, indeed, that the mequa 
lities are of the nature of secular inequalities, and become blende 
with the mean motions , and this latter is a result deducible fror 
the preceding expression , for, make p = 5, and = and then 

- ~ ^Pndt sm {Bn ^ ~ t + A), 

which expression will, for a great length of time, continue of th 
same sign , since, 5 w' — 2 being very small, t must be Vet 
great before from 0 can become 180^ But, th 

mean distance continuing either to increase or decrease duim 
a long period, the mean motion will continue to decrease or t 
increase during the same period 


By whatever method, then, we examine the effect of the dii 
turbing forces of the system on the mean distances of the planet 
it appears that those distances are subject to no secular change 
They vary that is, they increase for a time by sma 

quantities, and again, having reached a certain limit, by hi 
degrees decrease for, such is the nature of the change indicate 
by the term 

sin {p' 71 t -- p nt + A) 
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From^the invariability of the mean distances of the planets, we 
will proceed to consider another main point in the stability of the 
planetary system, and which consists in the restriction of the 
variations of the eccentricities within certain, and those very 
small, limits 


By p 41 7, (neglecting the squares of the eccentricities), 

dF 






nd 


m which, since the first, second, and fourth terms of the value of 
F (see p. 414 ) do not involve tt, we may suppose F represented 

by this restricted value, namely, ad ee . cos (tt' — w) 


This is the compression if w! be the sole disturbing body , but 
introduce a second and a third body, 8cc. wi'', m'", 8cc. and the 
value of F will be increased by two terms similar to 

fd C , , f f v 

^aa ee cos. (tt' — tt), 

4 \ 

namely, 

C. a d' .e e” cos id'- — C a d". e cos. {d" - d). 

4 4 

Now, 


n 


and accordingly, 


1 

isj a 


^ dF T . 

mJ a.eoe *= m-zr-dty 
d’rr 


and similarly, 


d F 

fd sj d die = 


A 77 


&c. 
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but, as It IS plain from tlie value of (p. L 10.) 0 , 


dF ^ .dF ^ ,dF 
m.~ + m ~ + fn\—rr 
d% d^ dir 


-f &c =0, 


consequently, 

m sja.ele-^ntsj a!, e I e' + vn!' s/ a'\ S d' + 8CC =: 0, 
whence, 

m s/a + m ^/af 4 - tr/^ V + &c = if, 

in which equation the correction if is a constant quantity 

Now K IS to tie computed, and the rest of the process con* 
ducted exactly as it was in p 4^2, and as in that, so in the 
present case, when account is made of the disturbing forces of all 
the planets, K (since &c. are all very small) will be a small 

quantity. But K being a small quantity, ms/ a. rri s/ &c. 

must each, at the least, be less than JT, or, 8cc must 

each, at the least, be less than ^ — . , 8cc so 

ms/ a m's/a' rr/' sj 

that, as when two bodies only were considered (see p 4£3 ) the 
respective augmentations of <?, /, &c will be confined within 
very narrow limits- This then is the second point in the stability 
of the planetary system. The eccentricities vary indeed from 
disturbing forces, but they alternately increase and decrease The 
orbits may be said to oscillate about a mean state of elhpticity^ 
whilst their major axes remain invariable The conditions to 
which their eccentricities are subjected, is expressed by the 
theorem of 1. 6. 


The third point of the stahihty of the planetary system consists 
in tlie oscillations of the inclinations of the orbits of planets about 
a mean state of inclination , which may be thus proved. 


By the expressions of pjp. 418, 419, 
. I dF 


* • 7 ' dd 


d 


ny d<l> 
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m whigh (see p 416 ) may be represented by the last term of 
Its value, namely, 

a a' sin® i , or d', (1 - cos. I), 

which is equal (p. 418 ) 

— — y [I - cos (l> cos <j/ — sm (p sin. (pf cosi (0 - 0')]> 


and, as m.the former case, if besides other disturbing bodies 
as &c act, F will be augmented by terms analogous to 

the preceding. 


Now, since 

dF m'B' , . , 

— = a a sin (p sin <p sin. (6^6) 

ad ^ 4i T T f 

+ — B" a a'\ sin. ^ sin. (p^^ sm. (0 ^ 

4 

+ &c. 

— ~ a a 8in ^ SiM. 6' sin, (6 — 

dd' 4 r T \ 

— ad' sin. ^ sm. (p" sin. (0 — d") 
4 

- &c. 


t IS plain, that 


m 


dF , JF 


/7 17 



consequently, 

fH h ^ <p + 'fnf 7^ ^ <p^ "h 1^' ^ + &c. “ 0, 

or, since h ** V«> = */'»'> &'• ve»y nearly, 

and 7 = tan (!> = ^, 7 ' = tan. <!>' = 0', &c. very nearly, 
m a <pl (p + m k/ a'. 4 i'^<l>' + m" \/a" + &,c. = 0, 


« The two first terms in the value of F are excluded in the compu- 
tation of ^ , 4^, because they are not functions of d and 0 
dd d<p 
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and integrating, f, 

^ mlja,(p^ + m' sja -1- fn' ci‘ , + &c == if, 

which is a theorem similar to the one of p. 435, and from which 
like inferences may be drawn. 

For, if we take from the Tables of the inclinations of the 
orbits of planets (see Astron p 286 ) the values of 0, &c 

such as they were at the epoch of 1800, and thence compute, as 
in p 435, the value of X, it will be found to be a very small 
quantity Now such value is the maximum and limit of the sum 
tAmsJ sj a, &c. consequently, ^/, must always 

be very small quantitities, since each of the preceding products 
can never, m the most extreme case, exceed K 

The system of the planets, then, with regard tc^ the planes of 
their orbits, is perfectly stable. The planes are not fixed, indeed, 
but oscillate about a mean state of inclination. The limits of 
their oscillations are defined by this theorem : namely, that the 
sum of the squares of the inclinations multiplied respectively by 
the masses of the planets and by the square roots of the major 
axes is invariably the same 

On these properties, then, of the mean distances, the eccen- 
tricities and the inclinations, the stahthty of the planetary system 
depends It is not necessary to it that the perihelia and nodes 
should either be stationary, or oscillate about their mean places, 
or move uniformly 

It must be recollected that the preceding results relate to the 


* If sm (j> which IS nearly equal to y, had been taken to represent 
It, then, since / sin ^ = r- cos (p the theorem would have been 

of this form, 

m s/a cos. <p cos, (p' 8zc = 

or ms/ a . sm^ ~ s/a\sm^. ^ + &c 

= i {ms/ a + m's/a' &c ) — ^ ^ 

fiom which, inferences similar to those m the text, may be drawn. 
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secute variations of the elements. The mean distance, as it is 
plain, from the formula of p 457, although exempt from a secular, 
IS subjected to a periodical inequality which, depending on the 
configuratton of the disturbed and disturbing bodies, augments, to 
a certain extent, the mean distance, and then, by like degrees of 
diminution, causes it to return to its former magnitude 

The eccentricities, perihelia, inclinations^ and nodes also, 
besides their secular, are subject to periodical inequalities, which 
may be computed from the expressions of pp. 404, 416 

The periodical inequalities of the longitude, latitude and 
parallax of a planet, as well as the inequahties, periodical and 
secular, of the elements of its orbit, are produced by the disturbing 
forces of the other planets Those disturbing forces are, in fact, 
but under peculiar circumstances of action, their attractive 
forces These latter, at a certain distance, are, according 
to Newton, proportional to the masses of the attracting or 
disturbing bodies Contrariwise, the perturbations expound the 
masses, and, in the analytical expressions of the three kinds of 
perturbations above specified, the mass of the disturbing body 
must enter as an indeterminate quantity If therefore the quantity 
of perturbation, periodical or secular, be given by observation, 
the means are thence afforded of determining the mass 

According to mere theory it is indifferent which is the in- 
equality we select for determining the mass But in ‘practice we 
are restricted to two the periodical inequality of the disturbed 
planet's place, and the secular inequality of an element of its 
Orbit 

We may determine the mass of Venus from the inequality 
produced by it, in certain situations, in the Earth’s longitude, or from 
the secular inequality of the longitude of the Earth’s perihelion 
Both these can be determined by observation the latter possesses 
magnitude because it is an accumulated effect But the periodical 
inequality of the perihelion is a quantity far too minute for 
observation It must be viewed merely as a theoretical result 

The practical method, however, of determining the mass of a 
disturbing planet is not quite so simple as we have stated it. 
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Jupiter and Mars, as well as Venus, interfere m disturbiRig the 
elliptical quantity of the Earth’s longitude, and the place of its 
nearest distance from the Sun. If we consider the masses of 
these bodies as three indeterminate quantities, we must, in order 
to determine them, use three observations at the least. We may 
use more indeed, it is plain, that, the greater the number of obser- 
vations, (supposing them to be equally accurate) the more exact 
will be the determination of the masses. 

It is of no consequence, in the method which has been de- 
scribed, whether the planet, the mass of which is to be deter- 
mined, be with or without a satellite But the mass of a planet 
of the first kind may be determined most simply (see p. 29 ) 
from the greatest elongation and period of its satellite. There are 
then, at the least, two methods for determining the mass of 
Jupiter ^ we may, therefore, use the two methods, the one to 
serve as a check on the other , or, in determining the mass of 
Venus from some inequality either in the Earth s motion, or in 
an element of its orbit, we may contract the investigation by as- 
suming the mass of Jupiter to be that which is determined by 
means of the period and the greatest elongation of one of his 
satellites 

The mass of a planet that has no satellite must be determined 
from the effect of its disturbing force , the mass of a planet ac- 
companied by a satellite may be determined by the effect either of 
its disturbing, or of its attracting force. But, in each case, the 
principle of the determination is precisely the same That by 
which we measure the mass of a planet or the number of its 
particles, is some effect of their attraction. In one case the effect 
is the deflection of a satellite from its rectilinear course, and 
;that effect is denominated uttracttofi in the other case, the effect 
is the deflection of another planet from its elliptical course , or, 
from that course which it would pursue did it obey solely the 
Jaws of projection and of its centripetal force and this effect is 


* Its mass may be determined by comparing, with the best obsei- 
y^tioxis, the g) eat w^uahtics (sQQ Chap. XIX ) which its action pro- 
duces in the motion of Saturn 



AQnommztei perturbation. The particles, m the two cases, exert 
their attraction under different circumstances, and the respective 
effects of their attractions are conveniently distinguished by dif- 
ferent denominations 

In the following Chapter we will enter more into the details of 
the methods by which the masses of the Earth, the Moon, the 
Planets and the Satellites are determined 



CHAP XXIV. 


On the Method of determining the Masses of Planets that are accom'pamed 
hy Satellites Kimetical mines of the Masses of Jvpiter, Saturn, 
and the Georgium Sidus The EaitPs Mass determined The 
Methods for detet mining the Masses of Venus, Mars, 8fc and, generally, 
of Planets that aie mthouf Satellites The Masses of Satellites and 
of the Moon detei mined 

r 

TThe principle of determining the mass of an heavenly body, 
whatever it be, Sun, Moon, or Planet, is, as it has been already 
stated in the close of the preceding Chapter, precisely the same. 
Under different denominations, because under different circum- 
stances, It IS, m every case, some effect of the attracting particles 
of matter which serves to expound their number, or the mass of 
the body which they are supposed to constitute The effect, 
however, as it has been already stated, in one class of instances, 
IS centripetal force in another, a force that disturbs m the 
former, the effect, according to certain preconceived notions, is re- 
gularity, or, the equable description of areas and the observance 
of Kepler’s Laws in the latter, irregularity, or the perturbation 
of areas, the progression of the apsides, &c And such a distinction 
in the effects of gravitation naturally suggests a convenient dis- 
tribution of the methods of finding the masses of the heavenly 
bodies into two classes , one appropriated to the Sun and those 
Planets that have satellites the other to Mercury, Venus, Mars, 
the Moon, and the satellites of Jupiter and Saturn. 

To begin with the methods of the first class These methods 
are contained m the formula of p <29 , according to which 
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p. deiK^mg the attraction residing In, or transferred (see 
pp. 42, 43, &c ) to the central body, P the period, and a the 
mean distance of the revolving body 

M the attraction of the central body, (if the revolving body 
be supposed a material point, or if its mass, relatively to that of 
the central body, be supposed insignificant) is proportional to its 
mass It IS, in fact, (see pp 42, 43 ) proportional to the sum of 
the masses of the central and revolving bodies Let 1 denote the 
Sun’s mass, Jupiter’s, m the mass of Jupiter’s fourth satellite; 
and, moreover, let J., a, P^jp, denote, respectively, the mean 
distances and periods of Jupiter and his satellite: then, by the 
preceding formula, 

^ 1 + Jf = ^ X 960P, 

M + m = 360 ", 

r 

. M + m 

consequently, — X 


or, 

M 

1 + M 


(l + ^) > or, very nearly, - 


M 




+ M jP 



whence 


M = 


1 


f! El 
EE' 

f 


from which formula M the mass of Jupiter, or the relative quantity 
of his matter compared with that of the Sun’s, may be computed 
And, as it is plain, the same formula will serve for determiiung 
the masses of Saturn and of the Georgium Sidus. 

The preceding formula expresses the mathematical depende^e 
of the mass of the attracting on the period of the revolving body. 
But the process which establishes that formula does not render im 
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mediately obvious their necessary dependence That, Ipwerer, 
may easily be thus shewn 

Let C be the centre of the attracting body, P the revolving 
body , PQ a portion of its orbit, and PR a tangent to the orbit 
at the point P. Now, according to theory, PQ is described by 


7" U p 



virtue of the projectile motion PR and RQ the centripetal forces 
which latter arises from the attraction of the mass at C\ and, at a 
given distance, is proportional to that mass. Suppose the mass to 
be increased, then RQ would be increased- it might become, in 
the same time, Rn (= ry). The orbit, therefore, could not re- 
main circular (supposing for simplicity of illustration that to be 
its form) except the arc PQ became P q All portions of the 
orbit similar to PQ, would, in like manner, be increased by the 
increase of the mass at C consequently, the number of portions 
of the arc described in the same number of portions of time 
would be diminished the period, therefore, which is formed 
of such portions of time, would itself be less 

In the same way it would follow that the orbit, supposing it to 
retain its form, would necessarily be described in an increased 
period by a diminution of the mass of the attracting body* 
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But 4o return to the formula of computation : that may be, 
conveniently, thus modified let j- be the sme of the angle under 
which, at the planet’s mean distance from the Sun, the mean 

radius of the satellite’s orbit is seen . then j* = JL , and, conse- 

Jx 

qnentlj, 

t 

s _ 




p2 y 

- ' ’ very nearly. 


Suppose it were required to find Jupiter’s mass from this expres- 
Sion and by means of the elongation of his fourth satellite then 

f = sm 8' 15'" 85 log = 7 3809246 

3 


log / = 22 1427738 
P =z 4332^^ 6022 log 3 6367488 
p = 16.6888 log 1 2224251 

2 4143236 
2 


log rz 4 8286472 

log zz22 1427738 


log. J*®. 


ps 

pi 


26 9714210, 


H (- 5) 


53 9428422 


No. = 00093631 


No = 00000087 


.00093718 

I 

therefore Jupiter’s mass =. 000937 or = > 

the Sun’s mass being 1. 
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Modern observations have added nothing, since Newton’s 
time, to the accurate determination of Jupiter’s mass 

Newton, from an elongation (= 8' 16") of the fourth satellite 

determined by Pound, found Jupiter’s mass equal to — ^ ^ , a 


^ Newton, and his veiy learned commentatois, Le Seur and Jacquier, 
m determining the relative masses of Jupiter and the Sun, do not use 
as a kind of mean term, Jupitei’s penod but Venus's This, without 
any gam of accuracy, occasions, in the process of computation, an ad- 
ditional step for let S and d be the period, and mean distance of 
Venus, then, 


p5 = ^,and = 




the factor ^ causes (see p, 469.) the additional step, and ~ is 

p% 

not bettei known than — But, if we look to the grounds of the 

Jr 


methods, then pimciple is precisely the same and we should m vain 
seek elsewhere for a moie simple and clear illustration of Newton’s 
Theory of, at once, the piinciple and the Law of Gravitation By 
the first, the masses of the Sun and Jupiter aie to each othei re- 
spectively, as the descents, from equal distances, in equal times, of two 
material points, or corpuscules, towards those bodies At unequal dis- 
tances, the descent from the less distance, must, by the second pait of 
Newton’s Theory, oi the Law of Gravity, be diminished, in the latio of 
the square of the greatei to the squaie of the less distance, in ordci le- 
latively to expound Jupiter’s mass But, in point of fact, theie are no 
single corpuijcules that separately descend in light lines towards the 
Sun and Jupiter In order, therefoie, to reduce the pieceding pini- 
mples to computations, theie are lequisite two piehmiiuiy conditions 
The fust consists m assuming, by reason of then lelative minuteness, 
Venus (or any other planet) and Jupiter’s satellite as the two corpuscles 
or material points placed at the distances of Venus fiom the Sun, and 
of the satellite fiom Jupiter. The second consists m assuming the de- 
flections of Venus (SH, qr) and the satellite from the tangents of their 
orbits for the rectilinear descents, and then we have 


Sun’s mass mass, 


o/? of orbit of It’*? satellite\ ^ 

^ V rad 9 ’SOI bit ) 
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result nenrly the same as the preceding. There must here, there- 
fore, be either coincidence, by chance, between modern and 
antient observations, or, m respect of finding an elongation^ the 
former have no advantage above the latter. 

There is not, however, an equally near agreement between 
Saturn's mass as it is now determined, and as it was determined 


by Newton , for, if 
of the sixth satellite, 

we take 2' 59" 
we have 

to be the greatest elongation 

P = 10758' 96984 
p = 15 9453 

Logarithms 

.4 0317707 

1 2026327 



2.8291380 

2 


3 log sm 2' 59^' 

5 6582700 
20 8152834 



20.4735594 

2 

No =. 00029755 

6 log sin 9/ 59" 

52 9471188 

No = 0000000885 

000297638 

therefore Saturn’s mass = 00029704, nearly, or, ^ — . 

^ " 3359 4 


Instead of 2' 59'"'? Newton assumes the value of the greatest 
elongation to be S' 4'', and thence determines Saturn's mass to be 


equal 


3021 


The difference arises principally from the dif- 


ference in the assumed values of the greatest elongations. But 
here, for more than one reason, the modern observation is to be 
relied on 


The question, however, concerning the mass of Saturn does 


The difference in these values is, according to one mode of con- 
^ideimg It, enoimous, being about ten times the mass of the Earth, 
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not solely rest on one kind of observation ; and uncer- 
tainty arising from a want of precision in the determination of 
the greatest elongations of his satellites may be, in degree at least, 
removed by an examination of the great inequalities which Saturn 
causes m Jupiter These inequalities can be observed and com- 
puted but not computed except by assuming a certain value to 
represent Saturn’s mass . which assumed value, may, therefore, 
be corrected by comparing the results of observation and theory 

The theory of Jupiter and Saturn presents us also with other 
like expedients for correcting the assumed or approximate values 
of their masses For, as we have seen (see Chap. XXII ) their 
secular inequalities arise principally from their mutual action 

In order to determine the mass of the Georgium Sidiis, we 
have, the greatest elongation of his fourth satellite equal to 44".2, 
P = 30688 712687, p = 13 4559 

log 30688 7 = 4.4869786 
log IS 4559 = 1 1289128 

3.3580658 

2 

6 7161316 
3 log sin 44'' 2 18 9929385 

25 7090701 = log. .000051177, 
therefore the mass of the Georgium Sidus equals, nearly, 

.000051177, or — L_ . 

J9540 

The mass of the Earth, since it is accompanied by a satellite, 
may he determined by the preceding formula But, in one part, 
the process may be rendered more simple or, we may go back 
to the very principle of the method, by expounding the Earth’s 
mass, or its attraction, not by a merely computed space, (the sagitta 
of an arc described), but by a space actually passed through. The 
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descenfFv*^ of a heavy body at the Earth’s surface diminished in the 
ratio of the square of the radius of the Earth's orbit to the square 
of the Earth’s radius, and the computed descent of a heavy body 
from the Earth towards the Sun (which computed descent is the 
deflection of the Earth from the tangent of her orbit) will ex- 
pound, very nearly, the relative masses of the Sun and Earth 
They will not expound those masses exactly because the latter 
space IS due not solely to the Sun, but to the joint attractions of 
the Sun and Earth Jet s denote the latter space or deflection, in 
one second of time, of the Earth from the tangent of her orbit, 
and let^ denote the space descended through towards the Earth, 
at the Sun’s mean distance, then the Sun’s mass is more truly 
expounded by j 

j (^’s mass ^ 1 

and = — 2 — = 

O s mass s - g 1 _ ^ 

i 

Now, 16 r feet is the descent of a heavy body at thd^ Earth’s 
surface, in one second of time in a latitude the sine of which 

= the number of feet in the Earth’s radius is 20929656 ; 
Ay/ 3 

101 

therefore, — r is that fractional part of the Earth’s radius, 

20929056 ^ ^ 

which, at the Earth’s surface, expounds the Earth’s attraction 

and 


* The actual space passed over by a falling body m one second of 
time, if it could be e\actl 3 r noted, would not strictly expound the 
Earths attraction , because, if the observation should be made at any 
place not at the pole of the Eaith, the centrifugal force of rotation 
Intel fering with gravity would diminish its effect We therefore, 
according to the latitude of the place of obseivation, compute the cen- 
trifugal force, its effect in the direction ofgravity, and add that effect to 
the descent of a body in 1'^ computed from the length of a pendulum* 
The sum will expound the force of gravity at the place of observation. 
It IS usual to consider the place to be situated in that parallel the sine 

of which IS , because the ladms drawn thence to the centre of 
a/3 

gravity of the terrestrial spheroid, is the radius of a sphere which, with 
th^ Earth’s mean density, is equal to the Eaith’s mass 

3 o 
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164- rad of © ^ 

^^0929656 rad. of 0's orbit ^ 

IS the same space, but expressed by a fractional part of the radius 
of the Earth’s orbit, which expounds the same attraction , bu^ 
see p 4^73, 


X rad of 0 (rad of 0)® 

^4i0929656 rad of 0’s orbit (rad. of 0’s orbit)^ 

16 125 / rad of 0 

209‘i9656 \rad of 0’s orbitx 


•= (see Astron p. 102 ) 


16 125 
20929605 


X sm’ 8" 8 = 


5 9634 

IQ^2o 


In order to find the value of we have the arc (z) described in 
one second of time equal to ^ 

2 x 3 14159 

30 o'‘ 2 j 6384 X 24 X 50 X 50 ' 

the mean radius of the Earth’s orbit, being 1 , 

j?® ^1982016 

consequently, s = — = * , 

1982010 

and mass _ 5 Q684 

@’s mass 198^010 

By the above methods, (all which are in fact the same) the 
masses of planets, that have satellites, are determined. They 


* Computation of z* 
log 3 14159 = 4971500 


log 365 256384 . . 2 5625977 

log. 3600 . , 3 5563025 

log 24 1 3802U2 


7 4991114 


4971500 
7 4991114 


. . ..2 9980386 
2 


5 9960772 (20 borrowed) 

991008 


1U*“ ■ 
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rest, as% it has been seen (see p 466 ) on Kepler^s Laws. But 
the methods by which the masses of planets unaccompanied by 
satellites, and of satellites themselves, are found, are in one respect 
so far unlike the preceding, that they depend on digressions from 
those Laws ^ , for the Laws are strictly true only in a system of 
two bodies and every inequality ansmg from the attraction of 
a third body is a species of perturbation, and causes digressions 
from those Laws But although, after the establishment of a 
conventional language, we are thus enabled to distinguish and 
characterize the methods, yet their principle, which is Newton’s 
Principle of Gravitation, is precisely the same Some space, the 

i 



increment of an angle or of a radius vector, either a momentary or 
an accumulated effect, expounds, in every case, a planet’s attraction, 
whether it be regarded as central or external A particle of 
matter at L describing round T as a central body the arc LQ, 
Qll the deflection from the right-lined course LR^ expounds the 
attraction and mass of T If in the time of describing XQ, a 
particle at L would descend towards S through a space equal 
to Ln, Ln would expound, at the distance i5, the mass 

of S , and Ln x mr and Qli would expound the relative 

masses of 5 and T The above are momentary effects Now we 
cannot conveniently compute such effects of disturbing masses 
We are obliged then, to have recourse to their accumulated 
effects either to the periodical inequalities with which one 
planet affects the radius vector and longitude of another, or to the 
secular inequalities with which it affects its elements 


* If a person were in search of paradoxes he might find one here, 
and state that one method was founded on the truth, the other oti the 
falsehood, of Kepler’s Laws. 
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The Earth’s place, for instance, is sometimes behindhand at 
other times before its elliptical place, by* the action of the planets 
The deviation from its elliptical place (see p 3 1 1 ) is 

= 8" 9 sin (j) - @) 

+ 7".059 sin. Q) - 2" 51 sm 2 (U - O) 

+ 3^' 29 sin (9 - G) - 6 " 1 sm 2 (9-0) 

+ 0''4 sin (cJ ^ G) + S" 5 sin 2 ( 3 -- ©), 

in the deduction of which formula, certain values were assumed 
for the masses of the Moon, Jupiter, Mars and Venus But, in an 
enquiry for determining the masses of the tu o latter, it will be 
necessary to assume two indeterminate quantries to represent 
those masses, or, which amounts to the same, to represent the 
corrections due to their assumed or approximate arithmetical 
values , and, m such a case, the third and fourth lines of the pre- 
ceding value of S -y would involve two indeterminate quantities 
dependent on the masses of Mars and Venus In order to find 
two such quantities, we must, at least, form a second equation 
(for the value of B -y) similar to the preceding^ 

The comparison then of the values of B v computed and found 
by observation will furnish two equations for determining the 
masses of Venus and Mars But in an enquiry so delicate where 
the error of a second so materially affects the result, it will be ex- 
pedient to compute, from theory and observation, many values 
of B -y, and to determine the masses from the means of several 
results 

Clairaut, in that excellent Memoir Paw, 1754 ) 

which has been more than once alluded to, uses the method which 
has been just described, founded on the periodical inequalities of 
the Earth, for determining the mass of Venus. Tie supposes that 


* ‘Dans cette rencontie comme dans beauconp d’autrcs telles que la 
fixation du lieu moyen, de celui des apsides, &c le noirbie <ks obser- 
vations peut bien repaier iWertitude qiu est dans chacuae d’eUes/ 
Acad* 1754, p 523, 
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the actms of Mars and Mercury in altering the Earth’s place may 
be neglected and he investigates those positions of the Sun and 
Moon m which the perturbation arising from the latter body are 
nothing In such positions, then, the difference between the 
Earth’s place observed and computed from previously established 
conditionSi would expound the attraction of Venus and serve to 
determine her mass It would at least serve (and this is almost 
all that It will do) to furnish one out of many results by which 
the mass of Venus is to be determined There is in these en- 
quiries, as we have already stated, matter of great uncertainty, 
and Clairaut regards the result of his method merely as an 
essay * towards the determination of the mass 

M Delamhre also, on the principle of the preceding method, 
has determined the masses of Venus and Mars, by finding, in 
fact, the maxima of the periodical inequalities which their actions 
produce on the Earth’s longitude Venus’s mass so determined 

IS —JL — , which may be viewed as a tolerably accurate result, 

since the periodical inequalities, from which it is derived, were 
determined by a great number of good observations But the 
secular inequalities, were they exactly known from observation, 
would best serve for determining the masses of planets that have 
not satellites T!he diminution, for instance, of the obliquity of 
the ecliptic ahd the progression of the Earth’s perihelion, are 
secular inequalities, and arise from the disturbing forces of the 
planets, principally, from those of Venus and Jupiter: if they 
solely so arose, then, since the mass of Jupiter (see p 469 ) is, 
by other means, known, one or more observations of the dimi- 
nution of the obliquity of the ecliptic, or of the progression of the 
Earth’s perihelion, compared with the computed results of those 
inequalities from an assumed value of V enus’s mass, would serve 
to determine the error of such assumed value, and, therefore, m 


^ 'La masse de Venus est environ deux tiers de celle de la Terre. 
On sent bien que cette determination ne peut etre regard qtie comme 
un essai il faudroit faire un comparaison plus ample de la Theorie avec 
les observations, pour pouvoir etre entirement satisfait sur une manure 
aussi delicate/ Mem, Pans, 1754, p 561 
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fact; the mass of Venus. And the method is the san^, only 
longer, if, as is really the case, we consider the diminution of the 
obliquity of the ecliptic to be produced by the action of all the 
planets In such a case, we must, m computing the diminution, 
assume three indeterminate quantities, to represent, respectively, 
the masses of Mercury, Venus, and Mars, the three planets that 
are unaccompanied with satellites. Then the results, at least 
three in number, compared with as many observations, would 
serve to determine the quantities that represent the masses. 

If we recur to p 44-9 we may easily illustrate this method. 

The mean annual diminution of the ecliptic is there expressed 
by 

— (0,1) tan (p* sm 0'— (0,2)tan ^"sin ^"—(0,3) tan sin 
and in decimals of seconds by <r 

- 008521 - 30995 - 010336 — 158234- 013821. 


Now, in this computation, the only quantities not known with 
sufficient accuracy either by direct observation, or by deduction 
from observation, are the masses of the planets : and these are 
necessary in computing (0, 1), (0, 2), &c for (see p 445 ), 


(0, 1) = m' 


4a'^ 


B'a'\ 


in which a, d are known by observation and Kepler’s Law, 
(see p 29 ) and JB' may be computed by the methods of 
Chapter XVIII 0', 0', &c are known by observation The 
numerical value 008521, then, was deduced by as an 

approximate value, = ! , and the next number by 

^ 202 J 810 ^ 


assuming rn' = — — as the approximate value of the mass of 
383 157 

Venus , and the third number ( 010336) was deduced by assuming 

fyl'f -- 1 as the approximate value of the mass of Mars. 

1846082 

The fractions representing the masses of Jupiter and Saturn, and 
used in the preceding process, were deduced by the methods 
of p 469 They may be considered to be more accurately 
determined than rrl ^ w", m ’' , but suppose all the values of the 
masses, the assumed and deduced, to stand m need of correction 
and, instead of the preceding values of m\ m'\ &c. let 
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” ! + , &c 

2023B10 2023810 383157 383157 

represent them, then, the mean annual diminution of the obliquity 
of the ecliptic (3 E) ^ will be 

— 0" 500862 

— 008521/ - 30995 /'- 010336m'"— 158234/^ 

- 013821 M^ 

and if we consider the masses of Jupiter and Saturn to be accu- 
rately determined, m*% M^'? each =: 0, and the preceding equation 
will then contain only three indeterminate quantities m'j m"; m'"- 

In order to determine these quantities, three equations, at the 
least, are requisite . we must, then, compute for two other epochs 
(the epoch of 1730 is the one belonging to the above computation) 
two other formulae similar to the preceding, in which, since 0', 
0'', &c 0', &c would have values different from the former 
ones (see p 450 ) the numerical coefficients of m'" 

would be different, and their sums, the computed diminutions, 
would be different from 500862 the computed diminution for 
1750 This operation would then give us three computed values 
for IE (see p 448 5 which compared with three values, for 
the respective epochs, deduced from observations, would furnish 
three equations for determining the three corrections m'> m"j m'" 

If the masses of Jupiter and Saturn be considered as not suf- 
ficiently correct, we must deduce, at the least, five computed and 
five observed values of The determinations of fXy See, 

cannot be effected by a less number of equations but it is plain 
a greater number (10, 15, 20, &c ), provided the observations 
were equally good, would lead us to more certain results 

But the fact is, there does not exist a sufficient number of 
good observations for the exact settling of this point The obser- 
vations required are of the nicest kind, since the question is con- 
cerning the fractions of a second. None but the best instruments 
have any concern with its determination , inferior msWments 
serve only to perplex it and, if we needed a sort of practical 


* More correctly B A jE 
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proof of the incertitude that still remains on this subject, it 
would be sufficient to state that* M Delambre, m his late 
Treatise, states the secular diminution of the obliquity of the 
ecliptic to be 50'\ whereas Mr Pond, by means of the new 
Mural Circle (see Nautical Almanack for 1818) makes it 40". 

The mass of Venus, then, which principally causes the dimi- 
nution of the obliquity of the ecliptic, cannot, thence, from a defect 
of existing observations, be very accurately determined. We must 
wait for future observations , in the mean time, Delambre, as we 
have said, is of opinion that the masses of Venus and Mars may 
be best determined from the periodical irregularities they produce 
in the Earth’s motion 

The mass of Mercury, (which indeed has little^nfluence either 
on the periodical or secular inequalities of the planets) is by far 
more uncertain than that of Venus It is determined altogether 
on conjectural grounds and by analogy The densities of the 
other planets, it is found, are, nearly, inversely as their mean 
distances from the Sun If Mercury’s density be assumed accord- 
ing to this observed law, then from astronomical measurements 
of his diameter we may determine his mass The result, however, 
18 an uncertain one, but, luckily, nothing" that is important in 
Astronomy depends upon it 

The diminution of the obliquity of the ecliptic, is, in other 
words, (see p 446 ) a change in the inclination of the plane of 
the Earth’s orbit produced by the action of the other planets 
The inclination of the plane of any planet, and, consequently, 
the obliquity of its ecliptic, is, in like manner, changed by the dis- 
turbing force of the Earth and the other planets Its variations, 
then, must expound, like the preceding, (see p 479 L 4, 5, SvC ) 
the masses of disturbing planets And, viewed mathematically, 


^ ‘Quelques Astronomes ont voulu pendant un terns nier toute dimi- 
nution loices d'en adoptei une, ils Ja faisaient beaucoup moindie 
Lalande, apies Pavoir fait J^eaucoup plus foite, a cru long-teras qu’elle 
n etait que de SJ il a hni par supposer 50 ^^^ et nous ne sommesgu^rcs 
plus civanc^s aujourdffim.^ Tom III. Chap. xxxn. Ait. H 
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they am equally sufficient, but, practically, more unfit than the 
preceding secular inequalities, to determine those masses » This 
is one of the points on which it is necessary that theory should 
have (as it may be said) a commumcatton with observation, in order 
to prevent its being fruitlessly embarrassed in the investigation of 
useless minutiae. 

The secular inequalities of the perihelia and nodes stand, with 
regard to their theoretical significancy, in the same predicament 
as the secular diminution of the obliquity of the ecliptic, and the 
secular variations of the inclinations of the planes of orbits They 
arise from attraction, and may serve to expound the attracting 
masses in fact, equations exactly similar to the preceding, ex- 
pound the progressions of the perihelia, when the assumed masses, * 
for the purpose^ of deducing the corrections, are multiplied, re^ 
spectively, by 1 4- 1 + 1 + &c The progression of 

the Earths perihelion, for instance, 

or, ^ = 11" 949* 
a t 

— 0'^4149 / + 3" 8135 + 1^^ 5461 m'" + 6" 804 

+ 19406 iit’" + 0064//% 

being the correction for the mass of the Georgiutn Sidus. 

This inequality may be used for correctmjg the mass df 
Venus 

The masses of Jupiter’s satellites must be determined on ths^ 
same principle that the masses of planets, without satelhtes, are 2 
that 18 , either by the periodical or the secular inequalities that 


^ We must bear m mind the remark of p 479; When llalley 
succeeded Elamstead in the Eoyal Observatory, he found not a sufficienf 
number of good observations to enable him to determine the 
and posUion of the Earths orbit 'much less, say the Authors cJf thei 
Preface to Halley’s Tables, Could he discover an equation to tire motion 
of its aphelion, or the other small equations ^by which its orbit is 
fected for these are not to be fotind out, nor their quattitities deter" 
tinned, but by a long senes of the nicest observations/ 

S V 
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arise from their mutual perturbations. An inequality of Ithe first 
kind, the variation of the first satellite produced by the action of 
the second serves to determine the mass of the second. The 
variation (see p 363 ) is thus expounded, 

^ ni n F ^ 

hvtzs, Sin 2(n t nt + e' — c) 

F being computed, and h v, n\ 8cc. being known from obser- 
vation, m' may be determined In its general character, the case 
IS like that m which it is proposed to determine the mass of Venus 
from the inequality it produces m the Earth’s longitude but, m 
one respect, a dilFerence is to be noted between the two cases 
The variation of a satellite of Jupiter, which is indeed its prin^ 
cipal inequality, cannot be observed, under th^ same circum- 
stances and situations that the Earth’s variation can The laws 
of the motions of satellites must be deduced, almost entirely, 
from their eclipses and occultations. Now, an inequality (such 
as the variation just mentioned) would cause an eclipse^ com- 
puted according to the circular, or Kepler’s Elliptical Theory, to 
happen either sooner or later than such computed time The 
acceleration or retardation, therefore, of an eclipse of the first 
satellite caused by the disturbing force of the second, would 
serve, as we have seen in other cases, to expound the mass of 
the latter. For instance, it is found by observation, that the 
greatest acceleration and retardation of the eclipse of the first 
satellite, is, in time, equal to 

3”* 1S*.0799, or, O'* 00'22S47l, 

consequently, since the synodic period of the first satelhte fc 
= 1“*, 769861, th€ above qua&tity » equal 

to 0® 45453. 


Now, if according to the methods in, Chapter XVII, we com- 
” - . j?, we shall find the latter equal to 


pute -F, and thence 

1 ® 57 ' 22".66 A , ^ ^ 

"" lOooo ' accordingly - ^ JF, the coefficient (or greatest 


n - %f{ 

p 
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value Qf»the equation), or, what it now expounds, the greatest 
retardation of an eclipse, equals to 

m'(\^ 57' 22". 66) 

(supposing m' to designate ten thousand times the mass of the 
second satellite). 


Equate this with 0^ 454553, and 


454553 

956296 


2333, 


nearly, the mass of Jupiter being supposed equal 1. 


The principal inequality of the second satellite which (sfee 
Chap XX ) is Its njariation^ arises, almost entirely, from the 
actions of the first and third satellite The greatest term of this 
inequality, then, would be expounded by an equation such as 

, Am JB ml*. 


The above quantities (m, nl*) cannot be determined except by 
the aid of a second equation that should also involve them The 
annual and sidereal motion of the apside of the orbit of the fourth 
satellite (the Penjove^ as Badly calls it), if it arose solely from 
the actions of the three other satellites, would furnish such an 
equation, of the form 

A' m 4- JB' m' + C' 

but equivalent, since m' is supposed to be previously determined, 
to an equation involving only two indeterminate quantities m and 
w''. The fact, however, is that the oblateness (applatissement) of 
Jupiter has considerable influence on the motion of the Pemjove, 
The same want or defect of sphericity influences also the motions 
of the nodes of the orbits of his satellites In order then to de- 
termine this oblateness of Jupiter, we must employ a new efffia- 
tion , the annual motion, for instance, of the nodes of the s^ond 
satellite But the fourth satellite combines with the otters, and 
with the oblatenesSf in producing this Orre more equation, there- 
fore, will still be necessary which involving fti* , rn'^y and ft 



484 

(Jupiter’s oblateness) and combined with the three other e^ationsj 
will serve to determine 

tnlj fri'\ 


The values of the masses of the satellites are 


] St satellite 

3d 

4th 


0000173£81; 

.0000232S553 

0000884972; 

000042659 


and the ratio between the polar and equatoreal diameters of 
Jupitey Cdetermined fron^ the value of fj) is 9286992 


It IS not a little remarkable that this ratio determined, on 
theoretical principles, agrees, almost exactly, with that (= 929) 
which is deduced from a mean of direct rpeasurements of the 
least and greatest diameters of Jupiter 

The mass of the Moon, the Earth’s satellite, cannot, it is 
evident, be determined as those of Jupiter’s satellites have been. 
It requires a peculiar method, grounded, indeed, on the Prin- 
ciple of Gravitation, and on that modification of its action which 
is denominated Perturbation And, of this kmd, there are four 
principal effects produced by the Moon that present themselves 
as convenient means for measuring its mass the tides, the 
putation of the Earth’s axis , the parallax of the Moon : the Lunar 
Equation (see p 85 ) of the Solar Tables 


The first of these phenomena (the perturbation of the waters 
of the ocean) was originally used by the great Author of Physical 
Astronomy (see Pnnc. Lib III Prop. XXXVII ) to determine the 
relative masses of the Sun and Moon Laplace makes use of the 
observed tides in the Port of Brest for the same end. He thence 

makes tjie mass of the Mpon = — ^ (the Earth’s being 1 ) 

58 6 


^ This equation is tl^e correction to the inequality m longitude of 
the ^un caused by the Moon’s disturbing foice and is the subject of 
Table X. m the Solar Tables, inserted in vol III. of Vince’s Astionomy 
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Newton, (see Cor 4 Prop. XXXVII. Lib 2) makes it - too ' 

Laplace, however, thinks that local circumstances influence the 
Moon's action on the tides in the harbour of Brest, and cause 
her resulting relative mass to be too large He examines then 
the three latter phenomena (see p 484 ) for the purpose of 

diminishing and correcting the value of . 


The Nutation (see Astronomy^ Chap XVL) arises from the 
Moon's action The larger the mass of the Moon the larger will 
be the coefficient of the nutation That coefficient, computed on 


the supposition of the Moon's mass being 


1 

5$ 6 


is 10".05 


but 


according to l^askelyne’s observations, (see Maskelyne's Tables, 
znA. Astronomy, pp. 164, ^c) it is nearly = 9"6 . and, if this be 
considered to be the true value, the corresponding value of the 

Moon's mass would = 


The Moon's “parallax furnishes the second means of cor- 
recting her mass The horizontal parallax is the ratio of the 
Earth's radius (jD) to the mean distance of the Moon (a). 

Now this ratio © may be computed by comparing, the 

versed sine of an arc of the Moon's orbit with the descent 
of a heavy body at the Earth's surface But in sUch a com- 
putation, the Moon's mass (see Preface,) is an ingredient. 
The resulting numerical value then of the parallax, depends, 
m part, on the value assumed for that mass The com- 
parison then of the computed parallax, with the parallax deduced 
from observation, must needs furnish the means of correcting 
the assumed value Thus, the Moon's mass being assumed 


58 6 


the computed parallax (the constant part of the expression 


for It) is 57' 8".08. But, by the comparison of nummius obser- 
vations, that constant part is found equal to 57' 12".03 which cor- 
responds to a mass of the Moon 



486 

The maximum value of the Lunar equation (the valu^ of its 
coefEcient) was, in p 85, stated to he 8'' 8 and this was deduced 

on the supposition (see p 73 ) that the Moon’s mass is — ^nd 

58.0 

the Sun s horizontal parallax 8'' 81^ But if we take the coefEcient 
of the Lunar equation to be 7^^5, as Delambre has by the com- 
parison of a great number of equations determined it to be, and 
the Sun s horizontal parallax to be 8^^ 56, (which value agrees 
with most of the results obtained from the last passage of Venus 
over the Sun, and with a result obtained by Laplace from the 
Lunar theory) the corresponding value of the Moon’s mass will be 
J 

The Moon s mass, then, from these three last jphenomena, it 
less than what it results from observations of the tides in the 

harbour of Brest Laplace considers —i— to be the most pro- 

68.5 

bable value of the Moon’s mass, that of the Earth’s being called 1 
This value makes the Moon’s action on the tides to the Sun’s as 
2.566 is to 1. ^ , 

Two pf the phenomena^ which have b^en just adverted to, 
for the purpose of determining the quantity of matter in the 
MoOn, have, with regard to their cause and the law of their 
variation, found no place in the present Treatise The Treatise, 
therefore, on that account, may be thought imperfect. It must 
he recollected, however, that its principal scope is a solution, and 
that in an extended sense, of the Problem of the Three Bodies. 
The Nutation of the Earth’s axis, and the Tides, belong to a 
problem of a different kipd and it would be a most violent exr 
tqnsipn, and a most arbitrary as well as useless generalization, to 
include tb?m within the former. 

The questions, however, of the tides, the nutation of the 
Barth’s axis, the precession of the equinoxes, the figure of the 
Barth, the variation of gravity in different parts of the Earth, the 
influence of the spheroidical figure of the Earth on the Moon’s 
motions, the influence, generally, of the spheroidical figures of 
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primaries on the motions, and on the elements of the orbits of 
their secondaries, are highly interesting, and, beyond a doubt, 
entirely within the province of Physical Astronomy But, as it has 
been already stated, they form a class apart They are connected 
with the former investigations of the periodical and secular in- 
equalities of the motions of the Moon and the planets, inasmuch 
as they both depend, for their explanation, on Newton's Prin- 
ciple and Law of Gravity . and distinct from them, seeing that 
they rest on different dynamical principles, and require different 
formulae of solution. Guided by this natural line of distinction, 
the Author of the present Volume here concludes it, after having 
gone through most of the investigations of the former class those 
of the latter may, at some future period, furnish him matter for 
farther speculations. 



